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Chapter 15 - Linear functions and operators

mercoledi 18 ottobre 2023 08:34

A m X n matrix is a table of real numbers with m rows and n columns

aiq aqp A1n
azq (¢%X) Aon
mi1  Qmz2 - OAmn

The generic element or entry of a matrix is indicated with [aij] i=1..nj=1,..,m
Amxn = Matrix with n rows and n columns

Eg.
_[2 3 -1
Aaxz = [n -2 2 ]
NB
If m = nthen the n X nis called a square matrix of order n
Eg.
2 1 5
D=|3 2 —1]| Square matrix of order 3
4 440 3

Remarkable matrices:
1. Identity or unit matrix I,

0 - - 1
Eg.

2. Zero or Null matrix with dimenstion m X n
0 - 0

Omsn = ¢ =
0 -« 0

M (m,n) — Set of all the m X n matrices of real numbers

Operations with matrices:
1. Addition of matrices, 4, B € M(m, n)

A+B= [Clij +bij
2. Scalar multiplication A € M(m,n),a € R

aA=[aaij]

EG.
2 -1 3
A=[0 1 —1]

= [_1 : _—11]

2 11 1]._J2 0 4
A+B= [0 1]+o 2—1]_02—2]
[2— 3] - ]

0 1 -1~ 2 =2

(=1)B = 1)[01 % —11] é —2 1]

Properties:
A,B,C e M(m,n)andd,c €ER
1.A+B=B+A
22(A+B)+C=A+ (B+0)
3.A+0=0+A=A (0is called a neutral element for the addition)
4.A+ (—A) = (—A) + A = 0 (Ais called to be the opposite of A)
5.d(A+B) =dA +dB
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NB
1. M(m,n) Set of all matrices with dimensionm x n

2. Two operations:
a. Addition

b. Scalar multiplication
3. 8 properties (4 for addition + 4 for scalar multiplication)
M (m,n) = Vector space
EG.

V= {A € M(2): [6%1 0 ],au,azz € R}
45%)
Show that V is a linear subspace of M(2)
10
1. Vth,[O 2]EV

0 0
? =
02 evV? ,aA11,Aa22 0, [0 O] ev

_lain O by 0| a1 +biy 0 e 0 3 o
2. A+ B = [ 0 azz] + [ 0 bzz] = [ 0 224, =10 o € V — Closed w.r.t. addition

3. A€V,d € R,hencedA € M(2)

_ aiq 0 _ d * aiq 0 _ t11 0 _ R .
dA = d[ 0 azz] = [ 0 dx azz] = [ 0 tzz] € V — Closed w.r.t. scalar multiplication

Hence, V is a vector subspace of M(2)

a;; 0| _ [1 0] [0 0] _{[1 O] [0 O]}

[0 azz]_all o ol %[0 1/ =1o ol'lo 1
NB.

A,B € M(m,n); A, B are said to equal matrices

A=B) o A, B have the same dimension
- Vi,j,aij :bij
Eg.

_[a? 1] _[1 1] _ az=1 {a=1
A_[—1 p2l' BT ol AT B 20 =0

Special S@@matrices

1. Symmetric matrix:
Vij,a;; = aj;
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3. Upper trian atrix:
ajj = 0ifi > j
Eg.

S o v
S B~ O
N U1

4. Diagonal matrix:
aj = 0ifi #j

S O BH
o w o
N OO

Eg.
2 1 3
Am:[—l 0 —1]
2 -1
A, =[1 0
3 —1

Definition
Let A be am X n matrix. The n x m matrix (A7) given by:
AT = [aji]
Is called the transposed matrix of A

Properties:
A BeM(mmn)anda € R
1. (a") =4
2. A+B)T =AT + BT
3. (@) =a+AT
NB.
A,B€EM(m,n),a,B ER

(aA +pB)" = aA” + BBT

Let A and B be matrices with dimensions, respectivelym X nand p X g
The multiplication of A and B (AB) is possible & n = p (ifn # p then 24B)

The product matrix Ay;xn * Bpxg = Cimxq

Eg.
Azx2 * Baxz = Caxs

AByx3 * Azx2
eMix AB is equal to

RN
oy
I
Q
B
*
o
3.:
-
<

k=1
Eg.
[2 1 [2 -1 O] 224+ 1x(-1) 2+(—1)+1%0 2x0+1x%2 [3 -2 2]
* = =
-1 3 -1 0 2 (D) *2+(-1)*3 (—D(-1)*0*3 (—1)*x0+3%*2 -5 1 6
Eg
2 1 4 -5
1 0 5_31] 2 -1
1 3 -2 10
Properties:

A, B, C € M(m,n), Assume that all products exist
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(AB)C = A(BC)

A(B +C) = AB + AC
(A+B)C = AC + BC

a(AB) = (aA) * B = A = (aB)
(AB)T = BT « AT

G WD

Inverse matrices

Def
Let A be a square matrix of order n. Matrix A is said to be invertible if a square matrix of order n B exists s.t.
AxB=Bx+xA=1,
B is called an inverse matrix of A
A~ inverse matrix of A

AlxA=A%xA"1 =1,

Eg.
2 1 L .
= _ ?
A [0 3] is A invertible?
b
B=|% ]
[c d
AB = 12

_[2 1] [a bl _[2a+c 2b+d]_[1 0]
AB = x = =
0 3 c d 3c 3d 0

2a+c=1
2b+d=0 h=—=
3c=0 ) 6

3d=1

1 1
|

1
0 3

2 1
AB—[O 3*

Properties of A,B square matrices:
1. (A1) =4
2. (A1) = (4
3. (AB)"'=B"141
4°YaeR-{0},(ad) ! = %A'l

Eg.
1 2 . .
A= [2 4] Is A invertible

b
a d],AB=12

Suppose that B exists s.t. B = [c
1 2]*[a b]:[a+26 b+2d]:[1 0
2 4 d 0

¢ 2a+4c 2b+4d 1
a+2c=1
b+2d=0 _ ) 3
2a +4c =0 Impossible, hence 24

Determinant of a square matrix of order n

Def
Let A be a square matrix of order n. The determinant of A is a function

MATHEMATICS - MODULE 1 (THEORY AND METHODS) Page 4



det: M(n) » R
Such that
1.If n=1 then det(4) = a1
n

2.1fn > 1 then det(4) = Z(—l)“j * aqj * det[Aq;]
j=1
Where a, ; is a matrix obtained from A eliminating the first row and the j-th column of A

Eg.
2 1
A= [—1 3]
n
det(4) = Z(_1)1+j ¥ ay; * det[Ay ]
j=1
det(4) = (1)1 x ayy x det(Ay1) + (112 x ay, * det[Ay;] = (—1)% * 2 = det[3] + (—1)3 = det[—1]
=1%2+3+ (- *1+x(-1)=6+1=7
NB
a a
= [ai a;z],dEt(A) = Q11 * Az — Qg2 * Az
Eg.
1 2 -1
A=|0 1 3|, findthe det[4]
-1 2 1
3
det(4) = Y (D)™ x 0y det(4y )
j=1
= (—1)1+1 * 11 det I:é i:l + (—1)1+2 *Aqp det [_()1 i + (—1)1+3 * dq3 det _01 ;
=1%1+(1-6)—1%2(0+3)+1+(-1)*(0+1)=-5-6—-1=-12
NB.

Ais called a singular matrix < det(4) =0
A is called a non-singular matrix < det(4) # 0

Eg.
_|d 1]
A= 1 d ,d ER
det(A) =d? —1,det(4) =0,d*—-1=0>d = +1
- Aissingular matrixifd = +1
- Ais not singular matrixifd € R — {—1} — {1}
Properties:
1. det(l,) =1

2. det(AT) = det(4)
3. det(A * B) = det(A) * det(B),assume that AB exists

Type equation here.
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Continuity

giovedi 2 novembre 2023 14:48

Theorem (Bolzano)
Let f: [a, b] - R be a continuous function Lt //q ) & /g/;/‘ o

If  Meary 1 S
f@) ~f(b)so/ 2z e

Then 3¢ € [a, b] such that
fle)=0

Moreover, if f is strictly monotone such c is unique

Graphically:

v

Proposition
Let f, g: [a, b] = R be continuous.If f(a) = g(a) and f(b) < g(b),3c € [a, b] s.t.

flc) =g(c)

If f is strictly decreasing and g is strictly increasing, such c is unique.

Proof
Set f(a) = g(a) and f (b) < f(b)
Define an auxiliar function h: [a, b] = R

Defined by
h=f-g
By hypothesis

h(a) =0AhR(D) <0
Since h is continuous, by Bolzano theorem, 3¢ € [a, b] s.t. h(c) = 0
= h(c) =f(c)—g(c) =0
= f(c)—glc)=0
= f(c) = g(c)
QED

Application

w Consider a market M of some agricultural good, say potatoes

m A demand function D : [a, b — R and by a supply function
S:lab] = R, witha>0

m D(p) is the overall amount of potatoes demanded at price p
by consumers

m 5 (p) is the overall amount of potatoes supplied at price p by
producers

m Both respond instantaneously to changes in the market price
p (e.g., producers are able to adjust in real time their
production levels according to the market price p)

iy Ll p el 2l

Definition: =™ {%/ e
A pair (p, q) € [a, b] X R, of prices and quantities is called an equilibrium of market M if

q="D0(p) =5(p)
The pair

(».q)

is the equilibrium of our market

Example (not only exists, but also is unique)
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¢ m For our linear economy, the equilibrium condition becomes
m For instance, consider linear demand and supply functions y
a—Pp="p
D(p) x— B
£ a=pp u The equilibrium price and quantity are
S(p) = 7p X
. 3 B+ 9
with &, 8,7 > 0 Pt
m Consider the interval 8
« &
q=D(p)=a-Bp=a~Pp= \’
a ? B+ B+
la, b| 0.2
B a The pair
x ay
where both demand and supply are positive (!; Fr Bt
is the equilibrium of our market of potatoes

Proposition
Let D: [a, b] —» R and S: [a, b] — R be continuous and such that
D(a) = S(a) and D(b) < S(b)
Then there exists a market equilibrium
(p.q) € [a,b] X R,
If, in addition, D is strictly decreasing and S is strictly increasing, such equilibrium is
unique

The Weierstrass Theorem (a baby version)

A continuous function f: [a, b] — R has at least one minimizer and at least one
maximizer in [a, b], that is
x4, x5 € [a, b]

s.t. Key conditions:
flx) = xg}%]f(x) - Continuity
and - Closeness o

f(x2) = min f(x)

Eg.
Define f:[0,1] - R
xifx € (0,1)
x) =<1
f& Eifxe{o,l}
The function is defined on a compact interval, but isn't continuous
It has no maximizers and minimizers

Intermediate Value Theorem

Let f: [a, b] = R be continuous. Set

™= i@

and

M= xg}gflg]f (%)

Then,Vz stm<z<M
Ac € [a,b] sit. f(c) =z
NB:
f strictly monotonic = c is unique

Proof

Instrumental lemma
Let f: [a, b] = R be continuous, with f(a) < f(b).
If f(a) < z < f(b) then 3¢ € [a,b] s.t. f(c) = z. If f is strictly increasing,
such c is unique
Proof of the lemma
Let f(a) < f(b). Define an auxiliar function
h:[a,b] > Rby h(x) = f(x) —z
we have
h(a)=f(a)—z<0
h(b) =f(b)—z=0
Since h is continuous, by Bolzano's theorem
dc € [a,b] s. t. h(c) =0
Hence f(c) =z
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Proof of intermediate

Set
™= i
and
M= e
By Weierstrass theorem, 3x4, x, € [a, b] s.t.
m= f(x1)
M = f(x2)
Suppose x; < x, Consider the interval [x, x;]. We have
f(xl) Sz<f(x)

By applying the lemma to the interval [x;, x,],3c € [x1,x5] sit. f(c) =z
QED

Eg.
® The image of  is a compact interval:
Im f = [m, M]
m Graphically:
)
» 1
M
z=fic)
L
>
o PR c * b x
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Operators

lunedi 6 novembre 2023 16:33

f:AS R" > R™

Example:
f(xpxz) = (x1 +x2,%1 ¢ xz)
f(1,2) =(3,2)

Another way to see:
f1(x1'x2) = X1+ X3
fz(xlyxz) =X1°X2

f=0ff2) = 0 +x2,%; - x3)

Another example:
f:R* > R3
fxy,x5) = (€¥1%%2,x; « x5, x% + x3)

f(1,2) = (e3,2,5)

Def.
An operator f: A € R™ - R™ isam — tuple f(fl, ...,fm) of functions of several
variables
fiitASR" >R Vi=12,..,m
defined by
Y1 = fl(xlﬁ "'lxn)
Y2 = fz(xp '"lxn)

Ym = fm (X1, s Xn)

Definition
Let f:A € R™ - R™ be an operator and x;, € R™ a limit point of A. We write
lim f(x) =L €R™

X—X
If, VV. (L) 3Us,(xo) of xg s. .

Xg # X € U(gg(xo) NA= f(x)e€V.(L)
The value L is called the limit of operator f at x,

Proposition
An operator
f=(fu fn)ASR*>R™
is continuous at a point x, € A if all its component functions
fi€R*">R
Are continuous
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Algebra of operators:
m f+g:R"” — R" is the operator defined by
(F+g)(x)="f(x)+g(x) 7x € R”

m «f is the operator defined by

(af) (x) = af (x) 7x € R”

Aggregate demand is the sum of agents' individual demands

m Aggregate demand is the sum of agents’ individual demands

m Formally:
D= (Dy,..D,):RL —RL

is given by
D=) D'=D'+D*+---+D"
i=1

m [his is a sum of operators
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Linearity - |

lunedi 6 novembre 2023 17:27

Definition
A function f: R™ — R is said to be linear if

f(ax + By) = af () + Bf (v)
Vx,y € R*and Ve, €R

Proposition

flx+y) =)+ f(y)vx,y € R

A function f: R™ - Ris linear &
/ f(ax) = af(x),Vx € R",Va € R

Eg.
flx,x2) = %1 + x5
X = (xerZ)ry = (yl'yZ)
Flax + By) = f (aoew 22) + BOnv2))
=f ((axl + By1, ax; + ,33’2))
= f(ax; + Bys, ax; + Byz)
= ax; + By, ax; + By,
= a(x; +x2) + By +¥2)

= af (x) + Bf(¥)

Eg.
flx) = Z)(l-xl-,)(i € R

i=1
Proposition
f:R™ > Rislinear = f(0) =0

Proof
f(0) = f(a0) = af (0),Va € R
So
f(0) = af(0),Va € R
Hence
f(0)=0

Property
F Yt )= afed

i=1 i=1
V{x‘} 1'V{al}:l—1
‘ Definition
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The set of all linear functions f: R™ — R is called the
dual space of R™ and is denoted by (R™)’

Properties:
- Addition

vi,g€ RY,(f+9)x) = f() +gx) = (f +g) € (R") ,Vx €R"
- Scalar multiplication
Vf e (R™),a € R™: (af)(x) =af(x) = af € (R")',Vx € R"

NB
The form of all linear function is f(x) = § - x,Vx € R

Riesz Theorem

Vx € R"
A function f: R™ — Rislinear & 3y € R™ and is unique: f(x) = y - x
Proof (€)= X;
Let f: R™ - R be linear Sealo proci
(<) / gW 4 e R
St. f(x) = yx,Vx € R"
setx = (f(e?) f(e2), ... f(e™) —  —
n n n
f&x)=f le-ei = inf(ei) = Z)(ixi =x-x,Vx €ER"
i=1 i=1 i=1

Uniqueness:
Assume 3y’ € R™. Hence,Vi = 1,2, ..., n:
xi=x-et=fle)=x-e=x
= x' = x, hence y is unique

Theorem:
Linear functions are continuous

Proof
Take f:R™ - R
Take x¥ —» x% € R®
Want to prove: f(x¥) - £(x%)
By this
Ax € R™: f(x) = x - x,Vx € R"
We have

n

|f(x¥) = F(xO)| = inx{‘—zn:xix? = zn:xi(xl‘—x?) = X-Zn:(xl‘—x?)
1 i=1 i=1

i=1 i=

=[x+ (% = x°)| < [Ixl| - |Ic* = x|
Therefore

£ (%) = £ < [Ixl] - || = x|
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As x* - x9, we have
||xk — x°|| >0
Hence
F() = F(x°)| - 0
Therefore, we can declare:
=0 = f(54) > f(+°)
QED

Def:
Strictly increasing function:

x>y=f)>f(y)

Strongly increasing function:
x»y=fx)>f»)

Leontief function:
f(xl,xz) = min{x, x,}

Leontief in full generality:
f(xl,xz, ...,xn) = min{xl,xz, ...,xn}

x»y=fx)>f(y)

Proposition
Letf:ACR" >R
f strictly increasing = f strongly increasing

Proof:
Letx > y
x>>y:>x>y:>f(x)>f(y)
Hence, we have that

x>»y=fx)>f(y)

Definition:
Positivity
A function f: A € R™ — R is said to be
1. Positive if
x=0=>f(x)=0
2. Strictly positive if
x>0=f(x)>0
3.Strongly positive if
x>»0=>f(x)>0

Proposition:
f:R™ = R, alinear function

f is (strictly, strongly) increasing < f is (strictly, strongly) positive

Proof

=)

Let f be increasing
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To show: f is positive
Takex = 0

To show: f(x) =0
x=20=f(x)=f(0)=0

(<)

Let f be positive

To show: f is increasing
Takex =y

To show: f(x) = f(y)
Setz=x—y
x=2y=z2=>0
Since f is positive = f(z) = 0
By linearity, f(z) = f(x) — f(y)
f@=20=fx)—f(y)20= fx) = f(y)
Hence,x =y = f(x) = f(v)

Riesz-Markov Theorem
f:R™ — R is lienar and increasing < 3x € RY, unique, s.t. f(x)
=y-x,VER"
In particular:
1.x > 0 & f is strongly positive
2.x » 0 & f is strictly increasing

Proof
(<)
Suppose y = 0.
WTS f increasing
By Riesz
f(x) =y -x
Take x > vy,
WTS: f(x) = f(y)
Letz=x—y,asy =0
z > 0sincex >y
Theny-z=>0
Hence
fO-f()=x-(x-y)=x220=f 2f(y)
=)
Let f be increasing.
WTS: y =0
Consider e, e’ > 0= f(e!) = f(0) =0
Hence, Vi,x; 20>y =0

Definition
An operator T: R™ — R™ is linear if
T(ax + ﬂy) =al(x) + BT(y)
Vx,y € R",Va,B € R
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Properties
T:R™ - R™ is linear ©
1L.T(x+y)=Tx) +T(y)
2.T(ax) = aT (x)
Vx,y € R",Va,B € R

PROP If T : R" — IR™ is linear, then T (0) =10

Denote by L(R™, R™) the space of all linear operators
- Whenm =1, so R™ = R,L(R™, R) reduces to (R™)’

Theorem: Riesz generalized
An operator T: R™ — R™ is linear & 3y, a unique matrix 4,,x, such that

T(x) = Ax
Vx € R™

Proof
n
Relies on x = Z x; - et
=1

A= (Tyxa(eV), oo Traxa (™)

Goes on like the smaller Riesz, though more cumbersome: non-
examinable

Definition
Given two linear operators, T: R™ - R™ and S: R™ — RY, their product is the
function ST: R™ — R, defined by
(ST)(x) = S(T(x))
Vx € R"
NB: If S and T are linear, so does the product ST.

Lo T e—e

Tee)=(9 %)
A (71,76 TE)

T (e )= T("of")
T(2)=T (040
T(2)=T(a01]

= A*—[“l?ﬂ

Ted= Ax
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Linearity - Il

giovedi 9 novembre 2023 14:04

Def:

The kernel, denoted ker T, of an operator T: R™ — R™ is the set
kerT = {x € R™:T(x) = 0}

It is equivalent to say:

ker T = T~1(0)
’[‘:pa—ak
T(’(f/xz): K- % ) E
S T [ xel T {rel
. /&% 7—

Proposition
T:R™ - R™islinear = ker T is a vector subspace of R"

Proof:
Take x,y € kerT; a,f € R
WTS: ax + fy € ker T
T(ax + By) = aT(x) + BT(y)
By hypothesis, T(x) = T(y) = 0
= aT(x)+pT(y)=a-0+pB-0=0€kerT
We conclude that ax + fy € ker T
Q.E.D.

Proposition

Alinear T: R™ —» R™ is injective & KerT is trivial, i.e., ker T = {0}

Proof
=)
Let T be injective
WTS: ker T = {0}
Observe that 0 € ker T because T(0) =0
Takex # 0
By injectivity,
T(x)#T(0)=0=>T(x)#0,Vx#0
Hence, 0 is the unique element of ker T
(<)
Letker T = {0}
WTS: T is injective
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Takex # y
WTS: T(x) = T(y)

We have
x—y#0=>x—y&kerT
Hence
T(x — y) =0
By linearity
T(x—y)=Tx)-T(y) #0=>T(x) = T(y)
Q.E.D.
Definition
The image (or range) or an operator T: R™ —
R™is
ImT = {y € R™:y = T(x),Vx € R"}
Definition
The rank

p(T)
Of a linear operator T: R™ - R™ is the dimension of ImT

Definition
The nullity
v(T)
Of a linear operator T: R™ — R™ is the dimension of ker T

Rank-Nullity theorem
Given a linear operator T: R™ - R™, we have
p(T)+v(T) =n

Corollary
T:R™ - R™ is a linear operator

T is injective < T is surjective

Proof
=)
Let T be injective, so ker T = {0}
Hencev(T) =0
By Rank-Nullity theorem, n = p(T) + v(T) = p(T)
So,p(T) =n
Hence, ImT = R", so T is surjective
(<)
Let T be surjective
WTS: T is injective
T surjective = p(T) =n
By Rank-Nullity theorem
n=p)+v(T)=>v(T)=0=KkerT = {0}
Hence T is injective
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QED

Injective operator is also invertible

Invertible operator T: R™ — R™ has an inverse operator T~1: R™ — R"

Proposition
An invertible linear operator T: R™ — R™ has a linear inverse T~1: R™ — R"

Let A be the square matrix of T

The matrix of T~1 is the inverse matrix of A and is denoted A~

Consider a linear systems of equations, with n equations in n unknowns
aq{1X1 + 12Xy + -+ AnXn = b]_
az1Xq + az2X> + .-+ AoynXn = bz

Ap1X1 + QpaXxy + -+ appXy = by

In matrix form:

AnxnXnx1 = bnx1
Where

aj;r  Aag
A=
a1 Az

x
_ (b
= (3

_ (M1 a2\ (%1 _ (Db

4 x—b_(a21 azz) (xz)_<b2>

T(x) = Ax

T(x)=b,beImT © 3Ix;(x) =b

T~1(b) — preimage

If T~1(b) is a singleton = unique solution

T surjective & Vb,3x € T~ 1(b)

Cramer Theorem
Let A be a square matrix of order n. The linear system

A-x=0b
has one, and only one, solution Vb € R™
=

Ais invertible (det A # 0)

In this case, the solution is given by x = A~ 1b

Proof

(<)
Let A be invertible. Then the operator T(x) = Ax is invertible, hence surjective
A is surjective, so it is also injective.

=)
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A'is bijective, so it is surjective, so it is invertible.

Theorem

An operator T: R™ - R™ is linear & 3! A, suchthatT(x) = A-x,Vx € R"

Proof

(=)

(<)

Assume that T is a linear operator from R™ to R™ (Vx, yE€ER  apf €
R T[ax + By] = aT(x) + BT (7))
Set

A= [T[el],T[ez], ...,T[en]]

Where Bzn = {el,e?, ..., e"} is the standard basis of R™

Since x € R™ can be written as follows
n

X = ine‘

i=1

We have
n n
_ i|_ i
T(x)=T le-e = inT(e )
i=1 i=1
= x;T(e!) + x,T(e?) + -+ + x, T(e™)
ajq Z) Ain
az1 azz aon
= xl 'yl +x2 'yl + .-.+xn 'yl =
am1 Am2 Amn
A1 X1 T A X+ Ay X, al - x
_ |2 X T X ¥t o X [ _fa? x|,
Ap1 " X1t App *Xp + -+ Ay * Xy a3-x

Therefore, A exists. Suppose the existence of another B, such that
T(x) =B -x,Vx € R™
T(x)=A-x
T(x)=B-x

5A-x=B-x>2Ax—-Bx=0=>A-B)x=0=>A=8B

Let A be a matrix with dimension m X n such that T(x) = Ax,Vx € R™
Letx,y € R"and a, 8 € R, we have

Tlax + By] = A(ax + By) = A+ (ax) + A- (By) = a(4Ax) + B(Ay) =
=aT(x) + ﬁT(y)
And T is a linear operator from R™ to R™
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Optimization

giovedi 9 novembre 2023 15:59

- maximum values are unique, whereas maximizers can be multiple
- Subset of the domain in which we are interested determines the existence of maximizers/maximum
values/minimizers/minimal values

Definition
Let f: A € R™ = R be areal-valued function and C a subset of A. An element X € C is called a
(global) maximizer of f on C if
f@)=fx),vxecC
The value f (%) of the function at X is called the maximum value of f on C.

NB:
- Function f is the objective function
- Set C is the choice (feasible) set
- The maximum value of f is the maximum of the set

f©) ={f(x):xecCc}<cR
i.e.
f(®) = max f(C)

- The maximum value is unique, denoted by
max f (x)
X

NB:
- Maximizers may not be unique
- The setis

{x EC:f(x) = méacxf(x)}
X
- The set is denoted by
arg max f (x)
X

Eg.
Define f:R - R by

—x+1lifx>1 —
f(x) ={0ifx € (—1,1) / \

x+1lifx < -1

IfC =R
TR () =0
argmax f(x) = [~1,1]
If C = [1,+)
max f(x) =0

x€[1,+0)

arg max  f (x) = {1}

Notation of maximization problem

Wzé ’
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Properly written consumer problem: *xw for wealth
maxu(x) subx € B(p, W)‘——"/
X

Proposition
A function ¢p: A € R = R is strictly increasing <
s=>to ¢(s) = ¢(t), Vs, teA (*)

Proof
(<)
Suppose (*) holds
WTS: ¢ is strictly increasing
Lets >t
WTS: ¢p(s) > ¢p(t)
Suppose, per contra, that ¢(s) < ¢(t). By (%)
we have s < t. But this contradicts the
hypothesis s > t. We conclude that ¢(s) >
(@)
=)
Suppose ¢ is strictly increasing
WTS: (*) holds
Clearly,s =t = ¢(s) = ¢(t)
Now, take ¢(s) = ¢(t)
WTS:s >t
Suppose, per contra, s < t. Then ¢(s) <
¢ (t) since ¢ strictly increasing by hypothesis
But this contradicts ¢(s) = ¢(t)
So, (*) holds

Invariance theorem
Given a function f: A € R™ - R, let g:Imf € R — R be a strictly increasing
function.
The two problems of optimum
mfxf(x) sub x € C (x*)

and
max(g o f)(x) subx € C
X
are equivalent, i.e., they have the same solutions
Proof
Suppose X € arg max yec) f (%)
BIShey by © 7))
Since X solves the problem (*x*)
Then f(%) = f(x),Vx € C
By the proposition,
f@2f) e g(f@)=g(f()

Eg.
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Y . — L0,1-a
u:Ri, - R.u(xl,xz) =x1X

max x{x3™% sub x € B(p,w)

X
gt) =lgt,t>0
i=gou=algx; +(1—a)lgx,

Log-linear utility function

maxalgx; + (1 —a)lgx, subx € B(p,w)
X

Theorem
Given f: A € R™ - R,let C and C’ be any two sets such
that C € C' € A.We have

max f (x) < may f(x)

Theorem
A function f: A € R™ — R continuous on a compact
subset K of A admits (at least) a minimizer and (at least) a
maximizer in K, i.e., 3x;, x, € K such that

f (1) = max f (x)
and

f(xz) = min £ (x)

Economic example:
maxu(x) subx € B(p, W)
X
u:RY - R
{xeR::p-x < w}
The budget set is continuous and compact (closed and bounded).

xI' - +00 = ||x™|| > +o0 — is possible only if the price of i is 0

Lemma
The budget set is compact if A free goods (i.e. p > 0)

Proposition
If u: R? - R is continuous and no free goods
(p > 0), then 3 optimal bundles

Economic example
u: R? - R given by u(x) = x; + x,
p1>p2=0
x = (x1,%;)

max x; + x, sub pyxq +pax, < w
pa
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Considering thatp, =0

maxx; + x, subpix; <w
X

(1, %,)
(0.2

,xz), but X, = 400, hence Aoptimal bundle

& R
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Concavity

martedi 14 novembre 2023 09:13

Convex sets
Take a collection of scalars:
aq, ..., n

When are they weights?

Eg.
Suppose a4, a, are weights
Hence,
aq, Ay > 0&“1 +a2 =1
Hence, we can simplify as
a,l—«a

v
g

! Intervals are convex
M B(x0), %0 € R™ is convex

. oo (D) p

Proof
Take x,y € B(p,w) and a € [0,1]

WTS: ax + (1 — @)y € B(p,w)
p-(ax+(1—a)y)=a-‘pwx+(1—a)-gpé._:?ySa-w+(1—a)w=w
So,p-(ax+(1—a)y)<w
So,ax + (1 — a)y € B(p,w)

5 8 & oag
Il Il |

3]
N
Il
Nl RD| RO RO -
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Definition
-~k
Given a finite collection of vectors {x‘}izl € R™

the polytope that they generate is the set

k k
P = Zaixi:Zai =1landa; = 0Vi
i=1 i=1

Of all their convex combinations

Eg.
{xl,xz,x3}
3
P=Rax' +ax? + azx®| a; ZO&Zai =1
i=1
EG.
1 0 0
{x,y,z}= 0f,{1],{0
0 0 1
P={ax+By+(1—a—-B)zza,f=0,a+p <1} =
1 0 0
=Jal0|+B|1]|+(1-a-pB)|0|:af=0a+p<1p=
0 0 1
a
= B ta,f=0,a+B<0
l—a-p
Lemma
A set Cin R™ is convex < C is closed w.r.t. all convex combination of its own
elements

In other words
The set is closed under all politops with the vertices as parts of the set

Proof

(<)
=)

Trivial using definition

By induction:
Initial step: Letn = 2

It's true by the definition of convexity
Induction step

Suppose the result is true for n — 1

WTS: the result is true for n
Let {x!, ..., x™} be vectorsin C and {a, ..., &, } weights
n

WTS: Z aixt eC
i=1

We have:

n-1

i=1

n n—1 1
: . —ay .
Z a;xt = Z aixt + apx™ = Z aixt + apx™ =
; ; 1—ay
i=1 i=1
1

n—
a; g
= (1 - (Xn) z 1—_La—x‘ + anxn =
i=1 "

i=1
By induction hypothesis,
n—1

Z axtecC

i=1
Hence, involving initial step,

n-1
(l—an)in+anx" EC
i=1

QED
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/(x) (- '4&’7
. 0

F09) o ; !

Fop - - - - - - - - — -

LY N\ - - - - — -

]
; !

Foety) |- : !

f is convex & —f is concave

f is strictly convex & —f is strictly concave

Linear function:
g(x) = mx
Affine function:
p(x) =mx+q=g(x)+q

NB:
Since 1(0) = 0, we have q = f(0)
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Sublevel or upper contour set: W
fiACR" >R U9
Fixt R

(F<t)={xedf(x) <t}

e

‘(Zfz £)

//zx_/)

Ll L

Sparlinil 327"

2
N\ g Re— R

\\\\\\~\___,00#t

Def:
Level set:
f:ASR" >R
Fixt € R
(f=t)={xedf() =t}
Proposition
The superlevel sets of a concave function are convex
Proof
Let f: C — R be concave.Fixt € R
WTS: (f > t) is convex
Take x,y € (f = t)and a € [0,1]
WTS:ax + (1 —a)y € (f > t)
We have
flax+ (1 -a)y) 2 af(x) + (1 - a)f ()
By hypothesis,
af(x)+ (1 - a)f(y) >at+(1—a)t=t
Hence,
flax+ (1 —a)y) =t
Therefore,
flax+ (1 —a)y) e (f =t)
Q.E.D.

ensen inequali
A function f: C - R defined on a convex set of R™ is concave <
n n

f Z aixt | = Z a;f(x)

i=1 i=1

V{xi}?=1 € C and V{a}}-; — weights

Proof
(<)
Take n = 2 and you receive the definition of concavity
=)
Let f: C — R be concave
n n

WTS: f Zal—xi ZZal—f(xi)

i=1 i=1
We proceed by induction
Initial step: n = 2
Is true by the definition of concavity
Induction step:

Suppose true for n — 1:
n-1 n-1

f Zaixi ZZaif(xi)

i=1 i=1
WTS: true for n

n n-1 1 n-1
f Z axt |=f Z axt +apx™ | =f =
2 7 1- Qn 4
i=1 i=1 i=1
n-1 n-1
a; .
=f (l—an)z ~xltaxt|=f (l—an)z
5 1- an 7
i=1 i=1
1
n—-1 n—1
a; .
>(1-an)f Z —xt |+ a,f (™ = (1-ay) Z
3 1- an 5
i=1 i=1
n—1 n—1
= afG) +anf M = ) aif(x)
i=1 i=1
Therefore
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n i n
aix' + apx

a; .
" xl 4 a™ | >
1-a,
S

€c

el i n

x|+ anfx™) =

o FGD| + anf )




n

f Zn:aixi > Z aif(xi)

i=1 i=1

QED

Proposition
For a concave function f: C = R defined on a convex set of R", the set

argmax f (x)

Is convex

Proof
argmax f (x) = = max f(x
gmax f(x) = (f 2 max f00)
Superlevel sets are convex sets, hence arg max,ec f(x) is also convex

Theorem
A strictly concave function f: C — R defined on a convex subset C € R™
has at most 1 unique maximizer

Theorem
A strictly concave function f: C — R defined on a convex subset C € R™ has at most a unique maximizer

Proof
Let f be strictly concave. Let X1, X, € arg max,¢c f (x)
WTS: 21 = 22
Suppose, per contra, that instead £; # X,. Consider:

X t+t-%€C
1T 5%

2
We have:
1. 1, 1 (%) 1 (A)_l 1 :
flztts%)>5 fl) +5 f(%) =-maxf(x)+omaxf(x) = maxf(x)
IS sma e

We have a contradiction:

1 1
fZ%+35% |>maxf(x)
€C

Therefore, the converse is true and X; = %, (f has at most one unique maximizer.)
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Risk aversion

lunedi 20 novembre 2023 17:11

A list of possible outcomes: {cl, ., cn}
Each outcome c; obtains a probability p;
The following is the lottery:

{le pl; - Cn' pn}

C ={cy, ..., ¢} set of all possible prizes
L — set of lotteries defined on C
We consider only monetary prizes, hence C € R

Expected utility criterion:
n
EU(L) = Z u(c;)p;

i=1

Bernoullian utility function
u:C ->R

Notation
LzL
= —prefers or equal

Ly =41 ! 5 !
1 — 1] 2 ) 2
LZ = {5,1}
EL; =EL, =5
L, =2 L
Definition
DM (decision maker) is called:
1.Risk averse, if, VL € L, itholds E(L) = L
2.Risk loving, if, VL € L, itholds E(L) S L
3.Risk neutral, if, VL € L, it holds E(L)~L
Theorem
A DM with Bernoullian utility function u is risk averse & u is concave
Proof

(<)
Suppose u is concave
WTS: DM is risk averse

We have:
n n
u(EL) = u z cpi | = Z piu(c;) = EU(L)
i=1 i=1
Hence, EL = L, so DM is RA

=)

Same method, but vice-versa
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Matrices - more

mercoledi 22 novembre 2023 14:49

NB
Let A e square matrix of order n
[Al1]~ - ~[1|4~]
A is invertible with inverse matrix A™!

Eg.
A= E ;] Find, if exists, the inverse of 4

_r 2 11 1 2 1 0] _,. : :
[A|In]—[1 2 0 1 [O 0 |[_1 1] A is not invertible

1. Using the definition of inverse matrix: A- A"t =A"1-A =1,
2. Using the elementary operations: [A|In]~ ~[In|A_1]

Determinants
A =[2],det(4) =2
det I:Zzi Z;i] = a11 . a22 + a12 . a21

Properties of A,B square matrices with the same order n
a.Ifaline (row/column) of A is null, then det(4) = 0
2 -1 3
Eg:det[0 0 0f=0
1 2 3
b.If B is found from A by multiplying a line by k € R, then det(B) = k - det(A)

-2 -1 _
Eg.A—[_1 5],det(A)—9

B = [ 4 _2],det(B) - 18

-1 5
c.If B is found from A by interchanging two parallel lines, then det(B) = — det(4)

ca=2 -1 _
bg a=| % Y derca =9

B = [‘21 _51],det(B) =9
d.If two parallel lines of A are equal, then det(4) = 0
Eg:
2 -1 3
A=|2 -1 3|;det(4) =0
3 3 1
e.If B is found from A by adding to a line(row/column) a multiple of a parallel line, then det(B) = det(A)

NB:
det[k - A] = k™ - det(4) ; det(4) = det(AT)

Eg.
A square matrix of order 3 with det(4) = det(2A) = 23det(4) =8-2 =16

Proposition: Let A be a square matrix of order n. Then:
A has a full rank & det(4) # 0
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NB: A is said to be a singular matrix if det(4) = 0
Eg:A = [CI clr]'a € R, det(4) = a? -1
Ais singular © det(4) = 0 © o? = +1

Va € R # {—1,1},det(4) # 0, A — non-singular matrix
a # +1,det(A) # 0,A has a full rank, p(4) = 2

Corollary
Let A be a square matrix of order n. Then, the following conditions are equivalent

1. § ={x%,x? .., x"}linearly independent (x/ € R",j = 1,2, ...,n)
2. S ={x!,x?% ..,x"} linearly independent (x' € R",i = 1,2,...,n)
3. det(4) # 0

Eg.
2 1
A=(0 1 1|, det(4)=—-6+#0
0 2
21 |1
S= [0 ,{11,]1 1 |; — linearly independent
0l |2

-1
,1,3),(0,1,1),(0,2,—1)} — linearly independent

N

s={(

—1] [o] [ 0
IsS = 2 |,11|,]—1]¢ lin indept
3

[ 1

Eg.

1 3 1

Theorem
Let A,B be square matrices with the same order n. Then
det(4 - B) = det(4) - det(B)

Eg.
1
det(4) = X det(B) = 2

1
1. det(4AB) = det(4) - det(B) = 5" 2=1

2dt1AB—13dt[AB]—11—
S b “\2/ % 8 " "8

3. det[4%] = det[A - A] = det(4) - det(4) = [det(A)]?
Hence,
det(Ak) = [det(4)]¥
A =1,

Definition
Let A be a square matrix of order n. The real number a;; (i = 1, ...,n; j = 1, ...,n) given by

ajj = (~1)"* - det(Ay)

Is calle the algebraic complement/cofactor associated to a;;

?

Eg.
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2 1 -1
A=13 2 0
3 5 1
a3 = (=1)%*1 - det[Ay] = (—1)**" - det [; :ﬂ =—4+#0

A" = [af j] — Matrix of algebraic complements or cofactor matrix associated with A

[A*]T = Adjoint matrix associated to A

Eg.

3 1

A‘[1 2]
aj; =1-det(2) =2
aj, = —1-det(1) = -1
ay;, = —1-det(1) = -1
ay, =1-det(3) =3

«_ |2 1], *T_[Z —1]_ . .

A —[_1 3],[/1] =] 3 Adjoint matrix

Proposition:
Let A be a square matrix of order n. The determinant of A is equal to the sum of all the products of the
elements of any line of A by their algebraic complements.
n

e Vi=1,..,n:det(4) = z aija;kj

j=1
n
e Vj=1,..,n:det(4) = Zaijafj
i=1
Eg.
-1 3
2
-1 3
_ 243 2 -1 _
det(4) = 2 (—1)“*> det 1 -1 =2=+0
Ais not simple, p(4) = 3

Theorem (Laplace's Theorem)

Let A be a square matrix of order n. Then:

n
1.Foranyi =1, ...,n,z aij - ag; = {det(gl?f) 1f;gi= !
j=1 !
X det(4) ifg = j
2.Foranyj=1,..,n, aij-afq={ eOifq qgj J
j=1
NB:
det(4™1) = ——
det(4)
det(4) # 0
Theorem
A square matrix if invertible & det(4) # 0
: -1 _ __1_ . *1T
In this case, A71 = otcd [A*]

Square linear systems
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Let A be a square matrix of order n. We consider the following matrix equation:
A-x=b
x €ER", b €R"

T:R™ - R",T(x) = A - x therefore T(x) = b,b € R"

- Tis surjective: Im(T) = R"
- Tis not surjective: Im(T) € R™

1. The linear system has a solution for a given b € R™ & b € Im(T)
NB: The linear system has a solution Vb € R" < T is surjective

2 1][* b
[3 —1] [xz] N [b;]
p(A) = p(A|b)
A= E —11]”’(‘4) =2
A#0,1<pA) <2
det(A) =-5+#0
2 1 b
3 -1 bz]
[AIb] £0, 1<p(A) <2
p(4) < p(A|b)

Eg.

[Alb] =

p(A) = p(Alb) = 2,Yb € R?,b € Im(T) = the linear system has at least one solution

2. The linear system has a unique solution for a given b € R™ & T~1(b) is a singleton
NB:
The linear system has a unique solution Vb € R™ & T is injective

Eg.
1 1 1
2x1 +x, =2 [A|b]=[2 1|2]~ 1 5 1] _ 2|1 ~[1 0.5|1]~[1 01] x:[l]
X1 —x,=1" 1 —-1/1 ! 3|0 0 111 0 1l0J’ 0
1 1 0 -5
Eg.
. le‘l'xZ:Z
Solve the linear system Axy + 2%, = 1
3 L] [
4 1]1%2 1
_[2 1
L A_[4 2
2 1 2
[Alb]_[4 2 1]

A#0,1<p(A) <2;det(A) =0;p(4) =1

2 252 25 3secam =2

p(A) =1<2=p(Alb)

The linear system is impossible
2 [2 1 Z]N[l 1/2 1]~[1 1/2 1]
4021 4 2 1 0 0 -3

The linear system is impossible: 0x; + Ox, # —3

Eg.

Sl 2x1+x2=2 r 2 1][x1]_[2]
olve 4x1+2x2=40 4 211X - 4
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1. A=L2L ;],Aio,lﬁp(A)SZ
_ a2 12
1< p(Alb) < 2

2 1 _al2 21410 2]
|4 2|_0‘|4 4_0‘|2 4 =0
p(Alb) = 1,p(A) = p(Alb) =1
The linear system is possible

n=2,p) =1
n—p(A) =2 —1 =1 - ocosolutions with a free variable
[2 1][x1]_[2]=> 2Xq + x5 = 2 .
4 2]lx2] |4 2x1_2—xzz>x1_1—7
=1——
X1 >
x2=t€R
) [2 1 2]~1 0.5 1]~1 0.5 1]
"4 2 4 4 2 4 0 0 O
Eg.

x
X=Xy +x3=1 or[l -1 1]x; :[1]
x1+x2_2.X3=2 1 1 —2 x3 2
1, AiO,lSp(A)SZ;H

ey =zl =[] 1 Li] e < pcain)

1< p(Alb) < 2,p(A|b) =2

p(4) = p(Alb) =2

At least one solution exists (the linear system is possible)
2. n=3,p(A) =2,n—p(A) =3 -2 =1 - oosolutions

I KA
HR RERRER
e A T T [+ S TR

B(3B7'),Bx=b"= B~'Bx =B~ 'b*

[Z]ZE _1] [21+_2tt] 2[1 ; ] 21+_2tt]

—_

Theorem (Cramer)
Let A be a square matrix of order n. Ax = b has a unique solution Vb € R" © Ais
invertible. In this case x = A™1b
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Matrices - continuation

mercoledi 22 novembre 2023 17:10

NB:
M, n (R) = set of m X n matries of real numbers
M, <n(R) is a vector space

Definition
The rank of matrix A, A € M,,,«,(R) and we denote the set S as
= [, "
S _ {x }j=1
With x/ € R™
The maximum subset of S linearly independent is called the rank of A: p(A4)

Put another way,
Rank of a matrix A is the maximum number of its linearly independent columns

Eg.1
3 6 18 2
-1 2 6 4

0 -1 -3 6

2 1 3 -8
Not all the columns are mutually independent as the third column is a multiple of the second
column, hence p(A4) < 4. Since all the other columns are mutually independent, we receive p(A4) =
3

A=

A=

21 10
S ={ 2”1]}
S = {xj}]z,=1;xj € R?

x1, x%are not collinear vectors, so S is linearly independent. Hence p(4) = 2

[10

Example:
1 0 1
A=|[2 1 3
X1 52 i3

un:
[i] [é”,p(A):z

x?  x14+x?

SIS S

Let A € M« (R) be the matrix associate to linear operator T: R - R™
Then p(A) = p(T)

Eg.
T:R? - R?
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T(x) = lxl ;-xfle

Bgz = {e',e?} .
T(e') = T[(é) 0]
=[]

A=[T(e")ITE®] =], g]

1 2][x
r=4a-x=|, 3] [xﬂ
p(T) = dim[Im(T)]

dim[Im(T)] = 2 = p(T) = 2 = p(4) = 2

o

Im(T) = {y € R%:y = T(x),x € R?}
Im(T) € R?(codomain of)

1. Im(T) = R? & T surjective

2. Im(T) € R? & T isn't surjective

Corollary
A linear operator T: R™ — R™ with associated matrix A € M,, v, is injective & columns of A are
independent
Example:
T:R3 - R?
X1 — 2Xxy + X3 1 -2 1]*%
T(x) = X2 — X3 =10 1 -1|[|*
X3 0 0 1 |]|%3

Asxs = [T(eY), T(e?),T(e3)]
Bgs = {e',e?,e3}

Theorem
For a matrix A, p(4) = p(47)
In other words:

For every matrix A, the maximum number of its linearly independent rows and columns coincide.
Eg.

=2 Y= (B oo =2

o=t Y= o2

For a linear operator T: R™ — R™ the following conditions are equivalent
1. T isinjective
2. T is surjective
3. p(A)=n
4. p(AT) =n

Properties:
o If Apyxn then 0 < p(A4) < min{m,n}
« A=0op(A) =0
e IfAyxn # 0then1 < p(A) < min{m,n}
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Eg.

A3X2—[—1 0],A#0
) < m1n{23}—2
2

< p(4
1
S =11-11,10]¢ linindep. = p(4) = 2
3115

Eg.
2 1 3
A=|-1 0 —-1[,A#0,1<p(4)<3
3 5 8
2 1 3
S = —1 101, —1
5
[ ] ,2<p(4)<3
S lin dep= p(A) =2
T is not injective < T is not surjective
Eg.

T:R? - R?
1 2][*1
= < <
T (%) [2 4[x2],A¢0,1_p(A)_2

S = {[]2‘] , [i]},p(A) > 1;Sis lin dep, p(4) = 1
A, =0
| R R A S
ker(T) = {l szl X, € R} {[_12] t,t€ R}
B

Byer(r) = { ] dim[ker(T)] = 1}

Properties
A,B € My« (R)

We have:
1. p(A+B) < p(A) + p(B) and p(ad) = p(A),YVa €ER # 0
2. p(A) = p(CA) = p(AD) = p(CAD)
Where C, D are square matrices with full rank
3. p(4) =p(47)

Gaussian Elimination Procedure

Echelon matrices

1 2
A‘[01
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1 0 2
B_[01—1]

We like these matrices because they immediately reveal their rank. They're called echolon matrices

Definition: echelon matrices:
1. The first element of each non-zero row is 1 (the pivot)
2.The entries of each column with pivot (1) are 0
3.The pivots form a staircase from the left to the right

1] 2
A=
0 |{1]

1
B=0 2
01 -1
Eg.
100 0 0
410 1 007
001 30
0000 0

For any matrix A,,x, we can find its echelon form using elementary row operations
The elementary row operations we can perform are the following:

1. Multiplying any row by a non-zero scalar

2.Adding any row a multiple of any other row

3. Interchanging any two rows

eg.
2 0 1

A=|1 1 2|,A#0,1<pA)<3
-1 1 -1

2 0 1 1 0 1/2] [t o o5 1 0 05 1 0 o5] [t o o5
1 1 2|~l1 1 2|~11 1 2 |~lo 1 15|~l0 1 15[~]0 1 15
-1 1 -1 [-1 1 -1] [0 1 —=05] |0 1 —-05] [0 0o =2|] |0 0 1

Let A be a square matrix of order n. The following conditions are equivalent:
1. Aisinvertible
2. p(A) = n (A has full rank)
3. Two square matrices, B, C, exist such that AB = CA =I,,andB =C = A~}

Proposition
If the square matrices A and B of order n are invertible, then their product is invertible and
(AB)"1=pB71471

NB:
[A|Im]~ o ~[1m|A_1]

Elementary operations

Eg.
A= [i ;] ,find A~ using elementary row operations
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[2 11 0] [1 05 0.5 0] 1 05 0.5 0 2/3  —-1/3
1 20 1 0 —1 1 -1/3 2/3 0 1—1/3 2/3

Hence, A™' =| °,

MATHEMATICS - MODULE 1 (THEORY AND METHODS) Page 39



Chapter 25: Forms

giovedi 23 novembre 2023 14:26

A function f: R™ — R given by
f(xl, ...,xn) — K-xf‘1 -x;xz X
With k € R and a; € N is called a monomial of degree
n

m = a;
i=1

Eg.
fiR? >R f(x, %) =x-x3(k=1a, =1 a, =3,m=4)
g:R? 5> R, g(x1,x5) = x1 - x5 + x5 ... FORM

Definition
f:R"
— Ris a form if it is a sum of monomials with the
same degree

NB.

Aform f: R™ — R is said to be linear if
n

flx) = Z kix;
(i=1)
Eg.
fiR3 SR, f(x) =2x; — x5 + X3
2
Linear because we can writeitas f(x) = yx,y = | —1
1
Checking for the properties:
Given x,y € R3
flx+y) =20 +y1) = (x2 +y2) + (x3 + y3)
=2x1 — X + X3+ 2y1 — Y, +¥3 = () + f(¥)
Given « € R, x € R3
flax) = 2(ax;) — (ax;) + (ax3) = a(2x; — x; + x3) = af (x)
NB:
f(0)=0

Def:
A form f: R™ — R is said to be quadratic when it is the sum of monomials
of second degree

Eg.
f:R? > R, f(x) = x¥ + 2x1x, + 2x% ... Quadratic form on R?

Proposition
A bijective correspondence exists between quadratic forms symmetric
matrices A, «, such that
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n

n
f(X) =x-Ax=ZZaijxixj,VxER"

i=1j=1

Eg.
f:R? > R, f(x) = 2x% + 4x,x, + x2

f)=x- Ax—(xl,xz) ([ 1k ])

And A is called the symmetrlc matrlx associated with the quadratic form

Eg.
f:R® >R
f(x) = x% + 4xyx, + 2x5 + x3
1 2 0
A=12 2 0]..Symmetric
0 0 1
Def:

A quadratic form f: R™ — R is called:

a. Positive semi-definite if

Vx €R™, f(x) =0
b. Negative semi-definite if

Vx ER™ f(x) <0
c. Positive definite if

Vx € R" — {0}, f(x) >0
d. Negative definite if

Vx € R" — {0}, f(x) <0
e. Indefinite if

Ixt,x2 € R" st f(x!) < 0 < f(x?)

Eg.
a. fiR? >R, f(xy,x;) = x% + 2x3
Vx € R? — {0}, x? + 2x2 > 0, f is positive defined on R?

b. fiR? > R, f(x1,%3) = x4+ 2x1%, + x% = (3 + xz)z
Vx € R?, (x1 + xz)z = 0 = f is semi-definite positive
fiR? > R, f(xy,%;) = x¥ — x%:
x! = [(1)] =>f(xt)=-1<0

1
x2=[0]=>f(x2)=1>0
f is an indefinite quadratic form on R?

A symmetric matrix A of order n is:
1. Positive (negative) semi-definite if x - Ax > 0 (x - Ax < 0),Vx € R™
2. Positive (negative) definite if x - Ax > 0(x - Ax < 0),Vx € R™ — {0}
3. Indefinite if two points x%,x? € R™ exist such that f(x!) < 0 < f(x?)

NB
A is negative def. (semi def. ) & —A is positive def. (semi-def)

A= [_21 _31] , X Ax = (xpxz) ) ([_21 _31] [2])
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= (x1 xz) . (2x1 — X9, —Xq + 3x2) = x1(2x1 — xz) + xz(—xl + 3x2) =
= 2x% —x1% —x1%, + 3%, = =xf + (x4 —xz)z +2x%>0,Yx €ER?> # 0
A is positive def.

Proposition
A positive definite matrix is invertible. Its inverse A~1 is also positive
definite (x - A~1x > 0,Vx € R™ # 0)
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Chapter 27: Derivatives

giovedi 23 novembre 2023 15:24

Consider f: (a,b) » R and x, € (a,b).
We move from x, to xq + h € (a,b),h # 0

Therefore f moves from f(xo) to f(xo + h). ;z::) R
The ratio given by

Af _ f(xo+h) = f(xo) _ fxo+h) = f(x0)

Ax  (xg+h)—xp h

Is called the difference quotient of f w.r.t. the interval
[xo,xo + h] withh # 0

Geometric interpretation of%: It is the slope of the line passing through the points (xo,f(xo)) and

(xo +h, f(xo + h))

Suppose that h becomes smaller and smaller (h — 0)

A . .
Then A—i can observe two different behaviors:

1. —f — Real number
Ax

A
2. é — "Does not converge or diverges to infty"

A
If é — [ € Ras h — 0 then f is said to be derivable at x, with derivative f’(xo) =1

Definition
f:(a,b) — Ris said to be derivable at x, € (a, b) if the limit

lim f(xo + h) — f(x0)
h-0 h

Exists and is finite. The value of the limit (f’(xo)) is called the derivative of f at x,

Geo. Int.:

Suppose that f is derivable at x, with derivative f’(xo), then f’(xo) is the slope of the tangent line
to the graph ofthe function

Eg.
f:R - R, f(x) =2x?
Is f derivable at x, € R?

Af  fxo+h)—f(xo)  2(xo + h)z —2x}  2(x§ +xoh + h?) —2x*  4xoh + 2h?
Ax h a h a h T h
= 4XO + Zh

}lir%4x0+2h=4xOER

Answer:
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f is derivable at x, € Rand f'(x,) = 4x,

NB
x = xy + h,hence, if h - 0, then x = x,
x) — f(x
f is derivable at x, if 3 lim QL(O—) and it is finite
X—Xg X — X
Eg.

f:R-> R, f(x) =2x2

A x) — f(x 2x2% —2x%  2(x% —x2
_fzf() f(O)= 0= ( 0)22(x+x0)_)2x0
Ax X — Xg X — Xp X — Xg

Eg.
f:R >R, f(x) =3xIs f derivable at x, = 0
Af @ —fo) VO _x_ 2

Ax X — X x—0 x

2
A lir% x 3, hence f is not derivable at x, = 0
x-

Definition
f:(a,b) - R with domain of derivabililty A € (a, b).
Function f’: A — R such that any x € A associates f'(x) € R is called the derivative function

of f

Eg
f:R->R,f(x) =2x%xyER
Af
A—x-=z(x+x(,))H—XO>4x(,eR,A:R
fiR-R,f'(x) = 4x
Eg.
) _(—xifx<0
f'R_)R'f(x)_{xifoOxOER
Af  —x-0
P r el =y = !
A X —X
. xOE(O,+00):—£=—£=1—>1
Ax  x—x X=X
X .
. x 20.£=f_(’ﬂ@=f_("_)= _;xﬁxo_llfx<0=>£hmé£
0 Ax X — Xg x )—C—>11fx>0 x-0 Ax

X x—>Xg
= fis not derivable at x, = 0

-1ifx <0

f’:R_{O}_’R'f'(x)z{1ifx>o

One-sided derivatives

Definition
f:(a,b) - R is said to be derivable from the right side of x, € (a, b) if the one-sided limit
, . f(xo+h)—f(xo)
fie) = J [T
exists and is finite. We say f is derivable from the right and the value of the value of the limit is

fi(xo)

Definition
f:(a,b) - R is said to be derivable from the left side of x, € (a, b) if the one-sided limit
, . f(x0+h)_f(xo)
Fie) = i T
exists and is finite. We say f is derivable from the left and the value of the value of the limit is

fL(x0)

Eg.
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—x,x<0
f:R—»R,f(x)=|x|={xx>0 ,Xo ER

O+ =f© _ | h=0

" RO= i
i = i TOEETO - iy 0 -
NB
f is derivable at x, < f1(xo) = f(xo)
Eg.

0,x<0
fiR->R,f(x) = {xz,x >0

Is f derivable on R? Find the derivative function

h)— 0—-0
. xoe(_w‘o)'}lif})f(xo-i-;)l f(XO)ZEL% g

fis derivable at x, € (—,0) and f’(x,) = 0, (ﬂ(xo) = f_’(xo))

e x, € (0, +oo),’1li_%M%ﬂ0_) —

f is derivable at x, € (0,+20) and f(x,) = 2x, (ﬂ (x0) = 12 (xo))
e Atx = 0 we have
(o +L;)l —f(x)

P—— Zxo

li

h—0 2_0 hZ
1. h> O:hlLr(r)L;K = hll)r(r)lJrT = hll)rgl+h =0=£(0)
2. h<O0: hlilgl‘—h_z 0 =f_’(0)
fi(0) = f/(0) = 0 = fis derivable atx, = 0 and f'(0) =0
0,x<0
A=R,f'"=R->R,f'(x)=40,x=0
2x,x >0

, o _[Ox<0 ) =1 0x <0
ﬁRqRﬂ@%{nwzwﬂR*Rﬂ@%{”ﬂzo

NB:

‘ Iff ’(xo) does not exist then x is called a point of non-derivability of f

1. fi=1L; # L, = f/(x) and Gy has a corner point at x,

E.g.
f@) =lx|,f2(0) = -1+ 1= f(0)
2 qim [E0 R = f(x)
(h—0) h
NB
f is derivable on (a, b) © f is derivable atany x € (a, b)
Eg.

£:10,+00) > R, f(x) = x7 = V%, A = [0, +00)
e xq € (0, +)
B_VEym_ 1 1,

Ax  x—xp X+ X x-%0 2%y
1

is derivable at x, and f'(xy) = ——
f 0 f( 0) 2\/3—6'

e xy = 0 (Is f derivable at x = 0 from the right)
Af Vx=V0 vx 1

= — = ——+ oo, f is not derivable at x, = 0
Ax x—0 X Afxx-0 f 0

Derivability and continuity

Eg.
f:R > R,f(x) = |xl, f is continuous on R, lim |x| = |xo| = f(xo)
xX—Xo

f is not derivable at o
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Proposition
f:(a,b) > Rand x € (a,b).If f is derivable at x € (a, b) then f is continuous at x € (a, b)

Proof
Assume that f is derivable at x € (a, b). We have to prove that f is continuous at

X, L e lim,,, f(x) = f(xo)
Jm £ = Jim [£GO = £(x0) + £ (x0)] = Jim [£GO = (xo)] + Jim (x0) =

i [fO1C) £6) = £(x0)

=l < lim x — x5 + f(x
X—Xo X — X X — Xp 0 f( 0)

—x0) Jim

+ f(x) = lim l

X—Xo

= f’(xo) xllgcl (x = xo) + f(xo) = f’(xo) -0+ f(xo) = f(xo) and f is continuous on x,

NB.
1. fisderivable at x, € (a,b) = f is continuous at x, € (a, b)
2. fisnot continuous at x, € (a,b) = f is not derivable at x, € (a, b)
3. fis continuous at x, € (a,b) # f is derivable at x, € (a, b) ( counterexample: f(x) = x)

Derivatives of elementary functions

1.

2.

Constant functions
fiR->R: f(x)=k(k€R)
f is derivable at x, € Rand f'(x,) = 0:
Af _fG) —flxo) _ k—k _
Ax X —Xg Tx—xp
A=R,f""A->R,f'(x,)=0
Power function f: (0, +o) - R, f(x) = x% a €R
f is derivable at x, € (0, +) and f'(x) = ax®~!
Eg.

0

f:[0,40) > R, f(x) = x%
A =1[0,+) = {0} U (0, +0)

f is derivable on (0, +) and f'(x) =

Af Yx—-VY0 Yx 1 N
. - = —_— = ——— = ——
"Ax x—0 x  3x2zx-0t ®
fis not derivable atx = 0
1
(0, 400) > R f10) = =
! ! 33x2

1
3Vx2

winN

X

Wl -

3. Exponential function: f:R - R, f(x) =a*,a>0,a # 1

fis derivableon R and f'(x) = a*-Ilna

Af  a* —a*o a* % —1

— = — =qa%0 . — — —a*olna
Ax X — Xp X —Xg XX

Eg.

1 X
fiR->R,f(x) = (E) , f is derivable on R

£ = (%) In G) 2zt

f:R > R,f(x) = e*, fis derivable on R and f'(x) = e*

NB.

4. Elementary Trigonometric functions:

f:R > R,f(x) =sinx, f is derivable on R and f'(x) = cos x
fiR > R,f(x) =cosx,fis derivable on R and f'(x) = —sinx

5. Logarithmic function: f: (0, 4+) — R, f(x) =log, x,(a > 0,a # 1)

A

1

g

f is derivable on (0, +c0) and f'(x) = — v
A +h)-— 1 +h)—1
&f f(x0 +h) = f(x0) _ 0ga(xo + h) —log, X0 € (0, 400,20 + h € (0, +00)

Ax h h
- h 8a Xo - h 08a Xo - Xo h 08a Xo -

h
1 lOga<1+x—0> 1 1 1
= - =
Xo h h-0x, Ina xylna
Xo
NB.
1 _lne_ 1
%8a® = e na

ebra of derivatives
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NB.:
f,9:(a,b) > R; a,f ER, af + Bg:(a,b) » R
(a€RB=0):(af);(@=p=1(+9)

Proposition
f,g:(a,b) — R derivable at x, € (a, b). Then af + Bg is derivable at x, € (a,b),Va, f € R and
(af +Bg) (x0) = af'(x) + Bg' ()

Proof
Assume that f, g are derivable at x, € (a, b) and , 8 € R. We have:

Alaf +Bg) _ (af +Bg)(x) — (af +Bg)(xo) _

Ax X — Xg
a-f)+B-gl)—a-f(x)-B- g(xo)
X — Xg
L 1) , 58 Z06a) o) 4 g (x e 2
x_—ng’(x()) x_—x(;g’(xo)

af + Bg is derivable at x, € (a,b) and (af + ﬂg)'(xo) = af'(xo) + B9’ (xo)

Eg.
1 X
fiR->R,f(x) =x*+ (Z) is derivable on R

o N 1 1\*
f(x)—2x+<z> an—Zx—<Z) In4

1\°
f'(0) = 2*0_<Z> In4=—-In4

Proposition
f,g:(a,b) - R derivable at x, € (a, b). The product fg: (a,b) — R is derivable at x,
€ (a,b) and

(f- g)l(xo) = f'(x0) - 9(x0) + f(x0) - 9’ (x0)

Proof
f, g derivable at x, € (a, b). We have

A(fg) _ (F9)() = (Fg)(x0) _ f() - 9@) — f(x0) - 9(x0) _

Ax X — Xo X — Xo
_f0)-9() — f(x0) - g(x0) + f(x0) - g(x) — f(x0) - g(x) _
X — Xo

_ [f &) = £(x0)]9 @) +[9CG) = g(x0)1f (x0) _
X — X

O g S0 80) i /(1) - 9(x0) + g (x0)
Sol) ——2 70

gl (%0) T T (x0)  xo%o0
f(xo) ER

fg is derivable at x, € (a, b) and (fg)'(xo) = f"(x0)g9(x) + f(x)g’(xo)
Always check for derivability

Eg.
f:R > R, f(x) = x?e*, f is derivable
f'(x) = 2xe* + x?e* = xe*(2 + x)
f'(x)=0 xe*2+x)=0=>xQ2+x)=0=>x=0o0rx=-2
S = {—2,0} Set of stationary points of f
x & S, x is not a stationary point of f

Proposition
f,g:(a, b) - R derivable at x, € (a,b) and g(x,) # 0
The ratlo :(a,b) - Ris derivable at x, € (a, b) and

= (x) = f'(x0) + 9(x0) — £ (x0) - 9' (%0)
(9) ( 0) [g(xo)]z

Eg.
f:(0,+0) > R, f(x) = l—‘;—x f is continuous on (0, +) - because f is a product/ration of continuous
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functions on (0, +)) " and derivable on (0, +)" for the same reason"

1x—lnxﬂsl 1—1Inx

F)=EF e — =
1 —Ine? 1
x+e2,f’(e2)=—('34 =-5<0
1-Inx ) ) )
') = O'_xz_ =0=>1—-Inx=0=x =e =S = {e} Unique statiary point
NB
( T 71) R () =t sin x
N =, =] ) = = -
f 2°2 flx anx cos xn T
f(x) = tan x is derivable on x, € (— E'E) and
COS X * COS X — Sin xq [— sin xp] (cosx )2+(sinx )2 . 2
f(x)’ — 0 0 . 0 0 — 0 . 0 — (COS xO)
(cos xo) (cos xo) 14 (tan xo)z
Proposition

f:(a,b) - Rand g: (¢,d) » R with f[(a,b)] € (c,d)
If f is derivable as x, € (a, b) and g is derivable at f(x,) € (c,d) then g o f is derivable at x, € (a, b):

(9°£) (%) = g'[F@)] - ' (x0)

Proof
Assume that g is derivable at y, = f(x,), we have

. g(xo + k) _g(xo) _ g,(y) = g(XO + k) _g(x())

11{11’1(1) =g'(y)+o(1)ask -0

Therefore we get g(vo + k) — g(v0) = [9'(y) + o(D)] ask > 0
Let h be a real number, k # 0. Set
k= f(xo+h)—f(xo)
Since f is derivable at xo(f is also continuous), 0]
k—>0ash—-0
We have:
gl o + )] = glr @] =[] (x0)] + 0] - [F(xo + ) = £ (x5)] ash > 0

It follows that

a17zo + M=l GOl _ 17 + o] (L”l_)l—@) ash 0

Taking the limit of each side for h — 0

- g[f(xo + M) —glf(x)] _ ,
Jim === == g'[f(x0)] - f'(x0) € R
Theorem
f:(0,+%) > R, f(x) = x% a € R, f is derivable on (0, +) and f'(x) = ax%~?!
Proof:
Let x be a strictly positive real number
We have:
flx) =x* = elnx® — palnx
glx) =e*, g'(x) = e*
h(x) = alnx,h'(x) =%
/ — R — _g_ alnx_g_ lnx“,g_ a,g
f(x)—g[h(x)]h(x)—g[alnx]x—e L= i
=q-x%1
Theorem
f:(a,b) - R injective and derivable at x, € (a, b).If f'(x,) # 0,then f 1 is derivable at y, = f(x,) and
’ 1
=il - =
(f ) (}’0) f’(xo)
Proof

Consider f(xo aF h) =yo+kandifh - 0
k — 0 (because function fis constant limy,_o f(xo + k) = f(x0) = %o
From the definition of inverse function, x, = f‘l(yo) and xy + h = f‘l(yo + k)

Therefore,
h=f"(yo +k) = ()
We have:
f(xo+h)_f(xo)_ Yo+ k- k

h T et )=o) 00t k) - F1(0)
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L — ! = f(x) = _ =
o+ klz = 7 (v0) ¥ (f 1) (%) )

-1y - L
= (f ) (YO) - f’(xo)

Eg.
f:R? >R, f(x) = 2x; + xZ and x° = (1,1) € R?
Calculate, using the definition, the partial derivatives of f at x: £/ (x°) and £, (x°)
fOY+hxd)—f(x2,x9)  [20+Rh) +12] —[2x1+1?]
m = lim
h—0 h h—0 h

* fis partially derivable w.r.t. x; at x® and £y, (1,1) = 2
A f/‘, x A) Flas) lin [zu(ni)_] [2101) o Lo z*l*z“"21 2t Gm ”/fl—") = 2

nao
“hro h=o

n=0

4 a M sz&u‘km{/ (11):2

NB:
To calculate the partial derivatives of f:R™ - R;y = f(xl,xz, ...,xn) wrtx; (i =
1,2, ...,n) we apply all the derivation rules w.r.t. x; keeping the other variable as
constants

¢ 72—'2 7 [2x-% &) lal1er)). 7 4

j«“‘ 3 (2%~ )
f,,[X)' {2"1_)()(2’()

940+ 5[2"1’)“)

40> ’5&(2’9_"')

OR + A g 2%
VA Kl BT

e -129) i (L
(02 (3] -
7/

Ve x(<) 0

A pz_’k/ ‘/K)__ o PRI B
2 .l 26, 4%}
B -z e g g m e [0K]

P Zx,fx:
W) xte” *.[zxz) - 2xKx) ¢

Def:
Let f:U S R™ - R be a real function. The row vector of R* (V f(x) € R") given by
V@) = [£L,00 £4,00 o £ ()]
Is called the gradient of f atx € U
Eg.
f:R® >R, f(x) == x2x, + x, * x3 + 10,4 = R®
V) = [2x1x, x7 +x2 2x,%3),x € R®
x°=(-1,1,—-1) € R3
V(%) =[-22 -2]
NB
fis said to be partially derivable on E S A when f is partially derivable at any point
ofx €E
NB
f can be partially derivable at x° but at x° is not continuous
Eg 0 xk=0
2 e )c‘:/a/a}
7[“2—/7’? f/ﬁ/&’)(‘} { {/ x, %, 20
a ' x 0) =0
/ 7f/ 4 ) (o8 )(52)

f/"/'(’)lo @1/)())'—7(‘3’) o

4
p R >
2 t P ery
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/ o L————— 7 450
P [“):ﬁéaw g

Ll0,0%) - f90) :A%:g
w " na

Ji ool e T
nre , | >
i?f/w);[o DJ/%aF‘épM Gt fom? codinsous 2 )

D

D = Subset of A € R™ where f: A € R"
— R is partial derivable = domain of (partial) derivability of f

Def:

f:U € R® > Rwith D < U (open subset of R™)

The operator Vf: D € R™ — R™ is called the derivative operator
Eg.

fiR? >R, f(x) = yx; + Va7, A ={x € R%:x; 2 0 Ax, > 0}

A =R%?—{0,0} Zﬂo)

Ut diviuatic o 95,
Xy //
<, — — x,
Eg.

fiR? 5 R, f(x) = xix, + e¥1%2
Vf:R? > R%, Vf(x) = [2x,%; + e¥1%2 « x5, x2 + e¥1%2x, |

Definition

f:U S R™ - R (U open) is said to be differentiable at

x° € U ifa linear function l: R™ — R exists such that
F(x®+h) = fF(x°) + 1) + o(|Inl]) as |Irl| - 0

vx’+heU

The linear function [ is called the differential of f at x:
df (x°):R* > R

Therefore, if f is differentiable at x° € U then
F(x®+h) = F(x°) + df (x°)(h) + o([|hl]) ash - 0O

Using the Riesz's theorem, the differentiable can be written as follows:
df (x°)(h) = x - hwith y € R®

That is the differential at x° is equal to the inner product of y and h

NB:

x =Vf(x°)

Theorem:
If f:U € R™ - R is differentiable at x° € U then f is continuous and partially
derivable at x° and
df (x®)(R) =Vf(x°)-h
VhER andx’ +h e U

By substitution, we have:
F(x+h)=F(x°) +V£(x°) - h+o(|Inl]) as |Il| - O

1. fis differentiable at x° = f partially derivable at x°
2. f differentiable at x°

= f is continuous at x° (f is not continuous at x° = f is not differntiable at x°)
3. f partially derivable at x° # f continuous at x° (n > 2)
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NB
fiR3 - R, f(x) = x3 + eX2*3 £ dif
Vf:R3 > R3,Vf(x) = [396%,e"2+"‘§,e"‘2+xg -2x3]

Theorem
Let f be a real function defined on U € R™. If the partial derivatives of f are
continuous then f is differentiable

/;éz—slﬂ /f/x): [WX»)Z A= #

Ty
s Y A
/fl o 2(%) e
S el 2l 1) oo
x”:[q / v fi L 2]

Vhl—=o
<ih ) (<) V'/f[ﬁf) .},4,(/]4/9 N
](( k) ])i (¢ w)- (% h)eo (H,u;,) I

A

][BA%/Q Vi, e

- 9¢ Qé,’rﬁ/flf—a(ﬁ) Jh)—o
ek = J=x-x*

f(x): 9¢ gfr) e 2l
v ure 6etia ol

Jpolprosd) o X

- ,5{_[,(1«72x1f0(4’('x'p
/47 w ¥, Lo fU) R s 12 -3

NB: /W%
[@F(x°) - h =V£(x®) - hl= (£, (x°), i, (x°), s £, (x0)) - (g By o)
= fey (x®)hy + £, (x®)hy + -+ £ (x°) - by

SR e

Lol
gooter 1 7

Partial derivatives of higher order

Eg
fiR?2 5 R, f(xy,%;) = 2x3 + x5 + 10

oy (1) =124 2y, (X) = 0
! (x) = 6xF {0 fil () =2x, {270
fxl( ) 1 { x1x2(x) =0 fxz( ) 2 xzxz(x) =2

Let f be a partial derivable function on U € R™ (open subset ofR”)
We know that £/, (x):U » Rwithi = 1,2,...,n
{ First-partial derivative w.r.t. x;
If f;, is partially derivable at x € U then we can calculate the second-order partial

derivative w.r. t. x; (j =12, ...,n)
fx’i’x].(x)(i,j =1,..,n)
Eg.

f

: ﬂ}—MQ,;(‘} )%y ¢ Jey 40

/x‘" ()= 6K
?"l‘ (<) 3¢ /I

C o) o —
Zx' [)
\?;:(’[U;L&

gix ()7 3%

i:&[k)a x15" s <[Z.A[XJ: o
/;‘(:%5 (x) 3
Tyle) e
400 0 g
;,J&jt")‘ﬂ
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We can write all second-order partial derivatives in a square matrix
VA2 f(x)
Which is called the Hessia matrix of f atx € U € R"

I)(:j)(
f”[) .

22

ety 3]

Gy S50
332 o 3
J 3 1)

%‘ gpe): L3~
vz% ('c) =

1
o) (L5 37
X [1] 4

)[40 7
Vi l)- 5]
% [;io

o

Theorem (Schwarz)
Let f: U — R be a function that has a second-order partial derivatives on U.

If the partial derivaties are continuous at x € U then
" "

xXixj — Jxjxi

Vij=1,.,n
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Differentiability

martedi 28 novembre 2023 08:50

Differentiable functions

f:(a,b) » Rand x;, € (a,b). We want to approximate function f in a n-hood of x,, using an affine function
mR->R
The affine function which approximaes f at x:
f(xo + h) = r(xo + h) +o0(h),h—>0
With xy + h € (a, b)

NB.
1. mR->Rr(x)=mx+q (m,q € R)
2. f(x0) =7(x0)(r(x0) = mxo + q)
We have
r(x0+h) =m(x0 +h)+q =mxy+mh+q =r(x0)+mh =f(x0) + mh
f(xo+h)=f(xo) + mh+o(h)ash -0
And we indicate I: R - R, I(h) = mh

Definition
f:(a,b) - R.f is said to be differentiable at x, € (a, b) if alinear function [: R — R exists such that
f(xo+h) =f(x0) +1(R) + 0(h),h - 0
Vxo + h € (a,b)

Eg.
f:R - R, f(x) = 2x2.1s f differentiable at x,?
Fxo +R) = 2(xo + h)" = 2x2 + 4xg h + 2h? = f(x) + L(h) + o(h)
m
I:R = R, 1(h) = 4x,h
and it is differentiable at x, € R (f is dif on R)

Definition
l: R = R is called the differential of fat xy and is indicated with df(xo) (df(xo): R - R)
We have:
f(xo +h) = f(x0) +df(x0)(h) + o(h),h - 0

Theorem:
f:(a,b) - R is differentiable at x, € (a, b) & f is derivable at x, € (a, b).
The differential df (x,): R = R is given by df (x,)(h)
Proof
=)
Assume that f is differentiable f'(x,) - hat xy € (a, b), therefore by definition
f(xo+h)=f(xg) +m-h+o(h)ash -0
We have
f(xo + h) —f(xo) =mh+o(h)ash -0
By multiplying each side by £
h
+h)-— h + h) — h
flxo + 1) = fxo) =m+ ol = lim [+ 1) = /() = lim |m + oty
h h h-0 h h—-0 h
= lim

f(xo+h) = f(xo) _

h
Hence, f is derivable at x, and f’(xo) = m. The dif. of f at x, will be df(xo)(h) =m-h= f’(xo) -h

meE R

(<)
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Assume that fis derivable at x, € (a, b), therefore

lim f(xo + h) _ f(xo) — f(xO + h) - f(xo) _

h20 h el = i h [[(x0) =0
olh) Jim £ (x0)
= ;li% A — — (%) =0
= lim [f(xo +h) — f(xo0) _f'(XO)'h] =0
h—0 h

= f(xo +h) = f(x0) = f'(x0) -h =0(h),h > 0
= f(xo+h) = f(x0) + f'(x0) -h+0(h)ash -0
And f is differentiable at x, € (a, b) and df(xo)(h) = f’(xo) -h

NB
f:R-R
fis difat xo € (a,b) and df (x)(R) = f'(x0)h
Eg.
f:R->R,f(x)=x-e%* (because itis a product and composite of derivable functions at x, € R)
Hence, fis differentiable at x, € R
Proposition

f:(a,b) - R.If f is differentiable at x, € (a, b) then f is continuous at x, € (a, b)

Proof
Assume that f is differentiable at x, € (a, b), hence

flxo+h)=f(x0) + f'(x0) -h+o(h)ash > 0

NB: continuity is limy_,y, f(x) = f(xo)a\limh_m f(Mh) = f(xo)
We have

lim f(xo +h) = m[f(xo) + f'(x0) - h+ o(R)]
;li_r)r}) f(xo+h) = }li_r)r(l) f(xo) + }li_r)r(l) f’(xo) -h+ }li_rg o(h) = f(xo) and f is continuous at x
€ (a,b)

NB:

flxo+h)=Ff(x0) + f'(x0) -h+0(h),h >0
1. Xo+h=xh-0,x - xg

f) = f(xo0) + f'(x0) - (x = x0) + 0(x = x0)
2. f:(a,b) = R,D = domain of derivability of f
D c(ab),f'"D—>RandE €D
CY(E) — set of all functions dif. (deriv) with continuity on E
EG.

f:R->R,f(x)=x",(n€N),f €C(R)

(f’:R — Rand f' is cont on R)

g:R->R,f(x)=a*(a>0,a+1),g € CL(R)

Higher order derivatives
f:(a,b) -» R, f derivable on D € (a,b) and f': D - R (Derivative function)
f' is said to be derivative at x, € D if
o th)=f') o f1x) — f'(%)
lim or lim ————=
h>0 h X=X X — Xp

Exists and is finite. The value of the limit, indicated with f”(xo) is said to be the second derivative of f at x,

Eg.
f:R->R,f(x)=2x*+4x,f € C}(R)
f'(x) = 4x + 4 Is f'derivable at x, € R?
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i f@ruo f'(x0) 1mH@“H0+ﬂ_H%+4Ldmﬁﬁ=4eR
h—0 h-0 h h-0 h

f is twice derlvable atxo € Rand f"'(x,) = 4

— domain of derivability of f' and D' € D
f":D" - R Second derivative function

Eg.
) _{0ifx<0
f'R_)R’f(x)_{szifxEO

f is derivable on R — {0} with f'(x) = 0ifx < Oand f'(x) = 4xifx >0
If f derivable at x, = 0?

. f(0+h) f@_ . 0+0_
- ST 0RO
Y poan - fO_ . (0+m?-0_ . 2p%
o R
0,x<0
f"R->R,f'(x)=50x=0
4x,x >0

f'is derivable on R — {0} with f"(x) = 0ifx < Oand f""(x) = 4ifx >0
Is f' derivable at x = 0?

’ 0+h f 0 0—-0
hl—>i 0~ ( ) ( ) hl—>l 0- h ”( )
f 0+h f 0 40+ h)—-0
hh 0+ ( ) ( ) 1] 0+ ( ) 1 fII(O)

£'(0) = 0 # 4 = f{'(0) = f" is not derivable at x = 0 (Af"'(0))

", " _(0ifx <O
fER-{0 =R S &)_{4ﬁx>0
Eg.
f:R >R, f(x) =x%?*;f € C*(R)
f(x) =2x-e* +x2-e2* .2 = e?*(2x + 2x?)
f'(x) = e?*(2x + 2x2) +e2%(2 + 4x) = e?¥[4x + 4x? + 2 + 4x| = e?*(4x? + 8x + 2)
Definition
f:(a,b) » R.n — 1 times differentiable at x, € R
f is said to be differentiable n times at x; if the limit
- f 7 (xo + ) = 71 (x0)
lim
h—0 h
Exists and is finite. The value of the limit, indicated with ™ (xo) is
said to be the derivative of f of order n at x,
NB:

1. n=1,fO =Ff
2. C"(E) = Set of all the functions differentialbe n times on E with continuity

Partial derivatives

f:UCR" - RUis an open su'bset of R™

0 1

e o one=[9) -4

r X3 0 X3
° 0 1

( i 0 2 _ |*1 [0]_ X0

‘ oh : + he? = +|7] =

P f_hvw,j. L 5 * ¢ [xg] hl  [x?+h
( l’ 0 r
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Definition

f:U € R" - Rand x° € U. f is said to be partially derivable at x° € U if
f(x® + he') — F(x%)

Vi=1.2,..,nlim
h—-0

h
Exists and are finite. The values of these limits are called the partial derivatives of f at
X0
NB:
fi (x°) or
I
5, &)
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Chapter 28 - Differential methods

giovedi 30 novembre 2023 13:47

NB
x° is said to be a local maximizer of f on 4 if 3B (x°):x € B.(x°) n 4, f(x) < f(x°)
xY is said to be a local minimizer of f on Aif 3B, (x°):x € B.(x°) n 4, f(x) = f(x°)

Theorem (Fermat's theorem)
f:AS R —> Rand x* € Ais an interior point
If f is differentiable at x* € A and x* is either local maximizer or local minimizer of f on 4 then

f'x)=0

Proof
For a local minimizer
Assume that x* € A is a local minimizer of f on A (x* is an interior point ofA) and f'is
differentiable at x* € A (Elf’(x*))
From the assumption, 3B,(x*) s.t.Vx € B.(x*) N 4, f(x*) < f(x)
Taking h € (0, €) s.t. xﬁkiﬂaqu (x*) we have

flxr +m GO fGx' +h)- +m —f&) SR 6D

= "= lim m 0= lim

Vh € (0,¢) h—0* n—>0+ h—0* h
=>fi(x) =0

Taking h € (—¢,0)s.t.x* + h € B.(x*) we have

(x*+h) — f(x*) o o o o
f—h : <0 = lim_f—(x TR~ f) < lim 0 = lim_f—(x—+ hliCP) <0
Vh € (—S, 0) h—0 h h—0 h—0 h
> f'(x*) <0
Since f is dif. at x* we have f/(x*) = f{(x*) = f'(x*) =0
Same strategy for a local maximizer
Assume that x* € A is a local maximizer of f on A (x* is an interior point of A) and f is
differentiable at x* € A (Elf’(x*))
From the assumption, 3B,(x*) s.t.Vx € B.(x*) N 4, f(x*) = f(x)
Taking h € (0,¢) s.t.x* + h € B.(x*) we have
flx*+h) — f(x*) o _ o _ *
T n Soﬁlmaﬂiif% ﬂx)<1mo=>mm£9;i%—iglso
vh € (0’ E) h-0 h-0 h—-0
> fi(x) <0
Taking h € (—¢,0)s.t.x* + h € B.(x*) we have
FG+h) — F(x) Y e
— n 20y L HR) +m SO S im0 fim LE R ZSED
Vh € (—g, 0) h—0 h—0 h—0 h
> f'(x*)=0

Since f is dif. at x* we have f/(x*) = f{(x*) = f'(x*) =0

NB:
f:A S R > R, x, interior point of A

fdifatxo eEA

L]
\"1
/‘\
8
\_/
:
o
4
8
G
=
=}
(o
Y
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o
=
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>
<
2
2
)
=
\'ﬁ
7y
=
=}
ot
=
=
)
(o
8

e fdifatx*and f’ (x )# 0= x"isnota local maximizer/minimizer for f
The solution of the equation f'(x) = 0, if exist, are called stationary points of f

Eg.
J[‘[04pg)§ﬁ /ﬁ/")
JopE ol Lo pere

_]fgé (e. co0))
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X

5 I 2 ¢0 Wcz
Vw0 G- fef, ¢ </, j[&”)

m’l‘W‘f’>‘2W'/M/MWj

_

vvenpora pect)
fl[x); Z(Z;el_f)'(‘fx)= S (25" 7) " )
]fl[x):i_/ V4 w(2xt-t)e0 1650 Px=> [ZXZ‘/ ? xoxf2

5= 0,@}

wap k¢5y”fﬂtf{AMW/m‘%}’“é

We can generalize Fermat's theorem:

Theorem (Fermat generalized on R™)

f:ACS R™ - Rand x* € A interior point of A
If f is differentiable at x* and x* is a local mazimizer or minimizer of f on A then Vf(x*) = 0

NB:

f:A € R™ - R,x" internal point of A

@ f;p%é/ Fle X e st (s-of

/[Drg %%W ,e} ) W Lol
Je)- [ 6 267)] 2T
v 2k, =0 X, >0
2 9 o0 [hfﬂ = Zfo = J= {(0,0, ?}/
v - [ 0 ¢ 0] 2fy)we LR
0 o 2 Q (-101), V/F/Q); [-2 90] %0

Theorem (Rolle's theorem)
Let f be a real function continuous on [a, b] differentiable on (a, b) and f (a) = f(b)
At least a point Ax* € (a,b) s.t. f'(x*) =0

Proof
Assume that f is continuous on [a, b] differentiable on (a, b) and f(a) = f(b)
From Weiestrass theorem, two points x;, x, € [a, b] exist s.t.

m= f(xl) = min_ f(x)

x€la,b]
M =f(x;) = max f(x)
1.m = M: the function is constant on [a, b] = f'(x) = 0,Vx € (a, b)
2.m < M and M is an interior point = f is not constant on [a, b]
Suppose that x, € (a,b) = f'(x;) =0=>x, €S
3.m < M and m is an interior point = fis not constant on [a, b]
Suppose that x; € (a,b) = f'(x;) =0=>x, €S

:@ff[‘Ml —~4 f/*}x(kq)
Jomde, L2 Fomd= 00
f,%’/o« v = [-11)

o g Ceapa)or 4 (7= O

/ Myoadoo
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NB
Can we extend the Rolle's theorem in an open interval [a, +), (—oo, b] or (—o0, +0)
f conton [a, +)

f dif on (a, +o0)
f@) = lim f(x)

Limits should be equal

Theorem (Mean Value theorem)
Let f be a real function continuous on [a, b] and diff. on (a, b). Atleast a point
x* € (a, b) exists such that

pray =T ZID o) - @ = 6y -0 -0)

Proof
Let g be a real function defined on [a, b] given by

b
569 = 69 — [f()+f() . )]

That is g is the difference between f and the affine function such that its graph
passing through points (a, f(a)) and (b, f(b))

Function g is continuous on [a, b] (dif of cont. func. on [a, b]) and diff on

(a, b) (diff between differ functions on (a, b))

We have:

b
9@ = f(@ —|f(a )+&) f(a)

@-a)|=0

=0

g(b) = f(b) — [f( )+ZM(ZJ— )] fb) - f(a) - f(b) + f(a)
=0
Therefore g(a) = g(b) = we can apply Rolle's theorem on [a, b]: at least a
point x* exists such that g'(x*) = 0
The derivative of g is

' f(b) = f(a) , f( (b) b) — f(a)
{g(x) frx) = —a:{()f() PR
g'(x)=0 g'x)=0
b b) —
0= f(x) — f() f(a) 5 fx )_f(;_£@
NB:
Geometric interpretation of f'(x*) = f(b; Z(a)
1. f'(x") Slope of the tangent line to the G at x”
%—f@ Slope of the line passing through (a,f(a)) and (b,f(b))

) prosd g pord St
S e and Lf o L 03 junt Pkl
(L) - )
Dbl b P09 " ge—(-1)
g)(k 64‘ ‘6 => ><_ /d’L Kf‘fﬂ]

Zonet G791
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From the Mean Value Theorem we have two important corollaries.

x

a '3 x @ 4
Corollary
Let f be a real function cont. on [a, b] and diff on (a, b).
Then
Vx € (a,b),f'(x) =0< 3k € R:Vx € [a,b], f(x) =k
Corollary

Let f, g be real functions, continuous on [a, b] and differentiable. Then
Vx € (a,b), f'(x) =g'(x) © Ik € R:Vx € [a,b], f(x) = g(x) + k

)1

o D=0 and flo
@ &{f@%/mzwﬁ/wg sl Veel fld WLJET=0 wt /

,éf;f/ (k)
&//é/é fer et pellio > f 19 4L

S s A0 xR
[jpc))l [f”]

A - xqt‘K/ /(d‘z
f/)o)
1.

/4/7‘)«04# A~
A
Sy bt 4 HC

ot > 7—’;0*[:7é:7

g7 ek

Theorem: generalization of Mean Value Theorem
Let f be areal function. If f is n — 1 times continuously differentiable on
[a, b] and n times dlfferentlable on (a, b) then 3x* € (a, b) s.t.

k () (4%
- f QP Al P

fb) - fa) =

k=1

n=1:fb)—f(a) =f(x*)(b—a) .
n=2:f(b) — f(a) = f'(a)(b—a) +Ef”(x*) - (b —a)?

Monotonicity and differentiability

NB:
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f is increasing on (a, b), Vx4, x, € (a, b)
X <x = fxg) < fxz)

f is strictly increasing on (a, b), Vx4, x, € (a,b)
x <%= f(xg) < fxz)

f is decreasing on (a, b), Vx4, x, € (a, b)
X <x2 fg) = fx2)

f is strictly decreasing on (a, b), Vx4, x, € (a,b)
X <x3 = fxg) > f(x2)

Proposition:
f differentiable on (a, b) with a, b € R
f is increasing on (a,b) © f'(x) = 0,Vx € (a,b)

Proof
=)
Assume that fis increasing on (a, b) and let x be an interior point of (a, b)
Vh > 0,we have f(x + h) = f(x). Therefore we have
positive
+h) — +h) —
fEHW) =) | g LETN D S 0o
h h—0+ h h—0*
posﬁive
. flx+h)—fx) ,
L= Y Jduv s >
:>hll,r(r)l+ A >0=f'(x) =0
(ﬂ(x) =fl(x) = f’(x)) therefore Vx € (a,b), f'(x) =0
© i
Assume f'(x) = 0,Vx € (a,b),a,b € R
Let x4, x, be two different points of (a, b) s.t. x; < x,
NB: f dif on (a, b) = f dif on [x;,x,] = f is continuous = We can apply
the minimum value theorem to f on [x;, x,], 3x* € (1, x;) s.t.
ooy L) = £ )
Fan) = L;B_Tl > 05 £(x2) = () 2 0= £(x2) = f(31)
1
>0
And f is increasing on (a, b)
Proposition:

f differentiable on (a, b) witha, b € R
f is decreasing on (a,b) & f'(x) < 0,Vx € (a,b)

Proof
=)
Assume that fis decreasing on (a, b) and let x be an interior point of (a, b)
Vh > 0,we have f(x + h) < f(x). Therefore we have
negative
+ h) — + h) —
Fern—1G _ . G+ =@ _
!.l.: h-0t h h—0
positive
. flx+h)=f(x)
S A = "(x) <
=>hll)n01+ A <0=>f'(x)<0
(f+’(x) =f'(x) = f’(x)) therefore Vx € (a,b), f'(x) <0
)

Assume f'(x) < 0,Vx € (a,b),a,b € R

Let x4, x, be two different points of (a, b) s.t. x; < x;

NB: f dif on (a, b) = f dif on [x4, x;] = f is continuous = We can apply the
minimum value theorem to f on [x;, x,], 3x* € (x1,x,) s.t.

) = &‘;3:% <02 f(x) = f(r) < 0= fx) < f(x1)

>0
And f is decreasing on (a, b)

ﬁ%‘) /ﬁ;ﬂaﬂ/fﬂ/: x5 /ﬁgc/(/e)
7['0): Pl b
WWWW%W /'[x}%o

xzo
x>z K2
. '>{Y&OM A [z
- -2)? <
3,2 be20 =0 5)4/:—3)%0 > wlx «2> @ €2

L. (-= 0] A/C],"”’)
mw«a’“‘/ ~
S 5 demiy = £4°3

-2
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Proposition
Let f be a dif. function defined on (a, b), with a,b € R
f'(x) > 0,Vx € (a,b) = fis strictly increasing on (a, b)

Proof
Assume that f'(x) > 0 for any x € (a, b)
Let x4, x, be a pair of points of (a, b) with x; < x,
f is dif. on (a, b) = f is dif. (and continuous)on x; and x,
= we can apply the mean value theorem to f on [x, x,]
Ix* € (xl,xz) s.t.

Frxt) = f(x2) f( 1)

>0
And fis strictly increasing on (a, b)

> 0= f(xy) = fx1) > 0= fx5) > f(x1)

Proposition
Let f be a dif. function defined on (a, b), with a, b € R
f'(x) < 0,Vx € (a,b) = fis strictly decreasing on (a, b)

Proof
Assume that f'(x) < 0 for any x € (a, b)
Let x4, x, be a pair of points of (a, b) with x; < x;
f is dif. on (a, b) = f is dif. (and continuous)on x; and x,
= we can apply the mean value theorem to f on [x, x,]
3x* € (x, %) sit.

Fi(x®) = f(xz) f( 1)

>0
Andfls strictly increasing on (a, b)

<0 f(xy) — flxg) < 0= fxy) < f(x1)

@_} f(O coo) =L J U - /é[((af-oo)
‘K—A( 4—41:
o bt g
f'/’()ZO w;g > g la K PO T laxzef => 2
}%MM(’MJM N e
J[ MWW{Q5)M$WM/€M”/
n

. 4*} ~ » &X -3
Lot w2 (8P g plofer) 255

J[“(K)* x !

Proposition:
f:A S R - Rand x; € A interior point. Point x is
1.A local maximizer of f on A4 if 3B, (x,) s.t. f is continuous at x, and differntiable at x € B,(x,) — {x,} with
X <xo <%= f'(x1) =0 f'(x3)
Vxq1,%5 € Bg(xo) n A.
X, is strong local maximizer of f on A if the inequalities are strict
2.Alocal minimizer of f on A if 3B,(x ) s.t. f is continuous at x, and differntiable at x € B.(x,) — {x,} with
X <Xg<x32 (%) <0< f'(x3)
Vxy, X5 € Be(x) N A.
Xg is strong local minimizer of f on A if the inequalities are strict

Proof
1)
Let B(xo) = (xo — & xo + €) be a neighborhood of x, with radius £ > 0
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Letx € (xo —g xo] be any point of x € B, (x)
From the mean value theorem, a point 3x* € (x, xo) s.t.

&;Z:# =f'(x) 20> f(x) — f(x) = 0= f(x0) = f(x),Vx € (x¢ — & x|
L _C 20
Letx € (x(:oxo + €). From the mean value theorem, a point 3x* € (x, x) s.t.
&)‘zz:i—(x) =f'(x)=0 :>f(x0) —fx)<0> f(xo) < f(x),Vx € [xo,xo + e)
~—— <0

>0
Therefore, Vx € B, (xo),f(x) < f(xo) and x, is a local maximizer of f on A.
2)
Let B(x9) = (xo — & x¢ + €) be a neighborhood of x, with radius £ > 0
Letx € (xo —g xo] be any point of x € B, (x)
From the mean value theorem, a point 3x* € (x, xo) s.t.

&;Z:# =f'(x)=0> f(xo) —fx)<0> f(xo) < f(x),vx € (xo - s,xo]
@2 <0
Letx € (x(:oxo + €). From the mean value theorem, a point 3x* € (x, x) s.t.
f(xo) - f(x)

f (x)=0 :>f(xo) fx)=0 :>f(xo) > f(x),Vx € [xo,xo +€)
¢" S0
Therefore Vx EB{( s) o = f(xo) and x, is a local max1mlzer of fon A.
4"" -1 Sl
/n M“ﬂﬂ(%”‘/e {a}[ﬁn 4_1—/(») A« A

:M[O) Vee B (2) X xep
x,£ 0K ’)gk‘>07 7 /(’(){

lo vr0 & aboal worsf =K

T alils st e 5o 5 Ty Loaal AL e of oK

xzo

Corollary:
Let f:A € R - R and x, € A interior point of A
Point x; is said to be:
1. A local maximizer of f on A4 if EIBE(xo) such that f is differentiable with f’(xo) = 0 and
X <xo <%= f'(x1) =02 f'(x3)
Vxq,%y € Bg(xo) N A. x, is a strong local maximizer of fon A if the inequalities are strict
2.A local minimizer of f on A if EIBE(xO) such that f is differentiable with f’(xo) = 0 and
X < X9 <X f'(x) £0<f'(x)
Vixy, X, € Bo(xo) N A.x, is a strong local minimizer of fon 4 if the inequalities are strict

DR Fle)- x>~ Ix? /f((l] 7//(’() Ix2-6x
@ / ’/ [ . S-= {02} M(fj x5 ne'la MW/M//IM-

,//[x/=0=> Sxi—bro=> Sx(x-2)%0 =

] <o => (<. /O/f(x,
| 055[0)/:”0{ Xo20 B Mmglfm ﬂam/ﬁmm,@ f/ﬂ)o

< }(z
o {“WNM o oy

V&,xzéf’)’,[l)lmvt x:2 & MW%}WK k b wiin

bt i (2

Corollary:

f:A S R — Rand x, € Ainterior point of A.
X 1s a strong

1. Local maximizer of f on A if 3B¢(x,) where f is diff with continuity 2 times at
xo with f'(x) = 0and "' (x,) < 0
2.Local minimizer of f on A if EIBS(xO) where f is diff with continuity 2 times at
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Proof
1)

f'" is continuous at x,, therefore lim £ (x) = f"(x,) < 0
X—-Xq

From the permanence of sign theorem, 3B, (x,) s.t.
f"(x) < 0,Vx € B.(x,).f' is strictly decreasing on B, (x,)
From the Mean value theorem of f on [x;, x,]| with x;,x, € B, (xo), Ix* € (xl, xz) s.t.

F1(x") = f(xz) f( 1)=>f(x)>f(x1)

and f is 1ncreasmg on (a b)
2)

f'" is continuous at x,, therefore lim £ (x) = f"(x,) > 0
X—-Xq

From the permanence of sign theorem, 3B, (x,) s.t.
f"(x) > 0,Vx € B(x,). f’ is strictly increasing on B, (x,)
From the Mean value theorem of f on [x;, x,] with x;,x, € B, (xo), Ix* € (xl, xz) s.t.

ey =TI |y <
@ anﬁf@s_d%reaﬁlpg)on)éal b)
jéﬁz(ﬂ) F e ax J O
][ (H=0 =>x-0
"(,,);0

j N
e, f)EF () X0 @/Zzzz pir f ) R
Fohon fo) s feltl
/r '(K); 3% }x’fﬂ(/c)—‘ 6x-6€
i /'(,c)-_a =7 ’7[552 = 5 fo]

f’/(ﬂ) 064 co= ’f‘aua&w%/

S Dy

VB /ﬁa(/o Acp | Joko (xae s pitof f)
ad }(¥]z02 o torclltiin. bt natie of k"

Proposition:
f:(a,b) > R differentiable on (a, b) with a,b € R
Xy € (a,b) is
1. A global maximizer of f on (a, b) if
Vixy, %, € (a,h), % < xg < X3 = f'(x1) = 0= f'(x;)
2. A global minimizer of f on (a, b) if
Vxy, X% € (@,h), % < x0 <% = f'(x1) <0< f'(x3)

) ]t:(om)»ﬂ, P9 Em S sl (o)

x—&mxf q- tux

/ﬁ (xc = 2

1 -AX —4‘ ZO=>
JACEE f/’ o

4‘):5{:) /éf-%é > x<l

¢
- +——— -
Ll + o . - (0,“’")
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De I'Hopital rule

. . . - 0 +
We use this to calculate limits with indefinite forms 5 and ==

i £ _
x=%0 g(x)

8[8clo

Theorem De I'Hépital rule
f,g:(a,b) - R differentiable on (a, b) witha, b € R and g'(x) # 0 Vx € (a, b) and

lim fT(x_) = L € R with x; € [a, b]
xX=x0 g (x)
If either lim f(x) = lim g(x) =0or lim f(x) = lim g(x) = o then
X-Xo X—Xg X—Xo
lim f @ =L
X=>X0 g (x)

Side note: Limit of the difference of derivatives is the same as the difference of the original
function. If it doesn't work with f', we just take f", f""' and so on

@ ”a_x_w/*, d,,//m,

o
[():y,w'ﬂ)( /[x) Mxe'x w@sx 4’“ D KA =

2x & o
_ L x ZxC x=0
Fore '7() e I AL =2 ] Lo

2[ & o x2x € 1
k20

X / 2
@f’ éﬂ x e 2005%-2 W/”' o
%>,
_ax’ <
)D’[ &M 2):24("')‘,? <z

=70

42*

I
[ x>0 2° z““
U) 2ux 9
.2
f /é’,.: 246 X 0
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/")/ Y 2 12 =L

X0 2695%

o
o

— =12
w e 20052
x>0
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Chapter 29: Taylor's polynomial approximation

lunedi 4 dicembre 2023 11:32

f:(a,b) > Rdifatx, € (a,b), then 3B.(x,) where we can approximate Gy at x, with
f(xo+h)=f(x0) + f'(x0) -h+0(h)ash >0

or errorof W«&
flx) = f(xo) +f’(x0) . (x—xo) + o(x—xo) asx - xg

Linear approximation of f at x,

- |-

Target:

we want to approximate f in a neighborhood of x, using a polynomial function with degree n
n =1 - Linear approximation
n = 2 - Quadratic approximation

Definition
f:(a,b) — R has a polynomial expansion of degree at x, € (a, b)
if a polynomial function p,,: R — R exists with degree at most n such that
f(xo +h) =p,(h) +o(h)ash - 0
With xy + h € (a, b)

NB
Linear polynomial p;: R = R,p;(h) = a¢ + a4 h
f(xo +h) =ag+ah+o(h),h-0
Quadratic approximation p,: R = R,p,(h) = ay + ah + a,h?
f(xo +h) = ap + ayh + azh? + o(h)
Lemma:
f:(a,b) > R has at most one polynomial expansion of degree n at each point x, € (a, b)
Def:
f:(a,b) = R ntimes differentiable at x, € (a, b). The polynomial T;,;: R — R of degree at most n given by
1 1
To(h) = f(x0) + f'(%0) - h + 5f"(xo) “h% 4+ mf(">(x0) - "
54
T@_zf(o
Is called the Taylor polynomial of degree n of f at x,
NB
L fO=¥f

Xo = 0 = The Taylor's polynomial is called Maclaurin’s polynomial

Zf(k)(o)
} ﬂ"p }[{"} X+ 5 , %=° fg[zﬁa) j(a); 0.0
_} () 1.€% xe* ({w)g I T

/f”()'): 1€ (1€ (2+)f = (j;o}t 2
e Jor Joh T

LY
= 0¢1-4¢ ‘f»L' xex® E(X);X“
=

NB
Xg=0h=x

1 1
TaG) = £0) + 1(0) * x + 5 £ (O)x? + -+ — F (0"

@ f < C )
At X i, =0
j({) R 1’ X
T, (P //")"f(a)x - f/)

[ﬂ)‘1
./[f{r)— 4 onf % 7“")

</

1,
.-’/z Yoot 4) -
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Jf[ﬂ) 1

- %(nx}' = ;010)- % 1
_J/j'[[w)— [ )@fk) = /[(”) (4) o

T:(x): 1+ éxr— ﬁ'(’;)"z_

Theorem: (Taylor-Peano)
f:(a,b) = R ntimes differntiable at x, € (a, b).
Function f has at x, a unique polynomial expansion p,, of degree n given by
pn(h) =T.(h)

Proof for n=2
Let xo € (a,b)
Assume f is twice differentiable on (a,b)
Let ¢ be a real function defined on (a, b) given by

¢:(a,b) = R,¢(h) = f(xo +h) = f(x0) — f'(x0) - h—5; ”(xo) h?
That is
$(h) = o(h?)
And we want to show that
$(h)
W hz =0
Function ¢ is differentialbe and its derivative is

1
¢'(h) = f’(xo + h) -0 _f’(xo) -7 f”(xo) “2h
= f"(x0 + 1) = f'(x0) = hf" (x0)
f and f' are continuous at x,, hence ¢ and ¢” are continuous
lim ¢(h) = ¢(0) = O and lim ¢'(h) = $'(0) = 0
Using the de 1'Hopital theorem, we have:

P
>0 2h h-0 hZ

We have

lim = lim lim

o) [f (o +h) = f'(x0) —h- f”(xO)] 1 |f (o +h) — f'(x) _h-f"(xo)]| _

h-0 2h h—0 2h

" [f CEDEV{COIpS )]

2 h—0 h

—‘[f"(er) f"(x)] =0

Zh—vl)
We have
$'(h) e
lim —- —OERﬁflllll(l) ) =0

h

NB
From this theorem, we have:

AIED)
kl

Flxo+ k) = Tu() + o™ = 2 %+ 0(A™)
k=0

Important Maclaurin's Formulas
2 3 k
x“  x x™ x
X — - i ny — k
1. e*=1+x+ +—3'+ + +o(x) —k!+o(x)
k=0

n

x3 5 x2k+1
2. sinx = x —— + oo +o(x?*1) = kzo(—l)km + o(x?"*1)
2 4

3. cosx=1 —f—+x—— o+ o(x?) = Z(—l)ki+ o(x?")
: 21 4 2!

x2 %3 o n X1
= —— 4. —1)yn+1 2 ny = _1\k
4 In(L4+3) =2 =S+ 2k (1) n+o(x)_;( 1

+ o(x™)

Substitution principle:

e =14 (2x) +—

=1+x2 4+

()
()

— 4+ 0(x?) =1+ 2x + 2x% + o(x?)

+o0 [(xz)z] =1+x2 +x7+ o(x*)

Proposition

f:A S R — R ntimes differentiable at an interior point x, € A with £ (xo) =0foranyl <k <n—1land f® %0

We have:
1.Innis even and f™ (xo) < 0 then xj is a strong local maximizer of f on A
2.In nis even and f™ (xo) > 0 then xq is a strong local minimizer of f on 4

3.Innis odd then x, is not a local max/mini of f on 4; f is

increasing at xo(locally increasing)if f™ >0
decreasing at xo(locally decreasing)if f™ <o

(2) SRR FO FeC W
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