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Chapter 2 - Cartesian product and R*n

giovedi 7 settembre 2023 14:18

Main formulas

Homework

Chapter 2 - exercises
Proofs in blue

Def: Ay, A, subsets of R. The set of all the ordered pairs (al, az) indicated
with 4; X 4,, defined by

Ay x Ay ={(ay,a,):ay € Ay and a, € A,}

Is called the Cartesian product of 4;, 4,

E.g.
Ay = {12}, 4, = {2,3}, 4; X 4, = {(1,2),(1,3),(2.2),(2,3)}
Ay x A ={(2,1),(22), 31, (3,2)}

In general, A; X A, # A, X 4;

=1[0,2], 4, x 4, = [0,1] x [0,2]

A%

NB.

A, =A, =R, thend,; XA, =A,%xA, =RXR=R?

R?set of the points of a plane
R? ={(x,y):x ERand y € R} /

X

A A XA, = {(x, y):x € [0,1] and y € [0,2]}
ﬂz xRy Ay x Ay ={(x,y):x €[0,2] and y € [0,1]}

Def:

defined by
n

i=1

Ay, A, ..., Ay subets of R. The set of all the ordered n-tuples (a;, a,, ..., ), indicated with
n

HAi or ><A 5
i=1 =1

HAi ={(ay, ay, .. an):ay € Ay, 0, € Ay, ...ay € Ay}

Is called the Cartesian product of Ay, .., 4,

N.B.A; = A, == A, =R then
n n

[Ta=]]r=rRxRxxr=r"
i=1 i=1

Which is called the n-dimensional Euclidean space

An element of R™ is x = (x4, X,, .., X,) which is called a vector of R™. x; is called the
component with i-th position

Eg

x=(-12) € R?
y=(103) €R3 (¥, =1Ly, =0,y3 =3)

Operations in R"

Given x,y € R™ we can define the following operations
a. Addition of x and y

{x+y= (o1 + Y1, %2 + Y2, s X+ Yn)

s

b. Ml
axx = (axl,axz, ...,axn) ER"

E.g.x = (21,0,-2),a = 3,3x = 3(2,1,0,-2) = (6,3,0.<6)

Sum of x and y - vector
x=(-123)€R3y=(2,-10) €R®

x+y=(-123)+(2,-10) = (1,1,3) € R®

licaion of 1. by a.scalaca

& said -
heatsl

Notations: Az

i. 0=1(0,0,..,) € R™ - zero vector of R"
0 € R™,0 = (0,0)

ii. —x=(-Dx= (—xl,—xz, ey —xn) € R"
—x is said to be the oppositve of x
E.g.x=(21-3) €R3,—x=(-2,-13)

iii. x—y=x+(-1y
Proposition 49 x,y, z € R™. We have
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1) x+y=y+x
Proof: Let x,y be vectors of R™. Therefore x +y = (x1 +
Y1, Xy + Yo, s X +yn) = (yl +Xx1,Y2 + X2,V +xn) =y+tx

2) (x "(}g j =X (4’((9,"*1}9)“2.) ()(24—,2)721/ (% 4/,,)Tzn>: (v, DAL AL P rn‘;nfzn):

1(}(?5:[1;2372 %, gzlzeé}/)egg(zﬁs of R™.

3) VxER"x+0=0+x=x
Proof: Let x be a vector of R™. We have

X t (=) x (), w0006 0, v, x4k %é}q&ng 25X, =);f X

n — n — —_ —
DV ERLASXE R CAOSSI 850 0k0

Proposition 50. Let x, y be vectors of R" and a,b € R
1) a(x+y)=ax+ay
Proof: Let x,y be vectors of R™ and a € R

(1 alx+y)= (a(x1 +y1),a(xz +¥2), e alen + yn))

= (olx1 + ay,, ax, + ay,,ax, + ayn)

= (axy, axy, .., ax,) + (ayy, ayy, .., ay,) = ax + ay

2) (a+b)*x=ax+bx
Proof: Let x,y be vectors of R" and a,b € R
(a+b)x = (ggg-l-gﬁ)xl, (a+b)xy, ..., (a+ b)xn)

, xﬂ//,,ez,,j): X+7+7)

Yo

At
il T G el

o= TAGO AL, @AYy 4wy A h) <17 (ke h 1) b, x5y0,%0 )2

3) Ixx=x*x1=
a(i{x): a_[fr,) p’;g/.//x")-‘ ["g’ﬂ;ﬂhz/ "/‘/*”>

4) a(bx) = (ab)x

Inner or scalar product of vectors:

= (axl,axz e, @, ?)ﬁ+ (bﬁl/dyxz,..,bxn) = ax + bx
/”/f S X ://g/))(’//ﬂi))(z)»'/@/))(‘/‘): QK[X,}A;/ /,\/J?(af)w(

Def. x,y € R™, The real number, indicated with x - y, defined by
n

x*y=x1*}’1+x2*}’2+"'+xn*3’n=sz*}’s

s=1

is called the inner product of x and y
Eg.

x=(-123),y =(-1,-12)

n
x*yzzxs*ys:(_1)(_1)+z(—1)+2*3=1—2+6=5
s=1

Eg.

x=(a,—-1,0),y = (a,4,2)
3

x*y:sz*ys=a*a+(—1)*4—+0*2=a2—4
s=1

Find a such thatx * y = 0:

xxy=>a?—4=0>a=42

Proposition 51
x,¥,Z € R" and a € R.We have

a x*xy=yxx

b. (x+y)*xz=x*z+y=*z

c axxy=a(x*y)
NB.x,y,z € R"and a,b € R. We have
(ax+by)*z=a(x*z)+b(y*z)
Eg.
x,y,Z€R3andx xz =10,y *z=—1

(2x —3y) * (22) = (2x) * (22) + (=3y) * (22) = 4(x  2) = 6(y * z) = 4 10 — 6(—1)

=46

Order structure of R®

NB. R is an ordered set with respect to the relation ' <':Vx,y € R we have either x < y,

ory < x.(R is an ordered set)
E.g.
a. x=(2,1)andy = (1,0)
x1=221=y,andx, =1>20=y,
x =y (since it's true for all elements with corre{@ohdinglpositichs)

x1;=221=y;andx, =1<3 =y,
X,y are not comparable vectors of R?

NB.

In R™(n = 2) we have a partial order of the elements with respect to the relation ' > '

1. Weak inequality x,y € R"
We write x > y if x; = y;, Vix € N (x,y can be equal vectors)
NB. x<yifx; <y, VieN
x = (3,2,0),y = (2,1,0)
Eg{d 3>22>10>0
x=y
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NB.x=yex=>yandx <y
EG.x = (a,1),y =(1,0),a €R
Are x and y comparable vectors of R??
a > 1:x,y are comparable vectorsand x >y
a < 1:x,y are not comparable
Properties about the relation "<":

BN e

Vx ERMx > x
Ifx>yandy > z,thenx > z

. Ifx>y, thenVzER  x+z>y+z
. Ifx >y anda € R,z € R™, then

laxx=>axyifa>0 ix*xz2yx*zifz>0
ilLa*x=axy=0ifa=0 ilLx*z=y+xz=0ifz=0
iilLa*x<ax*xyifa<0 filx*xz<y*zifz<0

5. Separation: A,B € R™.If Va € A,Vb € B a = b, then an element ¢ € R™, exists
suchthatVa € A, Vb€ B,a=c>b

EG.

a=(2,1),b = (1,0),a,b € R?(comparable vectors)

£ I

V&L a arer | VvV >a

|
\
<

Z— v

VLA oror ot

ye @

WE

2.

N4

Strict inequality
Let x, y be vectors of R?
x > yifx; > y;,Vi=12..,n.and a position exists such that x; > y; (xand y are
always different vectors)
EG.

=2>-1=
x= @Dy =10 g

1,x>y=>x2y
,=1=

. Strong inequality x, y € R"

x»yifx; >y vVi=1,..,n

EG.
x=02,-1),y=01,-2),x,=2>1=y;,0,==1>-2=y,, x>y
NB.x>»y=>x>y=>x2>y

Given x € R™, we have

a.
b.
c

x = 0,x is a positive vector
x > 0, x is a strictly positive vector
x > 0, x is a strongly positive vector

Generalization of intervals of R.

Let x, y be vectors of R?
1.

2.

3.

2
Bounded closed interval £

[a,b] ={x € R™:a < x < b}
Bounded open interval

(a,b) ={x ER™a K x K b}
Bounded half-open / half-closed intervals

(a,b] ={x ER™a K x < b}

[a,b) = {x € R™:a < x K b}

. Unbounded intervals

\

a,+0)={xER"x=>a = Z
oty s reRlxza) | = | =
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(a,b] ={x ER™a <K x < b} [
[a,b) ={x ER™:a < x K b}
4. Unbounded intervals
[a,4) ={x € R",x = a}
(a,+o) ={x € R",x > a}
Eg.a=(11)
(—o0,b] = {x € R™",x < b}
(—o0,b) = {x € R™,x < b}

z=(+1)

Special cases

[0,+0) = {x € R":x = 0} = R}
(0,+) ={x € R™:x >0} =R},
(—0,0] ={x e R":x < 0} =R"
(—0,0) ={x e R":x <0} =R"_

NB. Intervals in R™ can be written as Cartesian product of intervals of R
Eg. Let R? be a set of all the points of the plane. Consider 4; = [0,1] and 4, = [0,2]
Ay X Ay = {(x1,x, € R%:x; € [0,1] and x, € [0,2]}

g 2
2 A{xﬁ2:>WK
/J .

e

Pareto Optima:

Let A be a subset of R™
a. x* € A is called amaximum of A ifVx € 4,x < x*
b. x, € A is called a minimum of A if Vx € 4,x = x,
Eg A={x€R%x>0,x<1} x5
Properties:

i X//

%[:(‘7;‘9

s .
X\ﬁ(@o)éA &/14/.//( %céﬁ‘/ XZ)(':> >(( vs Q@ e %/4

Lemma 54

)

X*:C{f) e/ and Vxéﬁ,kéx*:> x* Mﬂw%

Let A S R. Apointx* € Aisamaximumof 4 © nox € Asuchthatx >x* _  pemrid—>

O
NB. R is a set with total order and in R™(n = 2) we have a partial order. It's impossible to

generalize Lemma 54 for R™(n > 2)

EG.
A={x€R%x>0andx, +x, <1}
0€ A and Vx € 4,0 < x,0 is a minimum of A

11
x* = (E'E) € A — is not a point of maximum of 4

Because 3x € A:x  x*(eg % = (0,1))

11
x* = (E'E) is said to be a maximal of A (x* is not dominated by any other point ofA)

]
=

e
LetA€R

a. x* € Ais called a maximal (Pareto Optimum) of A if Ax € A:x > x*
b. x, € Ais called a minimal (Pareto Optimum) of Aif Ax € A:x* > x

NB: On R, if they exist, maximal = maximum and minimum = minimal
Eg.
A=[01] €R

Lemma 56
The maximum A € R", if it exists, is the unique maximal of A.
Proof:
Assume that ¥ € A is a maximum of 4, therefore Vx € A, x < X and X is also a maximal
of A. Let x € Awith x # %. Since (from the assumption) £ is a maximum of A we have X > x,
but x # X therefore X > x. We have x is not a maximal of A.
NB.
1. The minimum of A € R™, if it exists, is the unique minimal of A.
2. x* maximum (minimum) = x* maximal(minimal)
3. x* maximal(minimal) # x* maximum(minimum)

Eg. x X' ng/]/ﬂfy and 02/
A CS R?
O piniimamn =3 O poimiral
—na . —_ Yz -
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Eg. x ! de’/ﬁéy o 02
O pinirmarn => O poipimal

/

Pareto (or Efficient) Frontier: the set of all maximals (minimals) of A € R
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Chapter 3 - Linear structure

venerdi 8 settembre 2023 15:27

Vector space

Consider a set A with two operations:
1. Addition:x,y EA,x+y €A
2. Scalar multiplication: x € A,a ER,a*x €A

Properties:
(x,y,z€Aanda,b €ER)
1. x+y=y+x
2. (x+y)+z—x+(y+z)
3. x+0=0+x=x ‘
4. x+(—x)=—x+x=0 -
5. a(x+y)=ax+ay / 6\
6. (a+Db)*x=ax+bx (
7. lxx=x*x1=x
8. a(bx) = (ab)x //
A is called a vector space
Eg. R™ vector space; f: R = R, RR(set of all functions from R to R)
RR with elements functions; f, g € RR
1. f+g€ERR
2. VxER,a*xf ERR —
+ the same 8 properties —
Vx € R, f(x) = 0 — Neutral element for the addition.
Therefore, R® is a vector space
RN — all possible functions from N to R — Sequences of real numbers

Eg.
Let R™ be a vector space and consider A € R™
Does A have the same structure of R™?

& Rt A A

rroe A i b

Definition.
Let V be a non-empty subset of R™. V is called a vector subspace of R when:
1. Vx,y € V,x +y € V(Vis closed with respect to the addition)
2. Vx €V,Va € R,ay €V (Vis closed with respect to the scalar multiplication)

Eg.
V= {X ER%x; —2x; = 0} R? is a vector space. Show that V is a linear space of R?
V # @ (for example x* = (2,1) E.ll)f —> [}

1. Suppose thatx,y € V. Then'x +y € R?and
(x14+y1) =202 +32) = = 2% w = 0, therefore V is closed w.t.r. the addition of vectors

o

2. Suppose that x € V and a € R. Therefore ax € R?
(ax;) — 2(ax,) = ax; — 2ax, = a(x; —2x,) =a*0=0
Therefore, V is closed with respect to scalar multiplication.
Vis a linear subspace of R?

E.g.
V = (x € R%:x, + x, < 0}.Is V alinear subspace of R?
V#ox*=(-1,-1)€V)

1. Suppose that x,y € V, therefore x + y = R%. We have

X1+ X, = (x1 + }’1) + (x2 + }’z) :LL‘Q\;&) +l(4l1\,‘t_yy) < 0,and V is closed with respect to the addition
=4Q
£0

2. Assume that x € V and a € R.We have ax € R?
(ax,) + (ax;) = a(a +x2)
Ja<0: a(x1 + xz) > 0, therefore V is not closed w.r.t. the scalar multiplicatiol
Hence, V is not a linear subspace of R? T 11

Proposition 64 ° s ¢
Let V be a non-empty subset of R™
V is a vector subspace < ax + by € V,Vx, and i, b € / /

NB. L d

Vx,y €V,Va,b € R,ax + by € V = V is a vector subspace

Proof

Assume that V is a vector subspace of R™.

Consider x,y € Vand a,b € R. From the premise, we have ax € V and by € V,and ax + by € V. Therefore ax + by € V.

Assume that ax + by € V forany x,y € Vand a,b € R.
Taking:
1. a=b=1wehavex +y €V (Vis closed w.r.t. the addition)
2. a=1landb =0, we have ax € V (V is closed w.r.t. the scalar multiplication)
Vis linear subset of R™
Eg
V={x€eR % —x;=0LV#0,x =211 €V
| Consider x, y€Vanda,b EWR Therefore, ax + by € R®. And we have

/yﬁ@ﬂx"ﬂwa} = ae=w) - bW) =as0+bs OMWé

Therefore ax + by € V, and V is a linear subspace of R®
a. Visalinear subspace of R® = 0 € V (the neutral element of R must be an element of V)
b. 0 ¢ V = V is not alinear subspace of R™

Eg.

V={x€R¥x +x,—2x3=1}

0eR?

0+0-2x0=0+10¢V

Hence, V is not the vector space of R3

NB.
Vis linear subspace of R™ = 0 € V (the neutral element of R must be an element of V)
0 &V = Vis NOT alinear subspace of R"

Eg.

V = {x € R%x, + x, = 4}.1s V a linear subspace of R??
0evV?

X1 +x, =0+ 0 =0 # 4= Visnota vector subspace of R?

Eg.
V = {x € R%:x} + x§ < 4}.Is V alinear subset of R??
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V#o(x=11)€V)
0ev?
¥ +x3=0+0=0<4=0€V

Vis not closed w.r.t. the a&z ition and scalar mul 'pl{iﬂatiun. 7/9/)
sc=/1 2

X 2/’/7)%)/
— /

Eg.
Let a be a vector of R™. Consider
V ={x €R™axx=0witha € R"}
We can show that V is a linear subspace of R"(V # @)
* Necessary condition: 0 € V?
n

a*x:a*O:ZaiOizn*O:UEV

iz
¢ x,y € Vand a,f € R.Therefore ax + fy € R", then

a(ax + py) = a* (ax) + a(fy) = a(a*x) + f(a*y) = a0 + 0 =0

therefore V is a linear subspace of R™

Eg.
Ve lre R —x 20 —x =0}
{x 9,

GXTO e w72

Proposition 68
Let V4, V3, ... be a collection (finite or not finite) of linear subspaces of R™. Then the intersection of V;, V; ...
alinear subspace of R"

Proof.
Assume that V3, V5, ... are linear subspaces of R™.
Therefore Vi,V; # @,ax + by € V; for any x,y € V; and a, b € R. We have to show that n; V; (n{;l V; or
N5 V;) is also a linear subspace of R™.
We have:
1N Vi#0 (because Vi,V # (D) and 0 €n; V;
Let x, y be elements of V;Viand a,b € R
ax; + by, € Vy,ax; + by, €V,
Therefore ax + by €n; V; (It is closed w.r.t. the linear combination of x, y with
coefficients a, b) and N; V; is a linear subspace of R™.
NB. Proof by contradiction
Assume that V3, V,, ... are subspaces of R"(Vx,y €R™Va,b ER,ax +by €V, vi)
We suppose that the conclusion is false, i.e. Vx,y € R",Va, b € R, ax + by &€n; V;. Then
ax + by €V, orax + by €V, or ..
Threfore, at least a proposition exists such that ax + by € V;, but this is impossible from the
starting premise. Therefore, N; V; is a linear subspace of R™
Eg. a-x20, q=(1,-1°)

is

Vy={x€R¥x, —x, = Q}X:olq: (224)

Vy ={x € R%x3 = 0}

V4, V, are both linear subspaces of R*
VinV, ={x €R%x; —x, =0andx3 = 0)

VinV, # 8(Egx=1(11; TUV;
0EV, UVy?
X1 —%,=0,x3=0, hence the answer _is yes

Letx,y € V; N V, and a,b € R. Therefore ax + by € R®

{(axl+by1)—(ax2+by2):0ﬁ{a xq—xz)+bm)é{a*0+b*0:0
axs +by; =0 @ +bY9 =0 ax0+b%0=0

= V; NV, isalinear subspace of R®

NB.

Generic element or point of V; NV,

[xl H

x=|x1|=x;|1

0 0

Is V1 U V; a linear subset of R3?

ViUV, = {x € R — x, = Qorfxs = 0} (5+4) ) 2-02220

1 1] 2
x=|1|€V1UVpy=|-1|€EVLUV, )“/;zfﬁ
k4 3
2 0 pod Pore F
1 1 2
x+y=[1|+|-1[=|0
2 0 2

V; UV, is not a linear subspace of R?

NB.
1f V3, V, are two linear subspaces of R™. Then:
a. V3 NV, is alinear subspace of R™ (Prup)
b. Vi UV, in general is not a linear subspace of R™
Vi, V, subspaces # V; U V;, subspace of R™
c. IfV, €V, thenVy UV, =V; and V; U V; is a linear subspace of R™

Eg.
V;=(x€R*x3=0)andV, = {x € R%:x; = x;andx = 0}
V, € V; therefore V; UV, = V; and V; U V, is a linear subspace of R?

Linear independence and dependence
N.B.

©h = (el xh . xh) € R
i — th vector of R" with i =

H ift=s 5= (LA

Def. {xl, ...,x'"} of R™. This set is called a linearly independent set when
axttax? ot axt=0a =a==a,=0
with ay,ay, ...,a, €R

NB.
{xl, 4..,1"} or R™is linearly dependent set if at least a non-zero coefficient a; (i = 1, ..., n) exists such that
apxt + ax? + 4 apx™ =0

wafy] [} -5

Is S linearly independent?

1 2 _ 1 —1]_[0 ap—az; | _Jo
ax +agx ’0:“1[21”2[3]’[o]:[2a1+3az “lo
a;—a; =0 {a1=a2 a; =0
{Zal+3az:oﬁ 5a, =07 |a, =0

Set S is linearly independent
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Eg.
{Bl ) [ﬂ} = S.Is S linearly independent?

NB.
1 2 0 s
2 [2] -1 [4] = lol,m = 2and a, = —1.5 is linearly dependent

1 2] _[0] [ m+a 0
aet +ar® =02 anfp] —aa [] =[] [zas 431 = [o]

a; +2a; =0 N a; +2a, =0
2a; +4a, =0 a; +2a, =0

a;
(al,—f),al =2,a,=-1

a
=a1+2a2=0:~a2=—71,a16R

NB.

The vector of R™ given by

e' =(1,0,..,0),e* = (0,1,0,..,0),..,e" = (0,0, ...,1)
Are called the unit vectors or R™

Eg.
{(1,0), (0,1)}, {(1,0,0), (0,1/0), (08,1)} |

Set (e!,e?, ..., e™") is linearly independent
ajel + aze? + -+ ae” =0

= a;(1,0,...,0) + a»(0,1,0,.., =(0,..,0)

= (a1,0z,..,a,) = (00,..,0) =

NB.

IfinS = {xl, ...,x"} of R™ we have 0 then S is linearly dependent
Eg.

{(1,2,3),(=1,0,1),(0,0,00}

a;x! + ax? + agx® =

Ox' 4+ 0x* +2x3 =0

At least a coefficient a; (i = 1,2,3) # 0 exists then S is linearly dependent

NB.
{x*, x?} linearly dependent set
Then x!, x2 arécalled collinear vectors

x! and x?2 are COINMEAR if
1 x'=0
2. x2=0
3. 3a # 0:x! = ax?

Eg.

g
(A
11’12
1
xl = Exz orx? = 2x?

Eg.
S ={(1,0,0),(1,1,0),(1,1,1)}
Is S linearly independent?
a;(1,0,0) + a,(1,1,0) + a3(1,1,1) = (0,0,0)
(al +a;+as,a; + a3,a3) =(0,0,0)
ay+a,+az3=0 a,
a; +a 0 =<{az = Sislinearly independent
a4 =0 a3 ,f.»{/f,s’a)//«,/,u);
Z sl:f’{tw),//,w)}

S ={(1,0,0),(1,1,0),(1,1,1)}

Proposition 76

Subsets of a li;_]early independent sets are linearly independent

x is a linear combination of x*, x? with coefficient ay, a,

1 1]_|[3 ata]_[3 a t+a; =
o [zl +a [—1] = Iz] z [Zal - azl = [2] = {Zal —a;=2

a,=3—a,
:{G—Zaz—az:Z

5
- a =7
3
= {4 =3a, = 4
=3
Definition:
X

€ R".x is said to be a linear combination of {x‘, .y x"} of R™ if a set of
scalars {al, . an} exists such that
x=ayx + azx? + -+ apx™

GivenasetS = {x',x2,..,x™} of R", x € R s said to be a linear combination of x%, x2, .

of mscalars {ay, .., ay,} exists such that
m

., x™ ifaset

x = a;x! + ax?+. tapa™ = Z agxs
=

SB[ e en

n 1 1] _[m]_[a1—a] _(a—a;=ny _ [a; =ny +n
= 1 2 1 _ — 1 1 2
St EE HE e B oy Y b ok

Therefore a set of scalars exists, therefore x is a linear combination of x*, x? with coefficients a, = n; +

22;a24=,zj:5,u2:2,x:6 DoY) =[* @, Lonenr L’"f ! o2
i ol st YL of <

S= {[ﬂ , [;]}x‘ x2 are collinear vectors x = [Z:] €R%a;,a, 6 R

al_ 2] _a]_ [dy+2dy] _ (dy +2d, = a
[ﬂz] = [1]+d2 [z] = [’12] = ld,+zd2 = d +2dy = ay

a, =a; >d, +2d, =a,>d, =a, —2d,,d, ER

(a1 — 2dy, dz) Set of solution of the linear system with a; = a,, x can be written as a linear combination of x*, x?
x = 1 is not a linear combination of x1, x2

x*= B] is a linear combination of x!,x?:d; = 3 — 2d,,d, € R

Theorem 79

S is a finite set of vectors of R™ with at least two elements.
Sis linearly dependent < atleast an element of S exists such that it can be written as a linear combination of the other elements of S
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Assume that § = {x‘}ml is a linearly dependent set of R", that is at least a scalar d; # 0(i = 1, ...,m) exists such that
dix 4+ dpx? + -+ dpx™ = 0
We suppose that d; # 0. We have

dixt = —dpx? — - —dpxy > xt = —éxz —éx:“ - --»—d—"x"
d dy
Therefore x* is a linear combination of the other elements of S
(<)
Assume that a vector x! of § = {xl}:'il is a linear bination of the other elements. We suppose that x* can be written as a linear combination.
We have:

x' = dyx?+.. +dpx™ R
3 a set of scalars {dz, ..,dm}
Indicating with b; = —1and b; = d; Vi > 2
We have

—xt+dyx? 4t dpyx™ =0

m
bixt + byx? + - + bypx™ = 0 = Z bsx$ =0 and {xi}z1 is a linearly dependent set of R™
i=1

X s
N ST
§={(1,20),(-1,1,1), (03D} x* = x" + x*
S is linearly dependent
Corollary
Let S # {0} be a finite set of R". Set S is linearly independent < none of vectors of S is a linear combination of the other vectors of S.
Eg. 7 W
§ = {(1,0,0),(1,1,0),(1,1,1)} o
S is linearly independent

Eg.

1 1 1 1 dy +dy di+d, =1
0| =di|1|+dy[1| 2|0 =|di+dz|=>{d1+d; =0
0 0 1 0 d, dy =0
1 1 1 0 dy +d, +d. 0 d; =0
dy [0 +dy|1|+ds|1|=|0|=2{ datds= ={d, =0
0 0 1| |o d;=0 d3; =0

Generated Subspaces

1. Sisanon-empty set of vectors of R™
2. {Vi} is a collection (finite and not finite) of vector subspaces, every subspace of which contains S (5 c Vivi)

n; V; is a vector subspace of R™ which contains S
N; V; is the smallest vector subspace of R™ with §

n; Vi is called the vector subspace of R™ generated or spanned by S: span S = n; V;
NB.
- can be represented using the linear combination of S

Theorem 83.

Let S be a set of vectors of R™ and let x be a vector of R™

Proof
)

am
Assume that x is a linear combination of a finite set {Jc‘}i=1 of vectors.

Aset {dl}z1 exists such that
m
X = dyx' + dypx? .+ dpx™ = Z dgxS.

Since span is a vector subspace sofIR“, we have

dyx' + dyx? € span S = (dyx! + dpx?) + dsx® € span S = (dyx! + dpx®+.. +dp—1X™ 1) + dypx™

€ spanS = x € span$

=)

Let V be the set of all the vectors of R™ such that can be written as a linear combination of vectors S.
V={x € R x =dx! +dpx® + - + dpx™,dy,dy, .., dy € R}
V is a vector of subspace of R™ (V is closed w.r.t. the addition and scalar multiplication operations)

1lx,yev

x+y = (dyxt+.. +dpx™) + (byx'+.. +bpx™)

= (dy + by)xt + (dz + b2)x?+..+(dpm + by )X™ = g1xt + g2 +.. +gma™,

91,92, 9m € R

Therefore, x + y € V(V is closeg w.r.t. the addition)

.x EV,w ER.Iswx € V? z

wx = wldyx +.. +dpx™] = (wdy )2 +.. +(wdm)x™ = tyx .. X ™ ty, . by € R

therefore wx € V(V is closed w.r.t. scalar multiplication). V is a vector subspace of R™ and S S

V. Therefore S € span S € V and x € span S can be written as a linear combination of

vectors of S.

N}

Eg

s : {[é][ﬂ} C R?. Find th(?p;%%w St

Let x be an element of R?
_ 1 1] _ d+b] 2 _ p2
x—d*[0]+b[1]—[ b ER*=spanS =R

Eg. W/\w S e 4{2
s={il 2l P
Find the span of S= R? 2

~
St rL A I P B R
Span$ =R € R?

Corollary

Let S be a set of vectors of R™.If x € R is a linear combination of vectors of S then
span S = span (S U {x})

Eg.
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= {H]B]BH Find the span S € R?
e e R e

Bases of a vector Space
Eg.

= {lol [y} anas: = {[ol-[].[1}

S, is linearly indep. S, is linearly dep.
S, €R?and S, € R?

2 _[a
XER ,x—[h] a,b€R

aj_ 1 1 d+p=a_[d=a-p
[b]fd[o]wLp[l]:{ —b { —b — Unique solution

B a-2-s0e F s
B et e

gER
(a=b-g.b-g.9)

ger

Bases of a linear space

Definition: Let S be a finite set of vectors of R™. If
1. spanS =R"
2. Sisalinearly independent set of vectors
Then S is said to be a bases of R™

Eg.
1] |2 2 2
S ol'lo C R“.Is S a bases of R“?

1. Letx be a vector of R. Therefore
x1] _ 1 2 x1] _ [dy + Zdz] x =dy +2d;
el = afol Gl Fal = [ 2= " 2%

S e R

span S c R?

S is not a bases of R"2

g2.

_ ([1] [o] [1 2

={ol [} < =
Is S a bases of R??

1. SpanS = R?? (we can find any x € R? using vectors of 5
Let x be a point/vector/element ofgz.Ws have varin b G =2 sgeelins
LA 0 1 1tds=x e °
s R R H R S b
dy =x, —d3
= {dy =x, —ds, (x; — d3,x, — d3,d3),d3 ER
dz =
. Is Slinearly dependent?
1 0 1] _[o di+d3=0 .
dy [0] +d; [1] +d; [1] = [O] = {dz 4dy=0 — oo solutions
- Sis not a linearly independent set of R?
S is not a bases of R"2

N

= {[é] , [ﬂ} € R2.1Is S a bases of R?? (using the definition)
dy+d; =x
dy =x,
= span R = § — we can find any point of R? using vectors of S.
2 [0] 1] [1] dy+d; =0 dy =0
2 0erff|=afg]+a [} =" L LT =12 20
Sis linearly independent and S is a bases of R"2

1. Letx be a vector of R2. [2] =d; [(1)] +d; [ﬂ = { (1 — X0, %) =

Theorem 89

Let S be a finite set of R™. S is a bases of R" < x € R™ can be written in a unique way as a
linear combination of vectors of S.
Proof.

S bases of R = R™ can be written in a unique way x = z dgx® @

LetS = {x ":1 be albases of R™. Therefore any x‘E_R_cawmtten.asa-lmea

of vectors of S and-S-is-tinearly independent.

Given x € R™, we suppose that x can be written in two different ways: two sets of
scalars {ai} and {b,} exists such that
m

x=Zaix andx=2bixi
i=1 i=1
Zblx :Zalx —Zblx —0=Z[alx —blx]—O:Z(a,—b, «xt

We have
=0=Vi al—b —O:VL al—b
So x € R™ can be written in a unique way as a linear combination of vectors of S

i

a;x

M

Eg.

1] [1] [ 1
s={10].]2].| 1 |;cR®

of |of |-1
Is S a bases of S"3?
X 1 1 1 dy+dy+ds =x ol
Xz|=di|0|+d;[2|+ds| 1 |=> 2d2+d2—x2/ W;M
X3 0 0 -1 —d3 = x3

* Possible (at least one solution exists)
* Impossible (no solution exists)
( X3+ X, 20+ X3 - X, (i M’L
- _3Tr (Corugeu
dy+dy—x3=x; {dl X1t 2 &= 2 /
=

2d; —x3 =%, X3+ X = _x2+x3
s = = dy = 4 =222 /

Linear system {

W\
( d3 = —x3 dy = —x3

We have a unique solution, so S is a basis of R*3
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Standard bases of R? =

[7l

{l

0l’l1
1[ |0} |0

Standard bases of R3 = [0 ) 1],[0 .’ o
of lo] 1) ~ A

Given x € R™, we have

pel X1 0 0 1 0 0
= Xz =0t O = | O e [ [©
Xn 0 0 Xn. 0 0 1
n
ZXiei

=xjel +xe% + o+ xpe” =

X can be written in a unique way as a linear combination of {el, e?,. .,e"} and the coefficeints
of the components of x.

Eg.
2
x=|-1| =2e' —e? + 3¢
3
1
x=el+2e?-3e3=|2
-3
Theorem

Let {x',..,x*} be a linearly independent set of R™ with k < n.Then n — k vectors
{x*+1,.., x"} exist such that {x,x?,..,x"} is a bases of R"

g /)
(I)J;E‘kjiZ<3:nn—k:1
/’»aé 0 ) B '
(GG
Corollary

1. Every linearly independent set of R™ with n elements is a basis of R™.
2.Every linearly independent set of R™ has at most n elements.

R -
|2

= { ] 1]}5 is linearly independent=> S is a bases of R?

Theorem
All the bases of R™ have the same number of vectors/elements
Eg.

={ol L5 =Gl B s = o)

dimension (dim) R™ = n.the dimensiton of R™ is the number of vectors of bases of R™
We can extend all the theorems for a vector/ linear subspace V € R™

Eg.
={xeR¥x;—x,+x3=0}and V; = {x € R®:x; = x, Ax3 =0}
1. Vyis a linear subspace of R®

X1 Xy X1 0 1 0
x=|xtx3|eV, x=|x+x3|=|x|+|x3|=x[1]|+x3|1
X3 X3 0 1

1] [o
[1],[1 dim(v;) = 2
of |1

.V, is alinear subspace of R®

xq X1 1 1
x = [x1| € Vosx = [X1| = x1 1], By, ={|1
0 0 0 0

dim(V,) =1 - No

[N}

Type equation here.
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Chapter 4 - Euclidean structure

giovedi 14 settembre 2023 14:54

Euclidean Structure

NB.

n n
. GiveanR",x*xzzx Z x?>0,Vi,x? >0
o

i=1

. x*xx=0ex=0

x*x=0=>x=0andx=0=>x*x=0
x#0=2>x*xx#0x*xx>0)

Absolute value:
Definition:
. . X, ifx>0 .
X € R.The positive number (|x|) defined by |x]| e ifx<0lS called the absolute value of x
Geometrical interpretation:

1 x|

0 X

Properties:

1. |x|20,|x|=0<:>x—0

w1thy =0

2. |x*y|=|x]||y| and
5] = el ana ] =5

3. |x + y| > [x| + |y| — Triangle inequality
and the inequality sign holds if and only if x, y have the same sign

NB.
e =yl = e+ (=9 < lxl + |=y] = Ixl + [y]
Vx,y €R, |x—y| <|x|+ |y|

Proof of the triangle inequality. Let x,y € R, we have
|x +y|2 = (x +y)2 =x2+42xy +y% =|x|> +2xy + |y|2 < |xI? + 2|x||y| + |y|2 = (lx| + |y|)2

Taking the square root of each side we obtain

Qe+l = Ot + D = x4 5] < It + ]
NB.
1. Vx,y €ERx*y < |x||y|

x<|x|andy <
2. VxER,xslxIand—xSm( |x| y |J’|>

x+y < lxl + ]yl
Let x, y be real numbers. We have

{x+yS|x|+|y| ﬁ{x+yS|x|+|y|
—x-—ys<lxl+yl  (x+y=-lxl-|yl

> —(Ixl+y) sx+y<lxl+]|y| = |x+y| < Ixl + |y

> —x|—|y|<x+y<Ixl+|y| =

NB.

Let x be a real number. We have max(x, —x) { x fx20 _ x|

—xifx <0
Vx € R, max(x, —x) = |x|

Eg.
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|x| * max(x,—x) < 0= [x|>?<0=>x=0

min(x _x)z{xifx<0 =_{xifx20 = x|
’ —x if 20 —xifx <0
Vx € R, min(x, —x) = <|x| — |~

Fe I R

Let x € R.Solve max(x,—x) + x * min(x, —x) < 0
I=|x|—x|x| 0= |x](1-x) <0

{ x| =0 or{ x| <0
1-x<0 1-x=0
{VxeRor{x=0
x=>1 x<1
S={0}U[1,+c)
infS=0€eS=>minS =0
AsupS,AmaxS

>x=>1lorx=0

S.=(-0,0;;5" =90

Lemma 106
Letx,y € R.Then ||x| — |y|| < |x—yv|
Proof.

Let x, y be real numbers. Then

2
[l = Iyl]” = (%l = [y)* = IxI2 = 2lxlly] + y|” = 2% = 20l lyll + 32 < 22 = 2xy + 2 = (x = )"
Taking the square root of each side we get:

12l = yl| < |x =]

NB

Vx,y ER,xy < |x||y| and — |x||y| < —xy

NB.
v,y ER x| =|(x —y)+y| < |x —y| + |y
x| = |y| < [x -yl

By symmetry we have |y| — |x| < |x — y|
bl =yl < |x =y _ | Il =y <]ay]

=
[ =l < |x =y (=(xl = y]) < [xy
max(x, —x) = |x|

2 masx ([x| = [y], =(Ixl = [y])) < |x = y[ = |Ixl = |yl| < [« — ¥

Norm of a vector of R™
We generalize the notion of |x| in R in another notion in R™

Norm: definition

n

Z x? is called the norm of x € R™
i=1

x € R™. The positive real number (||x||) defined by ||x|| = /xlz + x24.. +x} =

Eg. ﬁz

x=(-112,-1) €RY|lxl| =V (12 + 12+ 22 + (-1)2 =7 x
NB \\7(\\

1. n=1:||x||:\/;12=|x| - )

Geo interpretation: ||x|| is the distance of x from 0

Properties:
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x,y ER"anda € R

1. ||x||20

2. |Ixl|=0ex=0

3. |la*x|| = lal = |lxI|
NB.

n
il = | xf = viwx
i=1

NB.
i ||x||2 = (\/x*x)2 =x*xx>0=0%> ||x||2 >02=||x||=0
ii. |la*xl| = /(ax)(ax) = Va2(x * x) = lalyx*x = |allIx]l

Theorem (Cauchy-Schwartz)

Letx,y € R™. Then

e = y| < llxell = [l |
and the equality sign holds if and only if x and y are collinear vectors:

Eg.
X = (—1,2),_’)1 = (3,1)
xxy=(-D*3+2x1=-1 |csy|=]-1=1

lxll = /(-1 +22 =5
Iyl = /32 + 12 = V10
llxll][y]| = V5 * V10 = V50 = 5V2

|x«y| =1 < 5V2 = |Ixll||y||

Lrg
Corollary 110 f’”b
Let x,y € R™. We have
[l + Il < lhxll + [l -

Proof
Letx,y € R™. We have

— 2

||x+y||2=<,/(x+Y)(x+y)> =(x+y)(x+y)=xx(x+y)+y(x+y)=xsx+xxy+yrx+yxy=

5 2
=x*x+2x*y+y*yS||x|| +2|xy|+2||y||

< {1ll” + 2l |l] + W] = (Iiel + Il )’
Taking the square root of each side

[+ 1| < [1xl] + ||

Proposition 111.
Letx,y € R™. Then

11 = |Iyl] | = [1x =]
Proof.
X,y € R™. We observe that

o va e R el = [1Ge =) + 1| = [l = 31| + ]| = 11xtl = || < 1 1]

. VyER”,||y|| = --- By symetry we have ||y||—||x|| < ||x—y||

[l = [yl] < [l = 1] Dl = [Iyl] < [l = 5] el et )
ﬂb”‘“ﬂlsﬂx—ﬂ|i (It~ ) = e ) I I D < e
= Ml = Iy = 1lx =l
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Ad vector x € R™ with ||x|| = 1is called normalized vector

rthogonality

NB.
n
Eg.

eeﬁg‘t’,’rlelu =1
X,y ™ Vectors x and y are called orthogonal vectors (x 1 y) ifx xy=0

Eg.

x=01,-1),y =(-1,-1).
xxy=1+(-D)+(-D*(-1)=-1+1=0
x,y are orthogonal vectors

NB.
{e!, €2, ...,e™} — Set of standard vectors of R™
elxel =0Vi,j=1,..,nwithi #j

Theorem (Pythagoras)

X,y € R™
2 2

If x L ythen ||x+y|| =||x||2+||y||
Proof:
Let x, y be orthogonal vectors, i.e. x * y = 0.
We have:

2
||x+y|| = (x+ +y)=x*(x+y)+y*(x+y)=x*x+x*y+x*y+y*y

= |lxl|* + %5y + 2oy + ||y||2 = |IxI| + ||y||2

Definition
A set of vectors R™ is said to be orthogonal if its elements are perwise orthogonal vectors.

Eg.

11 |0] |O elxe2 =0

0],]1],[0|¢ = Je? xe3 = 0 = Ais aset of orthogonal vectors

Q 9 1 e1 * eg =0

@ bl

Proposition
Any orthogonal set of vectors that doesn't contain the zero vector (0 € R™) is linearly
independent.

NB. Set of orthonormal vectors of R™ if:
1. Set of orthogonal vectors
2. Each vector has norm with value 1

SRS

[lxI| = V2

Ivl] = v2
L

so= Al = I =
V2l vz

Hence, S* is a set of orthonormal vectors

Proposition
Let {xl, x2, .., xk} be an orthogonal set of vectors of R™. We have:
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Chapter 5 - Topological structure

martedi 19 settembre 2023 08:32

NB
x € R, |x| is the distance between x and 0 on a real line 0 X

A —

[X]

Definiton Jispe ey
x,y € R.The positive real number d(x, y)) defined by /—ﬁ
d(x,y) = |x — y| is called the between the two points x, . 2' 0 X
Eg.
x=2y=7d(xy)=12-7=|-5/=5

x,y € R™. The positive real number d(x, y) defined by

d(xy) = |lx-l| =

Z(xi—yi)z = |x=y)*(x-9)

is called the - between x and y on R™

Eg,
x=(1,-104),y=(012,-1)
x—y=(1,-104)-(012,-1) = (1,-2,-2,5)

d(x,y) = ||x—y|| =124+ (=2)2 + (-2)2 + 52 =34

4
d(x,y) = Z(xi +y) = J(l —0)24(-1-1)2+(0-2)2 + (4— (1))’ = V34
i=1

< )

Remarks: y
L on=1d(xy) = |lx=yl| = lx -yl / w/ gl

2. Geometrical interpretation on R?
d(x,0) = [Ix - ol| = |Ix|

d(x,y) = (= 3"+ (e = 32’

3. Geometrical interpretation on R? y
d(x, y) = \/(x1 - yl)z + (xz — yz)z + (x3 - y3)2 DZ[X/ /)/'/,"I
x e
Properties

a. d(xy)=0d(xy)=0ex=y

b. d(x,y) =d(y,x)
c. d(x,y) <d(x,2) +d(z,y),vz € R™ (Triangle inequality)

d(x,y) = d(x,2) + d(y,z) © z is a convex linear combination of x and y: 3d € [0,1]: z =

ax+ (1—a)y
(z is a point of the line segment between x and y)
Proof

i d(xy) = ||x—y|| >0=d(x,y) =0,vx,y €R"
(dxy)=0ex=y)=(dxy)=0=>x=y)A(x=y=d(xy) =0)

1) d(x,y) = x = y. Assume thatd(x,y) = 0, that is

n
:Z(xi+yi)2 =02Vix—y;=02Vix;=y;2x=y

=1
2) x=y=d(xy)=0
Assume that x=y. We have

d(x,y) = |lx = yl| = [lx = xI| = J10l] = 0
i d(xy) =[xyl = l-G& -2l = 1=11= |ly = 2| = |ly — x| = d(2.%)

iii. d(x,y) = ||x—y|| = ||(x—z)+(Z—y)|| <|lx—zl| + ||Z—y|| =d(x,2) +d(zy)

NB
d(x,y)=d(x,2) +d(z,y) >3a€[01]:z=ax + (1 — a)y
Jae01l:iz=ax+(1—-a)y=>d(x,y)=d(x2) +d(zy)
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B 1
x =2,e=—

1 35 Y4B G
B%(Z).—{xER.lx—Zl<E}—<E,E) 1, 8 %5 )
NB. 0N

1 1 1 1 1 3 5
|x—2|<E=>—E<x—2<E=>2—§<x<2+§=>5<x<§
NB.

a n=1B(x") ={x eR:|x—x"| < &}
[x—x|<es>-—e<x—x"<e=ax"—e<x<x®+e=>x€ (x0—ex°+e);Be(x°)
=(x"—¢&x°+¢)

EG. B,(5) = (3,7) — open interval

b. n=2:B£(x°)={xER2:||x—x°||<e}

||x—x°|| <e> \/(x1 —xf)z + (%2 —xg)2 <e>(n —xi))Z + (%2 —xg)2 < &?
c. On R we can define other two types of neighborhood:
L [xo, %o + €) — Right neighborhood of xo and radiys £ > 0
IL. (xg —& xo] — Left neighborhood of xy andradius&==9

0 a0

”\aw4=4o
NB.

A =210
Vx € A,x < awith x € [10,+00) M ’ 2,’/4

p=>gar =

Vx € A,x < 10 and 10 is the least upper bound of 4.

Proposition:
Vx€Ax<a
Let A € R be a set bounded from above. We have a = supA & {Vs >03xEdix>a—¢
Proof
=)
Assume that a = sup A. Therefore a is the least upper bound of Aand Vx € 4,x < a
Suppose that Ve > 0,3x € A: x > a — ¢ s false, that is
Je>0:VxeEAx<a-c¢
but x < a — € < atherefore a is not the least upper bound of 4, therefore our supposition is
false and intial conclusion is true.
(C) (=)
Assume thatVx € 4, x <aandVe > 0,Ix € A:x > a —e.
We suppose that a is not sup A.Let b € R be the least upper bound of 4, therefore b < a
b<a=>b<a—-ete+e=>b<x+e=>b—-e<x=>b<x
Therefore the supposition is false and a = sup A

Proposition
Let A € R be a set bounded from below. Then

b=ian<=>{ Vx €A b<x

Ve>0,Ix EA:x<b+¢

Classification of points of a set A W.lz‘.t. R™.
2

x° — Interior point of A
x! — Exterior point of A
x"" — Boundary point of A

Eg.
A =(2,10),x°5,B,(5) = (4,6) € (2,10) = A4

NB.:

x° is an interior point of A = x° € A
- x° ¢ A= x%is not an interior point of A
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Eg.
A =[2,10),x° = 5 interior point; x' = 12 — exterior point

2 <o
— —t 2 and 10 are boundary points of A

NB.

A € R™,x° € R"™is a boundary point of 4 if Ve > 0 we have
B:(x°)nA#@and B,(x°)n A = @

that is we have points of A and A¢

- intA = Set of all interior points of A (Interior of 4)
- dA = Set of all boundary points of A (Boundary or frontier of A)

Eg.

A =[2,15]
int4 = (2,15)
dA = {2,15}

ext A = (—o0,2) U (15, +)

Lemma 135

Special case:

A S Rbounded set. Then sup A € dA and infA € dA
Eg.

A = (2,15] bounded dA = {2,15}

supA = 15 € d4;infA =2 € dA

Eg.

A ={-2}u0,1] U {15} € R.Bounded subset of R:
Bos(—=2) N A = {—2},x° = —2 — isolated point of A
B;1(15) = (14,16) N A = {15}, x° = 15.Isolated point of A.
dA = {-2,0,1,15},infA = (0,1)

Lemma 138
Isolated points are boundary points.
NB. Boundary point # Isolated points

Eg.

A={xeR%x}+x3 <9} cR? x
dA={x e R*:x} +x3 =9}

intd = {x € R%:x? + x2 < 9}

I{ Interior point of A Isolated point x° € A
4x° € R"{ Exteror pointofA ;x° € R® or
Boundary point of A Limit/Accumulation point of A
l We can classify any point x° € R® w.r.t. A
Eg.
A =(0,10]

x° = 5 - interior point and accumulation point

x° = 0 - boundary point and accumulation point
x° = 10 - boundary point and accumulation point
dA = {0,10},infA = (0,10),4" = [0,10]

Lemma 140
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ACR"
1. x° interior point of A = x° is a limit point of A.
intA € A’
2. x° € dAis alimit point < x° is not an isolated point

UNILAB NETWHERK

Eg.

P e
ity styypd
[eeSa) ) ‘4
o7
[}

0 is an accumulation point of A (0 & A)
In B.(0) we find co points of A.

Proposition 143

Each B, (x°) of the limit point x° of A contains infinitely many points of A

Eg.
A = (—2,10) open subset of R: (int(—2,10) = (—2,10) = A)
A={xeR%||x|| <1} = {x € R2:x% + x3 < 1}

infA = A = Aopen subset of R?
dA = {x € R?:||x|| = 1}

NB.
Be(x) = {x € R™ ||x —x°|| < e},s >0,x° € R

In case n=2
B:(x°) = {x €R% (x, —20) + (i, — 29)° < sz}

Y AN
I \
% B(x°) is an open subset of R™ (B.(x°) is made up of interior points)

NB. B
A S Abecause A = AU dA

e, s

A=[{-2}u(210)]U{-2,2,10} ={-2} U[2,10]
E

g.
A = (0,10) - open
B =[0,10] - closed,B = B
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Theorem
A C R™. Ais open if and only if A€ is closed
(only one direction)
Aopen = A€ closed
Proof: Assume that A is open, that is intA = A. A€ is closed when dA° € A° (x € dA® = x € A°).
Let x € dA°, we have
xXEdA°>x¢gintA=>x¢ A= x €A
Therefore dA° € A°. and AC is closed

Proposition 158

e A JA A

A=(215),A' =[2,15], AU A" = (2,15) U [2,15] = [2,15]
Eg.
A= L >1p=41 11
SiEinzlr=ilag...
Is A open? s A closed?

1.intA = @ # A, Ais not an open subset of R
2.dA ={0},0 & A, Ais not a closed subset of R

Corollary 159

A C R™. Ais closed © A contains all its accumulation points
Eg.

A= 1- >1;= 111
= nz.n_ =\bzg0

0 ¢ A, 0 is an accumulation point of A = A4 is not closed

Proof
Let A be a subset of R™. Assume that 4 is closed, that is A = A. We have to show that A’ € A.

(xeA =>x€A), so |
xeA’:x:A’uA:xeA%—VM AéA
Assume that A’ € A, we have to show that (4 = A4, thatis A € Aand A € A)
ACAxeA=>x€AUA >x€EA
AcAxeA=>x€eAUA >x€EA
Therefore, A = A and 4 is closed X, a
intAcAc A

Eg.
A={xeR%: x| <1, |x| <1}
Ais closed

Proposition 161

Given A € R". We have W
1. intAis the largest open set contained in A
2. Ais the smallest closed set which contains A

Corollary 163
The boundary of a set of R™ is a closed set
\ X

Eg.
B={xeR%:x?+x%=1}
intB = @ (B is not open )
dB = B, Bis closed

Proposition 164
For any set A € R",dA = A - intA
NB.Aisopen = dANA=0

Set stability

Eg.

A =1[2,10] U [12,20],

B =(-1,0) U (2,10)

A is closed because is the untion of two closed sets
B is open because is the union of two open sets

Theorem 165

Intersection of finite collection of open sets is also open
Eg.
B = (-1,0) U (2,10)
B is a finite intersection of open sets

The union of any collection of open sets is open.

NB:4,,4;, ..., Ay, ... = open sets
NP, A; is open and U A; is open — (Taking Apy1 = Apgz = =+ =0, UL, A; is open)
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Corollary 166
The union of a finite collection of closed sets is closed, the intersection of any collection
(finite or not) of closed sets is also closed.

NB.

A1, Ay, ..., Ay ... closed sets
UL, 4; is closed

{n;’:{ A; is closed

Compact set

Definition
A S R™. Ais said to be bounded is a real number k>0 exists such that ||x|| <k, Vx€A.

7(2

NB.
By (0) = {x € R™:||x|| < k}, Height of 0 Pl NG £,:0
Eg. 2.,2 2 T/ o
A={x€R*xf+x%<9} /(/ :

p 7 e

T T \ Xl

[ 7

5\\\ //A (

~ r

Proposition 169

A set A is bounded & k exists such that
Vx €A |x| <kVi=1,..,n

A =[-2,0]U (1,10] — bounded
B=]

—2,0] U [1,10] — bounded

Eg.
B =1[02]uI[512]
B is closed and bounded, hence B is compact subset of R

Proposition 173

A closed subset of a compact set is compact.

Eg. A

A={xeR%:x}+x}<9and|x,| > 1}

SN

7 o
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Chapter 6 - Real functions

giovedi 21 settembre 2023 15:56

NB.
ACR"
B < R™, (but for us, B = R™)

f:A S R™ - R™ | n,m — positive integers

n=m=1:f:A € R - R (One-variable real functions)
m = 1: f: A € R™ - R (Multivariable functions)
n=1:f:A S R - R™ (Curves of R")

m,n = 2:f:A S R" — R™ (Operators)

B W N

NB.
f(x) the image of x under f
f(A) the image set (or the image of A under f)

Eg.
fiR->R f(x)=x2+2,A=R,f(R) = [2,+»)
fR)cRn=-1€R f(-1)=(-1)?+2=3

Eg.

1
fiR® >R, f(x) =yx; +Inx, +

3
A={x€R%x=0,x,>0,x3 # 0},Af (x)

1
*=[(4,e%-)€A4
o=(eeg)

1 1
. 2 2\ = 2
3f(x ).f<4,e,2) V4 +1Ine +0%

Eg.

fiR = R% f(x) = (x,2x?)
x=1f(1) =(1,2);
x=-1,f(-1)=(-12)

Eg.

fiR? > R?

f o, x0) = (1 + %2, 2265, %, — x2)
X = (=12)

f(x) =f(-12) = (1,4,-5) € R®
Operator from R? to R3

Sre]

T s
J0)

A=La¢]

NB.
f:A S R? > R. The graph off(Gf) is a subset of R® defined by
Gr{(x1,x2,7) € R®:y = f(x1,x;) and (x1,x;) € A}
Gr S R?
Is called the subspace of f

Wi
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Eg.
fiACSR? >R, f(x) = x; + /%2
A={x€R%x =0,x, 20} =R?
¢ Ais closed and not bounded
o Aconvex (Vx%,x% € 4,Va € [0,1], (1 — a)x' + ax? € A)

Eg. /
fiACSR? >R, f(x) = x1x5 /
A={x € R%:x;x; > 0} -
¢ Ais closed and not bounded r o ,\%//
¢ Aisnot convex //f/ Nz il
=

Eg.
g:ASR? >R, 2

gx) = ’1—xf—x§ oD

x5
A={xeR%:1-x}—x3>0}={x€R%: x}+x} <1} R
r /
N
e Aisclosed and bounded <& A compact ( / |

e Ais convex { X4

/

(A e aae (P g (P 1
*=\2z) " 4R9\37) I9\22) T 173 |2

Preimages and level curves

NB.
ffASR-Ry€eRf({y})={xedy=rF0)}
f‘l({y}) is called the preimage of y under f
Consider f:A S R" -> R (x €A x= (xl,xz,..,xn),y € R)

Eg.

fiR? >R, f(xy,x;) = x3 +x2,

f7HE0h = {0,003
0 € R? is the preimage of 0 € R under f
The preimage of a subset A € R under f is a subset of A4 given by

Q) ={x € Ary = f(x) and y € A}

NB.

f~Y({k}) € R = Set of points of A where function f takes on the same value K

Eg.
f:R? > R, f(x) = x} + x2
Find the level curve of f with level k € R
7 ({k}) = {x € R:x? + x = kand k € R}

e k<O fY{kH =0
o k=0: f71({k}) = {(0,0)}
X’* I;;? W 1({k}) set of all the circumference with center (0,0) and radius Vk

| SRS

All the points on the circumference with center
(0,0) and radius 2 have the same value 4
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= All the points on the circumference with center
ANk (0,0) and radius 2 have the same value 4

NZA

Algebra of functions
fiAf SRR, g:AjSR>RANA =A+0

NB.
R4 = Set of all the functions f: 4 € R™ - R
f,g €RA
Taking f, g € R* we can build new functions
1 f+geRLVXEA(f+9)) =fl)+gX)
2. af ER4,Vx € A,(af)(x) =ax*f(x),a€R
3. frgeRALVXEA(F*g)* () =f(x)*g(x)

f_oa f _f&®
4, gER ,VxEA,(g)(x)—g(x) with g(x) # 0
NB.
axf+bxg€RAVx €A (af +bg)(x) =axf(x)+b*gl)
witha, b € R

Eg.
.9 €RAF(x) =xf +x5 +1,9(x) = x{ —x3

1. f+ZgERA(RR2),(f+Zg)(x)=x12+x22+1+2(x12—x22)=3xf—x§+1
(f+29)-1L1D) =3(-1)?-12+1=4-1=3

x2+x%+1
2. zERRZ: Z)(x)=—1 s with x? # x3
g f g Xy — X3
44+1+1 6
gV =37 =372

Composition of functions

lLgef#feg
2. fo(gen)=(fog)eh
3. fof=f?

Eg.
fiR? >R, f(x) = x? +x2
gR->Rglt)=2t+1

f(R?) =[0,+) SR =Ag,g°f:R? >R
gof) =g[f)] =g[xZ +x%| =2(x% +x3)+1

gef(-12)=2((-1*+2*)+1=7

Injective, Surjective, and Bijective functions

NB.

f is injective when Vx;,x, € A M X
1 oxy # %= f(x1) # f(x) - 57416 _
2. f(xl) = f(xz) =X, =Xy

And f is not injective if 3x,,x, € A:x; # x, and f(xl) = f(xz)
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Eg.
g:R? >R, g(x) =x; +x, + 1.
Is g injective?
e x*=(-11), g =-1+1+1=1
o x'=(-22),9g(x)Y=-2+2+1=1
Hence, g is not injective

7 48 ¢ ;
NB.
f(A) =R & fis surjective
Eg

g:R* = R, g(x) = [Ixl|

Is g surjective?

No, because norm is always positive

Vy € R withy < 0,g(x) = yor ||x|| = y -- impossible

I

NB.
f is bijective if f is both injective and surjective

Inverse functions

Properties:
1. VX €A ftof(x)=x
2. Vyef(fof ' (y)=y

NB.

Eg.
fIRORf(x)=x3+1
f is injective = f is invertible
Ay ={xeRx*+1=yandy e R}

={x€R:x3=y—1andyER={3y—l}}

fUR->Rx= f‘l(y)s. VyERfof T (y)=y
FIF = (F1)) +1=vy
= (f‘l(y))3 =y-1
>fy)=3Yr-1

Gy and Gg-1 are symmetrical w.r.t. the line of equation y = x

Bounded functions

Eg.
fiRE->Rflx)=1- ||2x|| < 1,M € [1,+») = fis bounded from above
g:R* >R, g(x) = |x; — 1| + |xpx3] = 0,m € (—0,0)
h:R? > R,h =
= RAG) X2 4+x2+1

h(x) = 0,vx € R?
NB
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+xiz2 032 +xi+121>
< ! <1
TaxF4xi+1”
m € (—o,0] and M € [1,+0), hence h is bounded

X2 4+x2+1

UNILAB NETWHERK

Eg.

f:R > R, f(x) = 2x2.1Is f bounded? — No

f is bounded from below (n < 0) but not from above
Therefore, f is unbounded

NB.

1. fis bounded from below = inf f(x) = inf f(4)

2. fis bounded from above = sup f(x) = sup(4)

3. fis bounded from above and below = inf f(x) = inf f(4) A sup f(x) = sup f(4)
Andm < inff(x) < f(x) <supf(x) <M

Eg.
f:R > R, f(x) = max(x,—x) — x y
A=R = (—o,+cw)
e x=>0:f(x) =max(x,—x) —x=x—x=0

e x<0:f(x) =max(x,—x) —x = —x —x =—2x% X
—2x,x<0
f(x)—max(x,—x)—x—{ 0.x>0

sup f(x)A(@AM) - f is not bounded
mff(x) =0(n<0)
f = ({y}) — setof all the preimages of f Vy € R.
cy<ofi=o0
© y=0: f({y}) = [0,+00)

>0 () = {3z =y x =3

Monotone functions

Eg.
f:R > R, f(x) = 2x + 1.1s f increasing?
Vx1,%, € R, suppose that f is decreasing. x; < x, and 2x; + 1 > 2x, + 1 =
:{E{?TZ{Z = x; = x, — Contradicts initial supposition, hence false
Another strategy?
Assume that x; < x, withx;,x, € A. We have f(x;) = 2(x; —x, +x2) + 1
=2(x%; — %) + 26, + 1 < 2x, + 1 = f(x;) — f is increasing
NB.
1. f increasing/decreasing is said to be monotonic function
2. f strictly increasing/strictly decreasing is said to be_strictly monotonic function
3. f strictly monotonic = f is monotonic
4.

. Constant functions are simultaneously increasing and decreeng /

MATHEMATICS - MODULE 1 (THEORY AND METHODS) Page 27



4. ] SUICUy HICredsing/suicly uecredsiig 1s 5diu Lo besUricUy HUIULUIIC 1TUIICUIUIL
. f strictly monotonic = f is monotonic

- . . . .
4. Constant functions are simultaneously increasing and decreaging.

w

Eg. UNILAB NETWHEGRK
fiR->R f(x)=2x+1 Z X
f is strictly increasing = f is increasing

g:R > R, g(x) = max(x,0) = {O,x <0

x,x=>0

Eg.

= _1'x < 0 constant on
f.R—»R,f(x)—{LxZO—Not tanton R X

—_—

e fis constant on (—o, 0)
e fis constant on [0, +)
e fisnotconstant on R

F7H{1Y) = [0, +o0);

f® ={-11}

f is bounded

f is increasing

1. f strictly monotonic = f injective & f inversible
f strictly monotonic = finvertible
f invertible # f strictly monotonic

Eg.
1
FR={0) > Rf() = ="
1. f(x) =x"1on (0,+o)
2. fisodd
3. fis strictly decreasing on (—oo, 0) and (0, +)
4. f is not monotonic on R
5. fisinjective = f is invertible
NB.

We have that f (xl) =f (xz) if x; = x,. Therefore we can say:
{Vxl,xz €A X <x2 fxy) < fxz)
fis increasing
{Vxl,xz €A X <x= fx1) = f(x2)
f is decreasing

The converse implication (p =q,q9> p) from the definition of increasing function is
Vg, %z €A f(x2) = f(x1) = %1 = 2 (%)

The contrapositive of this implication is:
Vg, Xp € A, %y < xp = fx2) < fx1) (%)

and this is the definition of strictly increasing function

Implications (*) and (**) are equivalent
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fg 4 qf Gt

2.
. A _ ) — _J—x*ifx <0
fiR->RFx) =x (6, —x) = x = |x]| {xz ifx >0

o fis strrictly increasing on R = f is invertible (f~*:R - R)

> % e fisunbounded and odd
e fstrictly increasing & f~! strictly increasing

1. Anyinterval of R is a_convex set.

a 6 , lono Ao
2. Vxq,x, € A,Va € [0,1],x* =ax; + (1 —a)x, A ogreK

Vxy,x; ER,Va € R x* = ax; + (1 — a)x,

X‘x, » I sz"

L =

Convex and concave functions

NB:
1. xLx?€4,ae01],x = (1 —a)x* + ax?

x* is said to be a convex linear combination of x!, x2 with coef.1 — a,a
2. A € R™is said to be convex when

vxl,x2 € A,Va€e[01],(1—-a)x' +ax?> €A
3. A € R, A convex © A is interval
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f:R > R, f(x) = x?,A = R(Convex)

NB. £0Cu)

fis convex if the line segment which joins any - ol )4 (4 X).(xl)
pair of points (xl,f(xl)) and (xz,f(xz)) of its ; ST 4

graph lies above or on G; . 4 ) :

X
x
@

g:R-> R gx) =—x2 _(Kn(;.,z)f

Eg.
f:R->R,f(x) =|x|,A =R (convex)
Given x4, x,in Rand a € [0,1]
flax; + (1 — a)x,] = [ax; + (1 —a)x,] < |ax1| + |(1 — a)x2| = a|x1| +(1- a)|x2|

= af(xl) +(1- a)f(xz) X,

Hence, fis convex on R

Separable functions

letA=A; XA, X--XA, ER".f:ACR" >R

is said to be separable function if n scalar functions
gi: Ai CR->R

exist such that

VEEAf() =) gi(x) = g1 (xr) + g2(xz) + -+ g )
i=1

Eg.
fiR? 5> R, f(x) =xi +x3
g1:R - R:Ql(’ﬁ) =x}
g2:R - R,gz(xz) = xf
2

fx) = Z gi(x;) — is convex and separable
=1

Eg
9:R® 5 R, g(x) =x2 +x3 +e%
7 7 /:

R3—)R,h(x):xl*x3+x2*g"1xz—w—«yf’¢rz«/{/t¢

Eg
fTACSR?* >R, f(x)=Inx, +Inx,,A={x €R,x; > 0and x, > 0}
fis concave

NB.
f.g convex(concave) functions on A € R™
a. f + g convex (concave) on A
b. a * f convex (concave) on 4,Va = 0

NB

fiR" >R, f(x) = a;x; + ayx, + -+ apx, + b
a;,ay,..,a,,b €R
fis said to be an affine function on R™
n

f(x) =Zasxs+b0rf(x) =(axx)+b,a€R"
s=1
fis at the same time concave and convex

Eg.
f:R? >R, f(x) = 2x; — 2x, + 10 Eg.

1
f:R—)R,f(x):F:x

Properties:
. - f isn't monotone on R — {0}
Elementary functions - Fisn't bounded

£ icn"t nnsnrrass
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Elementary functions

Elementary functions:
a. Constant functions:
f:R->R,f(x)=kkeR

Properties:

x= 3 B -

Gy o iyl = 1 o
- fisn't monotone on R — {0}
- fisn't bounded
- fisn't convex

b. Power functions Eg.
: (0, +00) 1
ﬁB f:10,+00) = R, f(x) = vx = x2
fiR->R f(x)=x"neN fis: . .
¢. Exponential functions: ) ::r(l)cnr:;s;ng
ffRoRf(x)=d ) M
a>1, _x - not bounded
Loa fe=e - invertible
1 X
ii. 0<a<i1lgkx) = (;) =e7! Eg
e*ifx <0
f:R_)R’f(x)z{e’xifx>0 .
— fR) =(,0]
=1
d. Logarithmic funttions: ls:fp f]EJ(CJ;L 0

f:(0,40) - R, f(x) =log,x [a>0,a # 1]
iia>1f(x)=Ilnx
fis increasing and concave, unbounded

e. Elementary téfgonometric functions:
i. Sine function: f: R — R, f(x) = sin(x)

A=R,f(R)=[-11]
Vx ER,|sinx| <1
/ th/

ii. Cosine function: f: R = R, f(x) = cos(x)
A=R,f(R)=[-11]
Vx € R,|cos(x)| <1

T=2m
f:[-m,m] - R, f(x) = sin(x)

U T t
e T=2
_‘72 T -F > _Z’Z s
7
]
—_ ) NB.
)= 27 f:[0,m] > R
1 f:

f is not monotone and not invertible

sin(x + 2km) = sin(x),Vx e R,k € Z
Sin(x) is a periodic function with period

cos(x + 2km) = cos(x),Vx ER kEZ
cos(x) is a periodic function with period

- strictly decreasing

P g\}r - invertible
-

Tangent function

T
f:R—{5+kT£,kEZ}—>R -, ', ‘/
sin(x) ' / )
f(x) =tan(x) = 0s(0) : .

il.

w }
-
tan(x) is:
- unbounded

- perlodlc function with fundamental period T =

Eg.
e2x, ifx <0
fiR->R f(x)=4—x—-1if0<x<1

Inx ifx>1
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Maximizers and minimizers

, &)
f:A S R™ - Rand x* is said to be: ZW W%Jp
a. A maximizer of f on A when /
VX € A, f(x) < f(x*) L 4 %{x}

b.A minimizer of fon A when ————
Vx €A f(x) = f(x*)

Eg.
fiR-> R, f(x) =x2+ |x|
Vx €R f(x) =x?>+|x| =20=f(0) >Vx €R,f(x) = f(0) >
= x = 0 is a minimizer of f with minimum value 0

Eg.
g:R? > R, g(x) =1—|[2x]|
Vx €R%,g(x) =1—||2x]| < 1= g(0) = Vx € R%, g(x) < g(0) and x = Oisa
maximizer of g with maximum value 1

Eg.
hR->Rglx)=x*—2x+|x—-1|+2
Sx?-2x+1+x—1+1=(Gx-D?+|x—-1+1=1=h(1)=>
= Vx € R,h(x) = h(1) and x = 1 is a minimizer of h with minimum value 1

NB.
We introduce a notation for maximizers and minimizers
e argmax,c,f(x) — set of all the maximizers of f on A
e argmin,,f(x) — set of all the minimizers of f on A
*maxyc, f(x) = maximum value of f of A
* min,c4 f(x) = minimum value of f of A

Eg.

f:R-> R, f(x) =x?
e argmin,cpx? = {0}
* mingepf(x) = {0}

Eg.
1,x<0
g:R->Rg() = {—x+ 1,x>0
* argmaxyerg(x) = (—,0]

e argmingegf(x) =1

NB
* argmaxyerf(x) =0
e argmaxyegf (x) = {x*} — strong maximizer of f
e argmax,erf (x) = (a,b) — weak maximizer of f
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Chapter 8 - Real sequences

giovedi 28 settembre 2023 15:13

‘ A function f: N — R is called a sequence of real numbers ‘

‘ The domain of a real sequence is N or a subset ofN‘

Eg.
fiN->R,f(n)=2nneN
N={01,..,}

Notation:
{xn}nzo — Sequence or real number with general term x;,

: Zoon
]{Efz}nzo or {xn}nzo With %%

1 I 111
nf 72’374
n=1

Eg.

We can indicate {xn} in three different ways:
1. {xo, %1, %3, ...}
Eg.{1,1,1,1,1,1,1,0,0,0,0,0, ...}; x, = {
2.x, = general term
Eg. {x,,}n20 = x, = n? + 2n;{0,3,8,15, ...}
3.Using a recurrence formula

lifn<7
0ifn>7

{ *o € R ;X £>x £>x Lx
tusz = ) FO 7T DM 0 H
Eg.
Xg =2 _
{xn+1 =2x, +1,n=0" {5,11,23,...)

Xy =2%x90+1=5
X, =2*x+1=11
X3 =2%x3+1=24

Remarkable sequences: ' T :

1. Harmonic Sequence
1 111
- =91L5,5,5,
b, = lai]
n=1

2. Arithmetic sequence: given a,r € R
{a+m}pso ={a,a+71,a+2r,a+3n,..}
Arithmetic sequence with first term a and ratio r.
Xo=a€R
Xn41 =Xp + 7T

Recurrence formula {

Through general term: {xn}xzo X, =a+rm
3. Geometric sequence: given a,q € R
{a~x q”_l}nzl ={a,aq,aq? aq?, ..}
Arithmetic sequence with first term a and ratio q.
Xo=a€R
Xn+1 = qXn
Through general term: {xn}n21 with x,, = aq

Recurrence formula: {

n-1

R*® = RN = Space of all the sequences of real numbers ‘

NB.

123 w56 6N

x € R®,x — sequence of real number: x = {x,} = {x,, x1, %2, ... }
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NB.
X € R®,x — sequence of real number: x = {xn} = {xo,xl,xz, }

Consider x,y € R®.We have:
L(x+y) =%+
2.(x*y) =%n*Yn
x Xn

3.(—> =—,Vn=20,y, #0

n

Yn

NB.

X, = 0,Vn = 0 — Null sequence
{0} = {0,0,00, ...}

In RV (Space) we have a partial order structure like R™ (space of vectors/points of R™)
1. Weakinequality: x > yifx, >y, Vn>1
2. Strictinequality:x > yif x 2 yandx #y,vn>1
3. Stronginequality: x » yifx, > y,,Vn>1
XDy=>x>y=>x2Yy
{ x,y €RN

A sequence {x,} is said to be:
1. Bounded fromaboveifvn > 1,3k € R:x,, < k
2. Bounded from below if vn > 1,3h € R:x,, = h
3. Boundedifvn>1,3h,kER:h<x,<k
OR:
(Vn >1,3k > 0: |xn| < k)

Eg.
1 1
— ,0<—251—b0unded(h=0,k=1)
n n
n=1
Eg.
{-n?} _xn=-n?<0
Bounded from above, but not bounded in general
1 . s
NB. o L S
i\n _ ¢ _4\n _ {—1ifnisodd T 5 5, o %
(D2, = (-0 = {1178 0dd l AR
- * é M

It is bounded

{xn} is said to be:
1.Increasing if vn > 1, x, < x4
Strictly increasing if vn > 1,x,, < x,,,1
2.Decreasing if Vn > 1,x, = x4
Strictly decreasing if Vvn > 1, x,, > x,41
3. Constant if {xn} is increasing and decreaising at the same time, i.e. x, = k,Vn > 1

NB.
Yn=1,x, SXpy1 = Xpe1— %X, 20

Eg.
{xn} xn = n?
Xpp1—Xn=Mm+12-n?=n?+2n+1-n?2=2n+12=0

Hence, {x,,} is increasing

1 3 11 1
n+1 723
n=0
_ 1 1 _n+1—n—2_ <
T +D+1 n+1l m+2)(n+1D) @m+2D(n+1D)

Eg.

0

vn = 0,x,41 — Xy

Hence, {xn} is decreasing
Eg.

Positive increasing sequence x,, > 0,Vn > 1 &
1. Vn>1,x, < xXp4q
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A sequence such that Vn > n* a property
p holds is called eventually sequence

/ Xy, is not monotone Vn € N

Eg. /( vn = 2, {x,} is eventually increasing
{a —4n}n>0

Eg
{xn} with x, =n? —4nandn =0
n 0 1 2 3 4 5 6
x, |0 3 4 3 0 5 12

{xn} is not monotone (Vn = 0)

- {x,}is eventually/definitively increasing (Eln =2:vn2=>2,x, < xn+1)

- {x,} is eventually/definitevely increasing and strictly positive (Eln =5:vn = 5,x, < x4 and
Xp > 0)

Limits and asyvmptotic behaviors

- W Lo Srriiom
(%2} %, =12,{0,1,4,9,16, .3
n—)+ooxn—>+0/
1( 111
{yn}'yn=;l-,{0——— }

5030

n-+o,y, >0

Pegulor sgene

1. Convergent sequences

Definition
{x,,} real sequence {x,,} converges to L € R

X, = Lor lirP b =L) if
n-
Ve >0,3n, = lin>n, = |x, — L| <e
and L is called the limit of {x, } ©* T -
Eg. 4—5
1 34
{xn},xn = E + 1,{2,5,5, }

NB
d(xp, L) = |x, — L| therefore x,, > L, (n > +o0)if
Ve>0,vn,=21l:in=n, = d(xn,L) <e¢

Eg.
Show (using the definition) that limn_,+°°% =0

1
Vs>0,§|n£21:n2n£:‘;—0 <e

1. Suppose the existence of x, > 1 and n = n,
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NB.

Def

1.

2.

1 1
——0|<eg=>-— <e:n> —1+1
n n

2. Takingn£=[§]+1and assumethathn£ we have

1 ‘_ 1 1 1 _ 1 < 1 _1

n | In| nn [1 1 -1
€ [E]+1 E_1+1 z

=&

Therefore, |% -0 | <e€

A neighborhood of L € R with radius € > 0 is given by B,(n) = {x € R:d(x,, L) < ¢}
={xeR|x,— Ll <e}={L—¢eL+¢e}

{x,} real sequence {x,} converges toL € RifVB,(L),In, = 1:n = n,

= x, € B.(L) N
Eg. ;.‘:t SnNT T T
Z L
{xn}'xn=; -ttt = -~ = = - -7
Proof:
Suppose the existence ofn, = andn = n,
2
2 2 no T 2 1 ¢ 2
—€B(0)>-€(—ge)>—e<—-<e=> 2 S—<g>—<->n>-
n n n n n €
—< —£
n
2
ng = g +1
Taking n, = E + 1] and assume thatn > n,
NB.
We have to show that% € B.(0)
0<2< 2 2 < 2 2
— JE— ===€&
nSn 2, 2 2
€ [E]"’l z 1+1 z

2 2 2
20<—-<e>-¢<0<-<e>—-e<-<eg=>—-€B.(0)
n n n n

NB

X € R positive [——] <7

Any sequence converging to 0 (x;, = 0) is called an infinitesimal or null
sequence (qt zero sequence {0,0,0, ... })

1 1
Xp = o - 0,n—> +oo, {5} infinitesimal sequence

Proposition 306

{xn} real sequence
{xn} convergestoL ER & d(xn,L) -0

Proof

(<)

=)

Assume thatd(x,,L) > 0asn - +o,i.e. Ve > 0,3n, = 1:n = n, = d(x,,L) < &. We
suppose that {x,,} is not convergentto L € R, i.e.
de > 0:Vn =2 n.:n = n, and |xn—L| =&
From the premise, d(x,, L) < ¢ s equivalent to |x, — L| < e.
Our supposition is false and {x, Jconverges to L € R

Assume that x;, converges to L € R, i.e., by definition, Ve = 0,an, > 1,:n > n, =
|xn = L| <e
Given € > 0, we have:
d(xn,L) = |xn — L| <e=> d(xn,L) <e
Therefore Ve > 0,3dn, 2 1:n > n, = d(xn,L) < g, therefore d(xn, L) -0

Eg.

(=1

Show that lim,,_,; [—— + 2] 2

-=— >0
n n2

D" g [

-7 1
(60 2) = | — 2| = |___+2_ _ e
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NB.
1. x, » Ltor lim x, =L*
n-+oo

ifx, » Land evntually x, > L

{x,} is decreasing we can write x,, | L
Eg.
-1,n<20

= 1
{a)n —n>20

X, > 0andx, >0,Vx =2
Therefore, x,, > 07 or lim x, = 0% or (x, { 0)
n-+oo
2. x, = L or lim x, =L~
n—+oo
if x, = L and eventually x, < L
{x,} is increasing we can write (x, T L)

Divergence sequences

{x3} =1{1,827,64,..}
n3 - +oo
VkER Iy, =1in=n, >n3>k

lim n? = +o
n—+oo
keR I =21lin=2n,>n>>k
Vk>0,an, > 1lin=>n,=>n?>>k
Let k be a positive real number.
1. Suppose the existence of n, = 1andn = n;

n2>k:n>ﬁ,nk=[ﬁ]+1
2. Takingn, = [\/E] + 1 and assume thatn = ny,
w22 (ne)’ = 2 = ([VE] + 1) > ([VE] + 1 - 1) = [VA]" =k

Therefore, n? > k

{xn} with x, = n?,

Def
{xn} real sequence

Eg

. _n2) —
i, (=) = —eo

Vk<0,3n, >21lin>n, > -n?<k

)
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UNILAB NETWEGRK

Eg.
) 1 )
{xn} with x, = oz 0asn o foo OR(nHTm)ﬁ =0
. -1,n <100,
bn} with 3 = { n? > 100

{yn} isn't monotone, but is eventually monotone and positive
vn* > 101,3x* > 101,y, > 0and ¥, < Yn41

li = i 2=
(n—lgloo)y" (n—l>r-lr-100)n to

n?,neven lim n?=+ow
(n—>+)

{zn} with z, = 1

1
—n odd, i —=0
n (n

m
S+0)n2
Alim 4 00) Zp, - NO limit for an entire function

Eg.
F ,neven 1
wm=1" Jim —=0; lim ——=0,3 lim y=0, {3} regular sequence
o™ od

1
{xn},x,l =;—> 0=1,

1
xn=;>0,\7’n21

}
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Monotonicity and convergence

Eg.
1. x, = —— —is decreasing and bounded from below = is convergent
"n+1
_ 1 11 1 n+l-n-2
T T I 41 n+l n+2 n+l (4 2Dm+1)
1

m - 0= —m <0,vn=>1, {xn} is decreasing

limy, o —= =
NB. n+1

Ve > 0,3n, ZO:nanzlﬁ—O| <eg
1
2. Yyp=1-— T is increasing and bounded from above = is convergent
) 1
lim [1-—|=1
n-+oo n

3. z, = n* —is increasing and unbounded from above = diverges to + o
4. t, = —n® — is decreasing and unbounded from below = diverges to — oo

Proposition 322

Each convergent sequence is bounded
Another way to write it
Let {xn} be areal sequence. If {xn} is convergent, then {xn} is bounded
Proof
Assume that {xn} is convergent to L € R, i.e.x, — Lasn — +oo.Taking e = 1, a position n; >
1 exists sucht that x, € B;(L) for any n > n,. Let M € R be such that
M > max({1, d(xl,L), d(xz,L), e, d(xy, L)}
therefore M > d(x,, M) for any n > 1.Since |x,, — L| < M,vn > 1, we have
—M<x,—L<M>L-M<x,<L+M
therefore {xn} is bounded

Eg. ) .
Xn =ﬁ—>0${xn}isbounded0<ﬁsl,Vn2 1

NB - converse is false

—1,nodd
X = (21" = {1 neven
-1<x,<1=> {xn} is bounded
X, =—1->-1;x,—>1

Theorem 323

Each monotone sequence is regular
1.{x,} bounded = {x,} converges
2.{x,} increasing and unbounded = {x,} diverges to + o
3. {xn} decreasing and unbounded = {xn} diverges to —

Proof
Assume that {xn} is increasing. Therefore {xn} can be either bounded from above or
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unbounded from above x; < x, Vn > 1
1.{x,} bounded
Let E be the image set of {x,, }
E is a bounded subset of R, therefore sup E exists.Set supE = L.
Given € > 0, since L is the supremum of E we have
Lvn=>1,x, <L
ii.3x,, € E:x,, > L —&,Vn > n, (L is the least upper bound)
{xn} is increasing, we have
Lzx,2x,, >L—-¢Vnzn,
therefore x,, € B.(L) for any n = n,
2.{x,} unbounded
For any k > 0 an element x,,, exists such that x,,, > k. Since {xn} is increasing, we
have
Xp = Xp,, >k, YN =ny
therefore {xn} diverges to + o
3. {xn} decreasing (bounded and unbounded) - consider at home

Eg.

1 1
{x} = ~+—+ 2 = {x,} converges

1 1 1 1
|xn|= ;"rﬁﬁ'z < ;l + ﬁ +2

Ik ER:|xy|<k<1+1+2=4

Corollary

{xn} monotone is convergnet < {x,} is bounded

Algebra of limits

Proposition 333

{xn}, {yn} real sequences such that x, - L € R,y,, > H € R. Then:
a.x, + ¥y, = L + H provided that L + H isnot + 00 — oo or — o0 + 0
b.x, * y, = L * H provided that LH is not 0 * (£o0) or (o) * 0
c.;—: - % provided that y;,, # 0 eventually and g isnot 0/0 or co\co

Proof
x, = L € R,y, - H € R. By definition of limit,Ve > 0 two positions n},n2 > 1 exist such that
{L—£<xn<L+e,Vn2n§
H—e<y,<H-+egVn > n?
Let n* be a position such that n* = max{n}, n?}
For any n > n* we have
L-e+H-)<xp+y, <L+e)+H+e)=>L+H—-2e<x,+y,
< (L+H) +2¢
S| +ym)—L+1-1)| <2¢
Therefore x, +y, > L+ H
Study the book for other cases

Proposition 335
X, = L € R with L # 0and y, > 0.We have

x
lim =2 exists & {yn} definitively has constant sign
n>+oo Y,

1.IfL >0andy, » 0" or L < 0and y, — 0~ then
lim =" = 400
n—+oco yn

2.IfL>0andy, » 0~ orL < 0andy, - 0% then

Eg.
2 1 Xn
xn=1+5_> 1,yn=F—)0,;/7—1—>+oo

Proposition 337

If we don't consider the following indeterminative forms 1%, 1=, 0° and (+)° we have
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a
1. lim x? = ( lim xn) ,a €ERandx, >0
n—+o0o n—-+oo

. lim_x,
2.111_1)11100 a*n = gnoteo™™ g > 0

3. lim logy, x, = logb< lim xn),b >0,b+1
n—+oo n—+oo

Eg.

3
lim n3 =< lim n) = +o0
n-+oo n—+oo

Remarkable limits:
1.Power sequences: x, =n%n € N,a € R

+o0 a>0
lim n*=4 1 a=0
e 0 a<o0
Eg.
lim — = lim 705 = 0:{—=| infinitesimal
n_l)rlloo\/ﬁ.— Jim 2708 = 0: NG infinitesimal sequence
Eg.
nl_i)rl'noo n%-1, g €eR Irregular sequence

ca?-1>0=a®>1=a<-lora>1n"15 4o

ea?-1=03a?=1>a=+1n0"1 51

ea2—-1<0>a2<1=>-1<a<1n@*-1 59
2.Exponential (geometric) sequence: x,, = a™,a € R

+o0 a>1
. n_) 1 a=1 _
nl—IHIOOa =Y 0 —1<a<i Regual sequence
4 as<-1
Eg.

3. Logarithmic sequences: x,, = log, x,b > 0,b # 1
lim log,n = el
s 08P = o 0 < b < 1

NB
{xn},xn =n,VneN,n =1*2+--sxnand0! =1
1. {x,}is increasing, — n! = {1,1,2,6,24,120, ...}
>
2. {xn} unbounded from above
3. {x,} divergesto + o
1
{m} — Infinitesimal sequence
1. Monotone decreasing
2. bounded from below
Eg.

{xn}, xn = n® —n?

— indef. form + oo — o0
2

n
xn=n3—n2=n3[1——3 - +o0
n

Hence, x,, » +o0

Eg.

{xn}=Vn2+n-n- Qw,ﬁorm + 00—

NB:y, = VnZ + n - +oo
n (\/n2+n—n)(\/n2+n+n) (\/ﬁ+_n_)2—n2 n4+n—n

- = =
\/I-i-ﬁ-f-l

21n N 1. 11
VnZ+n+n n+n+n \Flz[1+%]+n
n 1 1

n ’1+%+n

Therefore, {x,} = VnZ +n—n - %

n

1
1+ﬁ+1

N

Convergence criteria
They are sufficient condition to establish the convergence of a sequence
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UNILAB NETWERK

Eg.

sinn
{xn} llr_{l oz A 11m sinn; A 11m cosn
NB.

; lim sinn
sinn A

im omr®
no+o n2 lim n2
vneN,|sinn|<lor —1<sinn<1
vneN,|cosn|<lor —1<cosn<1

1 sinn 1 sinn

> —-—< <
n? n? n? n2

-

Eg.
P |
Napier'scanstant o va > 1andk e r
nk (n+ 1)k
—>0Vn>0xn+1 (J.T
Q >
leenixn}al(éhl*'s uenc&awn{l)%n '(1+u)' n 1+1)k 1/mns 1\ 1 1\*
=— =—(14+—-) ===¢q<1
kT anen T nk a\ n n

2 {x:} is bouggied from above
= {x,} convergesto L = supE

1\" 1\"
lim (1+—) =eor (1+—) =e
n—-+oo n n
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lim _ln(l ﬂd =

1
n-+oo Yn
NB
log, (1 +
]iT ﬁ(—y—") =log,e,Vb > 0,b # 0
n—-+oo

. 1
In (1 ap Zﬁ)

L T
2n?
1

L =520
4.1fc>0,y, —» 0and y > 0 then

cIn —1
lim —=Inc
n—->+o yn
e —1
[c=e, lim —— =

5.Ifa € Rand y,, - 0 with y,, > 0, then
_ (+y)i-1
lim ——————=a

n—+co yn
Eg.
Xp =+n?+n—n.Ind form + oo — o

Orders of convergence and divergence

NB.
Some sequences converge to the same value with different speed.
Eg.
1 1
—t A{— — 0, but the latter diverges faster
n n?
Definition

{xn}, {yn} real sequences with {x,,} eventually different from 0 (Eln* =>1:Yn=2n*x, # 0)

1. Ifz—" - 0 then we say that {y, } is negligible w.r.t. x,: y, = 0{x,}
2.If i’—" — k then we say that {y, } is comparable w.r.t.{x, }: v, = x,

Ifk=1, then,% = 1 and {x,},{).} are said to be asymptotic sequences x,~yx,

Lemma 352
{xn}, {yn} real sequences with terms eventually different from zero
a. The relation of comparability = (and ~) is reflexive, symmetric and transitive
b. The relation of negligibility (0) is transitive

Proof

X X, 1 z z, 1
a.—n—>1;y—"—>k¢0=}—n—>—¢0;—r—l—>k¢0andy—n—>k¢0:—n*y—"—>k*—¢0

Xn Xn , K Yn Xn Yo Xn h
b.—"—>0,y—n—>0:—"=—"*y—"—>0:zn=0(xn)

n xn x‘n yn xn

Proposition 353: Little-o algebra
{xn}, {7} real sequences and ¢ # 0
1.0(x,) + 0(x,) = 0(xy,)
2.0(x,) + 0(y) = 0(%n * )
3.cx* O(xn) = O(xn)
4.1f y,, = 0(x,) then 0(y,) + 0(x,) = 0(x,,)

Proof: If y, = O(xn) then {yn} can be written as follows
X, * &, where &, is an infinitesimal sequence
thatis y, = &, * x,, with g, - 0

Eg.

1 g0
n2~ \n
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1. Let's indicate the two little-0's with x,, ¥ &z and x,, * §,,, we have
O(Xn) + O(xn) = Xnén + Xnbp = (Sn + 5n)xn = apXy = O(xn)

2.Let 0(x,,) = &,%, and 0(yy,) =206,

O(Xn) * O(Yn) = (Snxn)(‘snyn) = (Snsn) *XnYn = OnXndn = O(XnYn)
3.Let 0(x,) = epxy

C* O(xn) = c(snxn) = (cen)xn = O(xn)

NB
X, — 0thenx, = 0(1)
1 1
Z=0D)e=--0
n n
I 1

lim &= lim ==0
n-o+o 1l noton

Assympototic equivalence

Given {xn}, {yn} real sequence. If x,, ~y,, then {xn}, {yn} have the same limit L € R
x, > LER© Yy, >LER

Lemma 355
Let y,~x, and z,,~w,,. Then
b. Y * Zp~%x, * Wy,
c.Assume that z,, # 0 and w,, # 0. Eventually
Yn_Xn
Zn Wn
Proof

*Z, z
(b)Yn n=3’n*n_)1
XnWn Xn Wn
rn a
w;
(C)j_g:h*—"zzﬂ*z—nel

Z X X e
Wn n n n W,

Lemma 356

{xn} real sequence. x,, ~x,, + O(xn)
Proof

We have:

Xn +0(x,) _ 0(x,) 14 0(x,) 1
xn xTL xn xn

From this lemma 356, we have:

X+ 0(xy) o L & xpy > o)

Therefore, we have:
1. (xn + O(Xn)) (Yn + O(Yn)) ~XnYn

Eg. (M +n+10)(n® +Inn—1) = (nz + O(nZ)) (n3 + 0(n3)) =n5

xn + O(xn) xn

Tt 00R)
.n*+10n _ n*
"n24Inn n2 n

2

Proposition 359
{xn}, {yn} real sequences
Xn~Yn S Xp =Yn t O(Yn)

Proof:
(<)
Assume that x,, = y,, + 0(y, ), we have
5% +0 0 0
5t 00m) v O0) _, L 00) |
Yn Yn Yn Yn Yn
Therefore, x,,~y,
=)

Assume that x,,~y,,. Taking z,, = x,, — y,,, we have
— x
Zn — Xn ~n =Y_150
yTl. ZTI. yn

=z, = 0(y,)
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= Xn —Yn = O(Yn)
= Xp =Ynt O(Yn)

Proposition 360
{x} real sequence eventually non-zero
Then

1
;*ln|xn|—>k¢0<=>|xn|=e

nicn|

Proof
(<)
Assume that |x, | = ekn+0(m)
1 1 1 0(n)
Z1 = _Ineknto®m — Z(k 0 =k ~ S5k
nn|xn| ~lne n(n+ () v
=)
Assume that%ln|xn| >k#0
|xn| = elnlxa| = gkntom)
Terminology
a. {xn} {yn} infinitesimals x,, = 0,y, = 0

Yn = O(xn)
{yn} is a higer of infinitesimal order w.r.t. {xn}
1 1
Eg F =0=* ;E
b. {xn}, {yn} infinite sequences, x;,, = +o,y, = +oo
In = O(Xn)
{yn} is a lower order of inifinite w.r.t. {xn}
EG.n?2 = 0(n?)

Scales of infinite and infinitesimal
A. {a"},a > 1 (is decreasing order of base)
B. {n*},k > 0 (is decreasing order of exponent)
C. {(lnn)*},k > 0 (in decreasing order of exponent)
nk = 0(a™), inn)* = 0(n*), Inn)* = 0(a™)
Eg.
10000
0
1. {a"},0 < a < 1, (in decreasing order of base)
2. {nk}, k < 0, (in decreasing oder of exponent)
3. {(ln n)"}, k < 0 (in decreasing oder of exponent)
a™ = 0(n*); n* = 0(Inn)¥, a™ = 0[(Inn)¥]

n

Lemma 361
n |

a n!
A.a™ =0(n!),a>1,— > 0or — - +o
n! am™
n!
B.n! = O(n"),ﬁ -0
F L n . , n
Seqyengein R
Let K be a positive integer. We can consider the following sequence:

{x*} with x* = (xf, x¥, .., xk) e Rk = 1
Which is called a sequence of vectors in R™

)

)

Eg.

Bl RN =

Definition
We say that {x*} tends to L € R™,i.e.x* > L € R" ask > +oo, if
Ve> 0,3k, =1k =k, = ||x" —L|| <e

Eg.
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[1] [1]

xk = k,limxkzoeRz,k N
1 k—>+o0 1
2k 2k

s =

1. We suppose the existence of k,

2 2
||xk_0||= 1_0 + _1__0 = i-}-—l—: i
k 2k k2 4k2 4k2

5 5 &2

<ege> < $1< =>4k2>5=>k2>5$k 5—\@
TR e A 4e2 4e2  2¢
4
o[
2. Taking k. —[ ]+1andassum1ngthatk>k % ki
V5
o=l [ o= s [t -
4k2 z 2
2([]+1)
V5 i,

2,5
2<12/§}+1—1> ez

NB.

|l = L] » 0 & |k = 1] > 0,vi
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Chapter 9 - Series of the real numbers

giovedi 12 ottobre 2023 14:21

Definition

Let {xnzl} be a real sequence. We build a new sequence from {xn} as follows:
S1 =X1,S2 = X1+ Xx3,53 =X1 + Xy +X3,...,S, =X + x5+ -+ xp

Which is called the partial sum sequence {s,} associated with {x, }

Let {x, } be a real sequence. The partial sum sequence {s, } associated with {x, } is called series
+00

Z X, — Seriees with general term x,, (can also be indicated as Y x,,)

n=1

Target: study the character of the series (convergent, divergent, oscillating)

Let Y'x,, be a series. Y x,, is said to be:
1. Convergent withsumS (Xx, =S)ifs, = S€R
2. Divergentto +oo if s, - too
3. Irregular or oscillating if 4 lim,,_, ;o S,

Eg.
+ 0o 1
Z —n(n D Using the definition (Mengoli’s series)
S
* Sn = 4 EZE—_F—l—)— General term of the sequence of the partial sums associated with s,
° i )
Jim_s,
NB.
1 1 _(k+1)—k_ k+1 k _1 1
“k(k+1)  k(k+1)  k(k+1) k(k+D k k+1
2 1 _A+ B
Tkt Dk k+1
1 (Ak + A + Bk) 1 (A+B)*K+A
= = —
k(k +1) k(k + 1) k(k + 1) k(k + 1)
A+B=0 A=1
> =
vk>1,1 (A+B)*K+A=>{ v =>{B=_1
- ! ! vk>1
k(k+1) k k+1" =
n n
_ 1 2 1 1
" k(k+1)_ P
+ et 1\ _ 1
Sn = EZE—;—l—) = —@—) 1=S€eR
k=1
=0
Eg2
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We show that the Harmonic series is divergent to +oo

n
1
-y
k=1
NB

Target:

If {xn} converges to a real number, then every subsequence of {x,} converges to the same real
number.

111 1
PY R l__>0
2°4°6 2n

If we can find a subsequence such that it diverges to +o = {x,,} is divergent

we find a subsequence divergent to +oo of s,

1 S2 Sa

Subsequence with position n = 2k k e N, (Sl 2 4 >

2
=1 ! ! 1 =142 1—2
Sq4 = +E++Z7>1 +>Z+—‘+Z— +2*x==

1 1 1
2

1111@1 111 1 1 1 1 1 1 1
Sss=1+s+-+-HI+ I+t o> I+ttt o+=>1+2%-+-=1+3 %>

Szk
NB

2 3 4 5 6 7 8 2 3 4 8 8 8 8 2 2 2
>1+k1
*_
2

1
14+ k= 5 is unbounded

{Szk} subsequence of{Sn} is monotone increasing and unbounded = {Szk} is divergentto + o =
= {S,} is divergent to + oo, lim S, = +oo

n—-+oo

1
Therefore, s, = Z;g’l; =+

The character of a series does not change if we don’t' consider a finite of terms

1
~+o0; — = +o0; Z ———————— — converges, but with a different sum

1 _z 1 z 1 _, 1+1+1 _, 1 1 1
nn+1) in(n+1) nn+1) 2 6 12| © 2 6 12
n=

n=1

n=1
NB. The character of the series depends on q
n
Hiswkir of s
Sp = z qk Y
k=0

. q:115n:

[ L ﬁzolz(n/—\oji/l}*lzn+1—>+oo

therefore the geometric series is divergent to positive infitiny
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n
. q¢1:Sn=qu=1+q+q2+---+
k=0
Spa=1+q+q*+..+q"
{q*Sn=q+c12+---+c1”+1

S =0Sn = (1+q+a? + %) = (4 + 42+ +-

qn

g 174"
n-+o 1 —¢q
NB
g>1 gt > 4o
{qn+1} ={-1<qg<1 qn+1 -0
q<-— .q" Lirregular
e g>1: lim _—=+00_,o

n—+oo 1—q1_@ .

e —1<g<1: lim

e g<-—1: lim ——, 4

n-+o 1 —¢q

(4w, ifg=1
1

1-g¢q

n—»+$&kﬂ7:. 1—gq
1_

+00
Zq”= S a— if —1<g<1
n=1

irregularifqg < —1

+ oo

. z (=1)™ — Irregular sequence

n=1
+ oo

7 n
. z <— §> — Irregular sequence

n=1

NB
Let g € (—1,1). The geometric series },

+o00 n _

1
n=04" =1,

4 qn+1)
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o 1)?
S (-
2 1 2 UNILAB NETWERK

m=2

1
Geo series q = 3 € (—1,1) — Convergent series

Eg.
< (1\" 1 _,
S e
n=0 1_7
< (2\" 1 _,
3) T 2
n=0 1_§

+E°°3 1" 3 3 1" 3x2=6
n=0 n=0
+00 n +oo +oo

n=0
NB
on-1 on _p-1 2 n 11 1 /2 n
= = =[=] *x—%x—=—|—
Xn 3n+2 3n x 32 3 279 18\3
+00 2 n ) .
3) 4 =3€ (=11) - ConvergentS = — =3
n=0 1-— §
+00 1 /2 n s 1 ; 1
ol 5 = — % = —
. 18\3 converges an T G
n=
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Therefore, x, > 0asn — +oo
NB

x, = 0 # Y.x, convergent

Example: Harmonic series

x, » 0= Yx, divergent

Eg
oo 1 Y'x, converges
1 - i
In (1 + _)lel _ In (1 + n) - 03 Yx, .dlverges
n Y'x, irregular
n=1
Zero — test (Necessary cond)
C 1
Sn = Z In{1+ E
k=1
NB:In(1+1) =1In(“2) =In(k + 1) — Ink
Sp= ) [ntk+1)—Ink]=[In2—-In1]+[In3—-In2]+[In4—1In3] + -

1 1 1
SEREANS o J
n n n

n®>+n n>+n n? 1 20
—_— X, =~ > =

Li3n2+4n""" 3n?+yn 3n* 3
From zero-test, the series doesn't converge
Eg.

Eg.

+ oo

<1 T 1
z [— — 1] — geometric series,q =——1,y €R # 0
~ 14 Y

! 1=1 ! 2 > 0 and !
¢ —— 1= S>—=42Y andy ==
Y 14 2
1 1 y < 0 Impossible
;—1>1:>—>2

1
14 V>0,V<§

1
‘——1
v

y>0 <0 y>0
1 or Y oy D 1 — Series is convergent
-<2 Impossible y>=

14

1 1
<1l=2-1<--1<1=20<-<2
14 )4

1 1
——1S—1:>;S0:>)/<0—Irregularseries

14
1
: ()
Ify > 2 then the series converges and S = (1 )
1-(=-1

NB.

Series with positive terms

™~

+ [In(n+ 1) — Inn]

Let Y'x,, be a series. If x,, = 0, Vn or eventually then the series is said to be a series with
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positive terms or with eventually positive terms

Eg.
+ 00 Zn 211
Z —,vyn=>1,—>0
n! n!
n=1
¥ 2
n“ — 100 vn > 10 . ith tuall itive t
12n2 10’ n = 10, series with eventually positive terms
n=

We can write the sequence of {Sn} using a recurrence formula:

x1ER
Sy =S, 1 +Sy,¥n 2

NB.
Shn—=Sn-1=x%,20=>5,-5,.1=20=>5,=>5,1
{S,} is monotone increasing
1. If {Sn} is bounded (from above) then Y x,, converges
2. If {Sn} is unbounded (from above) then Y x,, diverges to + o

Proposition 382

A Y x,, with positive terms is either convergent or divergent to + oo.
Y'x,converges {Sn} is bounded from above

Proposition 383 (Comparison criterion)
Consider Y. x,,, Y.y, with positive terms and x,, < y,,eventually.

1.Yx, =400 =Yy, = 400

2.Yy, converges = Yx, converges

Eg.
\ 2"+ n 2" +
23n+n2,xn_§1—l—;——2-20,Vn>1
n=1
2"4n 27427 2.2 zznizzn 2 e (=11) i
= = = —_ — . — =
Xn 3n+n2 - 3n 371 3 )y ] 3 ,CI 3 ) series ConVergeS
n=

By the comparison criterion, the starting series converges.

Eg.
i An +1 dn+1
n=1

, Xy = >0,x,—0
3n24+n""" 3n24+n n

in+1 - 4n - in 1 z 1 N

X, = = z— =—= , —_= (0'e]
"T324n " 3n2+n 4n2 n "

By comparison criterion, ,x, = +oo

Eg.
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Inn

n = n = z 5 (Vn 2 3) Z = +o0 = By comparison criterion, }.x,, diverges to + c
Inn>1, Vn >3 n=
Eg.

+00
1 1

z E'xn = > 0,x, = 0,Zero test

n=1

NB

4o

L - Z Z Z

~ o !
P n! (n+1)!
) 1 < 1
' (n+1)' (n+1)*n' (n+1)*n=x n—1)*~--*3*2* “nn+1)
We know that ¥, o 1+1) conve mparison criterion,
+ o0 + 00

1 1 1
Z —(Tl n 1) , converges = Z (ﬁ—_iT)' + 2 converges = Z F converges
n=1 n=1 n=0

Generalized Harmonic Series

+00
Zi_ Diverges to + o ifa <1

ne | Converges with sum S > 0ifa > 1
n=1

Eg.
+00 400
z 1 1 4
- —_— _T — m;
n=1 \/ﬁ n=1n E
+00 +o00
1
- z — = =5>0
= = E
+oo
1
-a=1: 2 —= 4o
n
n=1
+00
1 1 1
- a < 1:we know that n* < n! =>— >—,Z— = 400
n® n n
1 n=1
By comparison criterion, the Y72 — = +oo
Eg.
+00 400 400
ST LR g
a= , _— = _— = S —
n2 n? (n+1)?
n=1 n=2 n=1
NB
+00
1 1 < 1 1 it 1
= < , converges with sum
n+1)? (m+D(n+1) nn+1) 1n(n+1) &
n=
1 1
_____ S —_
. n+l n
. . . +(x) m
By comparlson criterion, ).n 23 1) converges = )1 o +1)2 + 1 converges =

+00
n=2 3 converges

Eg
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1 1
a > 2: weknow thatn? <n® = —>—,vn>1
n2 " n
+00 +o

But Z — converges and, using the comparison criterion Z — converges
n ne

n=1 n=1
Eg.
+00
z n®+1 -0 n¢z 1 0
_ %, >20,x,~—=— >
n4+lnn+10 n T opt n?

n=1

n +® 2n? 2 1
ST TS T) T Z 25 converges
n=

From the comparison criterion, ) x,, converges

Proposition 389 (Asymptotic Comparison
Criterion)

Let Y'x,, and Yy, be series with strictly positive terms
If x,,~y, then the two series have the same character

Eg
< 2" 4 2n 2" 4 2n 2" -
m"‘n:m~3—n= Z =‘E( LD
n=1 n=1
i’j 2\" §2"+2n
— : —
3 Converges 3n n nz
n=1 n=1
Eg.

+ oo

z 4n +1 n+1 4n 4 151
32+ " 3n2+n 32 3 n n_
n=1

n=1

NB
While studying the character of series, we have several ways:
( 1. Definition lim,,_,; o, S,

comarison criterion
2. Convergence criteria { asymptotic comp. criterion
Ratio criterion

Proposition 393 (Ration criterion)

Let }'x,, be a series with strictly positive terms eventually

. Xnt1 .
Suppose that 11m exists. We have
+ o0

x n
L.If lim =2 < 1 then Y'x, converges
n—»+oo xn
2.1f lim i > 1 then ) x,, diverges
n—+oco xn
3.0f lim —tL
n—+oo xn

= 1 then it is impossible to snawer about the character of the series

= We have to use another convergence criterion
Eg.
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+oo n

Z—',xn >0,vn=>1,,x, > +,2™" =0(n!)
n!
n=1
. o2t 2t 2\ Qe 2\
1. Comparison criterion: x,, = - < i (5) ) Dmeq (5) converges
2. Ratio criterion:
2n+1
x n+ 1)! n! 2ntl ,
ntl ( n ) = * = — 0 < 1, hence the series converges
Xp, 2n n+1)! n* n+1
n!
NB.
< 1 b 1 X
X
Z—z 400, lim n+l — 1;2—5, lim =2 — 1,
n no+o X, n? n-o+o Xy
n=1 n=1

Proposition 394

1.If a number g < 1 exists such that % < q eventually then the series converges
n

"% > g eventually then the series converges
n

X

2.1f anumber q > 1 exists such that

Proof
1. Suppose Vx > 1,x, > 0 and q < 1 exists s.t. x,,,;7 < q * x,, we have
Xy S qQ*X,X3 < q*Xp < q2xq 0 Xp < @V 1xy
Therefore 0 < x,, < q" 1x;,Y.q" 1x; converges = by compariston criterion the
Y x,, converges
2.Suppose Vn > 1,x,, > 0 and q > 1 exists such that x,,,1 = gx,
Xy =q %X, X3 = q %Xy = qPxq Xy =@ g
Therefore 0 < q" 1x; < x,, and Yq" 1x; = + o0 = by compariston criterion the
XX =+ ®

Eg.
Discuss the character of
+co n
x
S s
n!
n=0
n
=T Zero-testholds o oo to use a convergence criterion : ratio criterion
x™ = 0(n!)
prrs]
Xne1 _ (n+ D! n! X 0
= = * = —n_
Xn x" m+1)! x* n+1 "7F°
n!

+00
xTL
L=0<1=> Z s converges

n=0

Theorem 398
+00

1

n!
n=0

NB.
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1
1 — converges
n=0
2.5=e
Eg.
+00 +00 +00
1 1 1 1 1 _
Z;L_' converges,za+ﬁ—6?— Zﬁ_ l1=e-1
=1 n=1 n=0

+o00

DEE Z AT Z 1-1]=2(e-2)
nl nl STRTIET - o
n=2 n=2

Theorem 399
Vx €E R, we have
+00
x| x"
e* = lim [1+—] = —
n—+co n n!
n=0
Eg.
+oo
£ _ 2.
Z P
n=0 n
+ oo 2—7’1. + oo % l
Z _ = = =ee2 = \/E
n! n!
1_1|_=0 n=0
[ee]
_1qn
gt
n! e
n=0
NB
We can observe that we have the series expansion of the exponential function
x?  x3 x™
e* —Z——-— ltxto+ot ot

Theorem 400: the Napier's constant e is an irrational number
Series with terms of any sign

Eg.

+oo

> 100 does notkeep th itive sign Vn > 1
0n3 T ont 10'x" oes not keep the same positive sign Yn >

n=

X, eventually keeps the same positive sign (Vn > 10)

i o100 ovn s 10, 00
10n3+2n+10'x " 3+2n+10

n=

+o0o

n? —100 n® 1 Z 1 N
— ——— e~ — — — — —_ = (0)0]
S 410 nd n M

n
oo n=0
. n“ — 100
z X, divergesto + oo = Z o 10 +o00
B o o
Xn = n3+2n+10"
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NB.

+00 +00 +00
sinn cos(2n) (=" ) g
E ; E ; « Those series don't keep the same sign

nd+n’ n3 +Inn’ nd +2n
1 n=1 n=1
sinn
|xn| == n > 0 — Series with positive terms, we can use convergence criterion
n°+n

Def:
Y'x, series. The series Y x,, is said to be absolutely convergent if the Z|xn| is
convergent.
+00 +oo
z |xn| convergent = Z X, is absolutely convergent
n=0 n=1
Eg.
+o0
z sinn sinn
n+n""" n3+n
n=1
0 < | | sinn |sin n| |sinn| 1 1
< |xp| = ~ =
n n3+n |n3+n| W tn-nd4n nd n
+00 +o00 +00
z — convergent; z |xn| converges = z X, is absolutely convergent
n=1 n=1 n=1
Theorem 402
Let Y.x,, be a series
If ¥'x,, is absolutely convergent, then Y x is convergent.
Eg.
+0o0 )
sinn sinn
z —————— is absolutely convergent = z —_ 1s convergent
n3+n
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Chapter 12 - Limits of function

giovedi 12 ottobre 2023 14:23

Eg.

1.
fiR->R, f(x) = Flfx¢0
2ifx =10

> X
lim f(x) =07 (y = 0 Horizontal asymptot of Gf)
x—+oo
lim f(x) = 4+
x-0% ; —
lim f(x) = +OO'ch1—I;%f(x) =t ﬁ?
n-0-
Eg.
1.
g:R-R,g(x) ={Ffx#0 Slea, X
—2ifx =0
®

lim f(x) =07
X—+0

Am, fG) =07

(y = 0 horiz. as. for Gf)

{limx_m— f(x) = -

lim,,_ o+ f(x) = +00 — ("there is no limit of f(x) for x->0")
x—0 -

We consider four different cases of calculation of limits for f:4 € R - R:

1. lim f(x)=L,xo €R,LER
X—Xo

2. lim f(x) =t
X—Xo

3. lim f(x)=L€R
xX—>+oo

4. lim f(x) =+

xX—+

Definition
f:A S R > Rand xy; € R an accumulation point of A. We write
lim f(x) =L€Rorf(x) >LERasx = xg

X—Xq
if

Ve> 0,30, > 0:Vx €A,0=|x— x| <8 = |f(x)—L| <¢
and L is called the limit of the function f as x — x,

NB
0< |x—x0| <6€0r|x—x0| < dgand x # x,
Eg.
lirr%(2x+5) =9
x—
Ve> 0,36, >0:Vx€ERO0< |x—-2| <6, =2|2x+5)—-9|<¢
1. Suppose the existence of 6,

1(2x +5) — 9] = |2x — 4] = [2(x — 2)| = 2|x — 2| 426, = ¢|
265 £ 7‘2

€ = =
O = 5 >0
2. Taking 6, = % and assuming that 0 < |x — 2| < &,

£
z
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£
[2x +5)—9| = [2x — 4| = 2|x — 2| <26£=2*E=s
Therefore |(2x +5) — 9| < ¢
Taking 6, =§
£ €
|[2x +5)—9]| = [2x — 4| = 2|x — 2| <26£:2*Z:E
Therefore |(2x +5) — 9| < ¢

< gand assumingthat 0 < |x — 2| < &,

NB
Definition through radius:
Vgg(xo) N-hood of V,gg(xo)=(x0 — 08¢, X + 68)
X and radius be §;
V(L) N-hood of L and radius «.

Def.
f:A S R —> Rand xy € R is an accumulation point of A. We write
lim f(x) =L€Rorf(x) >LERasx = xg

X—Xo
if

VV:(L),3Us,(xo): Vx € Us,(xo) NAand x # x5 = f(x) € V(L)
And L is called the limit of f as x = x,.

Eg.
lirr%(Zx +5)=9
X—
VV,(9),3Us,(2): VR N Us,(2) and x # 2 = 2x + 5 € V,(9)

We can generalize with a unique definition for all the four cases of limits.

Definition
f:A SR - Rand x, € R is an accumulation point of A. We write
lim f(x) =L€Rorf(x) > L€ERasx - x,

X—Xq
if

VV:(L),3Us,(xo): Vx € Us,(xp) NAand x # x5 = f(x) € V(L)
and L is called the limit of f as x — x,

Eg.
lim f(x) =L;xy, L €R
X—Xq
Eg.
[x]ifx # 0
:R—>R =
f:R =R [ {Zifxzo

Vx € B;(0), f(x) < f(0)

f is not convex, x; = 0 is a local maximizer of f.

lim f(x) = 0%, lim f(x) =0%"=1limf(x) =0
x—-0~ x—0t x—0

NB {limx_mo fx)=LER & limx_,xgr f(x),limy .~ f(x) exist with some value
Xo €ER

Now we consider f:A € R" - R
Eg.f:R? >R
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X1
f(xerZ) = xl tXx 2
—1if (xl,xz) =0

X1

(xl,xz) #0

f(x) or

lim 5T 2
(x1, x2)—>(0 0) (x1,%2)—(0,0) xy + x5

Def.
f:A S R™ - Rand x, € R" is an accumulation point of A. We write
lim f(x)=L€Rorf(x) >LERasx > x,

X—Xo
if

V.(L), EIU,;S(xO): Vx € U(gs(xo) NAandx # xo = f(x) € V(L)
and L is called the limit of f as x = x;

NB
X7
lim(x? + 1) and lim
x-0 (1.22)=(0,0) X% + x2
0 i
' ) \
Y= 0 = [)(—7‘3_) v(x—)of) \
[ r
' %
éﬂ (< e1>=1
K= For any trajectory passing through the point x° =
0 the value of the limit must be always the

same.
If we find two different trajectories with two
different limits then the limit of f(x) asx —
Xy does not exist

Trajectory:

2
a=Bo)] wreormr=r(lo)- W,
7)) (Y e

1 2
11 11 (ﬁ) 1 1
Z2 = T ) 2 01 2) = )= — S — 5 o
¥ {(nn)} © = 0f() f("ﬂ) N 1\ 2 2
B0
The limit doesn't exist (strategy 1: using sequences of vectors of R?)

Strategy 2
X1 .
lim — does not exist
x=0 x% + x3
0(x; Axis): f(x1,0) Mg,
Xy = X XLS ). X1, = —_— = N
2 ! ! x24+x3  x2
x7
x; =0(x, Axis): f(0,xy) =———=0-0
1 ( 2 ) f( 2) x% +x22
2
X 1 1
x. = x~(Risector line): flx. x.) = —+ =2, _
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x; =0 (x, Axis): 0, x,) = —=———==0->0
1 (X2 AN xZ + x2
x2

xZ + x2

. . 1 1 %
x; = x,(Bisector line): f(xy,x;) = =573 ONILAB NETWEORK

Eg.
lirr%(3x -5=1
x—

Let {xn} be any sequence of R with x,, # 2 Vn > 1 such thatx,, —» 2
f(xn) =3%, =5 -3+2-5=1=lim@Bx-5) =1

NB. If we can find two different sequences of points of 4, i.e. {xn} and {yn} such that
Xn # Xgand y, # xo Vn = 1,x, = xgand y, — ¥y,

f(xn) - Ly and f(Yn) =L,
and L; # L,, therefore the lim,._,, f(x) does not exist

Eg.

—x,x<0
f'R_)R’f(x)_{x+1,x>0

Show that A lim,._,, f(x)

Xp=—>0"y, =——-0"
n=4 ' Yn n2

1
fx) = E+ 1-1
1 1
f(y) = (—ﬁ) =ﬁ—) 0
Since L; # Ly = Alim,_,q f(x)
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1
f:R—>R,f(x) =x"sin (;) withx # 0andn >1 UNILAB NETWERK
Show that lim,_,o x™ sin G) =0

/1 /1
x™ sin p sin p < |x™|

Therefore

1 1
x™ sin <;)| < |x™|,thatis — |x™] < x"sin <;> < |x"|

0< = |x™| *

1
lim x™ sin | — ] = 0 by comparison criterion
x-0 X

Iff(x)>gx)# L>H
f'g=(0;+°°)—’R.f(x)=%—>0asx—>+oo

gx)=0->0asx - +oo,Vx € (0,+), f(x) > g(x)butL=H =0
Iff(x) > g(x)in Be(xo) > L= H

s
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/KB NETWERK

acO
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Eg.

. cosx—1 1
lim ———=—=
x—0% x2
I 1—c052x_1(2 _ 0
w0 axz 2 rT

Important limits:

1.If f(x) » Fo as x = x, than

lim (1 + —) = ek
x-Xg f(x)
NB

k
1
f(x) =x > tooasx - too, lim (1+E> —e

x—too

Eg.

3

i (1 1\ 1
xl—g;lo 2x3 _‘\/E

2.Ifa>0and f(x) >0and f(x) » 0asx — x,

im ——=1Ina
x->xo  f(X)
NB
e -1
lim =1
X—Xq X
EG.
1
I ex? —1
xl—)rgClo l - 1
X2
2 2
ex? — ex? —1
lim =2 lim =2*x1=2
X—Xg 1 X—=Xo 2
x2 x2
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2
ex+x_1

lim — 5 —=1
x-xg X°+Xx

3.Ifa>0,a # 1and f(x) - 0asx — x, then
log, (1 +f(x))_ 1

P f(x) ~Ina
NB.
In(1+x
lim — ( —) =1
X—Xq X
Eg.
I (1+x%+2x)
lim =1
X—Xg x% + 2x

4.1ff(x) » 0asx - xp

lim (1 +f(x)) —1 =a

X—Xq f(x)
NB
1+ x*-1
lim - =a
X—Xg X

Orders of convergence and divergence

Def.
f,9:A S R - R,x, € R accumulation point of 4
S.t.
3B, (x,) where g(x) # 0 for any x € A N B.(x,)
X
l.xli_>r3r610 g—(x—; = 0 = f is negligible w.r.t. x
- X (f = o(g) asx — xo)
_ f(x)
2. lim ——= =k # 0 = f and g are comparable as x
x-x g(x)
—>x0(f =gasx —>x0)
NB
- f() :
lim —= =1 = f, g are asymptotic ( f~
Jim f. g are asymptotic (f~g)
Eg.
1 1
£,9:(0,40) = R f(x) = 2,900 = =
1. x—-0
lim ~2% — tim x = 0 =
lim xZ limx=0= fx) = o(g(x))
2. x >+
1/
91{1_r}r(1) a2~ J161_r>r(1)x =400 = g(x) = o(f(x))
Eg.
sinx
lim——=1&sinx~xasn -0
x>0 X
In(1+x
lim—( )=1@1n(1+x)~x
x—0 X
Eg

fLg:R->Rf(x)=x*+x,gx)=x+1
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X% +x

. R 2 —
}cl—r%x+1 0=>x*+x=o0(x+1)

Special properties:
1. The relation of comparability = (~) is reflexive, symmetric and transitive
2. The relation of negligibility is transitive

Proposition 544

f,g:ASR—->Randc#0
Lo(f) = o(f) = o(f)
2.0(f) x0(g) = 0(f * 9)
3.cx o(f) = o(f)
4.0(g) +o(f) = o(f) if g = o(f)

Proposition 546

K,h>0,a>1andd > 1
1.x* = o(a*) asx - +oo
2,5 = o(xk) ifh<Kasx — +oo
3.log, x = o(x*) as x > +oo

Asymptotic equivalence

If f(x)~g(x) as x = x, then
lim f(x) =L€R < lim g(x) =HE€ER
X—Xo

X—Xo

Eg.

2 2 . exz - 1
eX —1~x%,x -0 |lim — =1
Xx—0 X

. 2 )
lim e*” — 1 ~ lim x?2
x-0 x-0

Lemma 547
f(x)~g(x) and h(x)~I(x) as x = x,
1.f(x) * h(x)~g(x) = L(x)
fx) gx)

Z'Wx) ~ l(_x)_'x — x, provided that h(x),l(x) # 0

Lemma 548
FOI~f(x) +o[f(x)] as x = x,

Therefore

lim f(:x) =L & lim [£G) +o[f@)]]| =L

X—Xo
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NB
We have:
1 [fG0) +o[f ]| * [9(0) + o[g (]| ~F () * g(x) as x = x,
Eg: (x> +x)* (x® +x% +x) = [x + 0(®0)][x + 0o(x)]~x*asx > 0

fC)+0() fG)
g +o(g) gx)

oo x%+x x+o(x) x
"x34x2+x x