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This handout is written by students with no
infention of replacing university materials.

It is a useful tool for studying the subject, but
does not guarantee preparation as
exhaustive and complete as the material

recommended by the University.
L




Probability Calculus

Proofs, Definitions and Theorems

These notes have been compiled by Luca Penouel as an additional resource to aid BIEM
and BIEF students of the Mathematics 2 course (30063).

You will find the proofs, definitions, and theorems listed in the official syllabus for the
academic year 2024-2025. The versions of the proofs/definitions/theorems contained herein
may differ from those found in the official course textbook; they are adaptations that
combine elements from multiple sources to enhance clarity and understanding, while
(hopefully) maintaining mathematical correctness.

Please note that this handout IS NOT intended to replace the official course materials. It is
provided merely as a supplementary tool to assist in your study and understanding of the
course content.

The notes are not in its final form; updates and corrections will be applied as needed. If you
notice any errors, kindly contact me privately so that I can make the necessary revisions.

For the most current version of these notes, always access the document via the shared drive
link. Avoid downloading the PDF directly, as updates will be posted periodically and
downloading may result in using outdated material.

Updated: April 25, 2025
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1) NONOTONIC\TY OF WERSURES , .

STATEMENT:EVERY HEASURE 1S HONOTONE

PROOF: (oNsIDeR TWO suBsETs A Ad B of 1L witw A cB.
DEFINE C= B -A ,5mceE AcB® We khow B=CUA anwo CnR=¢

SINCE I 15 ADOVTINE AND POSITINE WEe JAve-
@ =pn (C URA)= () + w(R) 2 R (A | 5o K(B)zw(R).

2) TOTAL PROBABILITY houe

STATEMENT: (oNS\DER B MeASUAE R 2% [o,wo), T WOLDS:
kAgr) = pWrpr - (AnB) ¢a,8 cn

PROOF: leT AR c N weunve: A-(a-B)uvlaoe) aw (a-B) n(Ane)- @
SINCE P15 popiTivg B (A) = e (A-BY+ (A a®), so n (R-B) = 1 () -r(AaB)

S\WMILARLY BY Temcudneine A ano® - w (B-A) = r (R)-p (An®)

Now wnsioea A UB = (a-BYuvlaax)u (6-9\ , \WWICWH ARE TUREE
PAIRWISE DISJIOINT SETS , SO BY ADDATWITY:

flaue) - wla-8) +  (AaB) + - (B-R)
k(auB) = k (A -1 (Ane) + ( (Ane) +ple) - (AOB)
R (AuB) - p(a) rpr(e) -t (Anw)
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3) PQDBRB\L\TV OF Tht CD“?LE“E“T(ioga\)

STATEMENT: (wew A ¢roeABIL\TY Yehsope P: 9%-» LO.A,
N Ae 2™ we dae - PR - 4A- P

PROOF: swmee AUR =1 awo AnR-g oY AooTwWITY:
PAuA) - P(a)«P(A) Awo smce P (RUR)=A T BE oves
A< PR +P(RS) => P(a%)- 4-Pm

h\ S\WP LE ?\"\OBQB\L\T\E$ AS SO\ OF ©O\ARAC
PROGA B\ L\TI\ES ™ (2052)

STATEMENT: |ev P. 9™, [0 4] BE @ SIKPLE PROBABILITY WERSURE
Foa eAca evens A: PCA) - £ P(@& &)

wesore P

PROOF: IT (S ENOUGR TO SKOW TRAT : é P(&—_é\?(@gw(m

wesate P we sopre P

 SMce we kwow TRAT P (M= £ P

. Teel T FO LLowS TWAT:
wef N sore ©

PLAY - £ PO (A pS pes\mED.

wesere P
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5) S\WPLE PROBAB\LITIES ARE C(OUNTABLY aoow\\ze I
206%

STATEMENT: S\UCLE PROBABILITIES AGRE COUNTRABLY ADDITINE.

PROOF: i) WE BEG\WN Y PAONMING TRAT A O\eAc PROBABILTY Smo
15 WONTABLY RAODDITINE, WONSIDER A (OLLE CT\0W

OF ENENTS gg,ﬂg,\m‘n—\ Arm | A. WE HANE TWO CASES: We e A on

We ¢ A, 10 THE FIRST CASE WE HANE Wo e fAm Ym 6N | AND 10 PAATIE
COLAR  Swe (AMY=4A Nm=4, PROVING THAT %Sm. (A =4 = Su. (A).

(M TRE SECOND CAse I M =24 SUCH THAT o ¢ A. Vm=m AND 10 PAGTI =
WLAR S, (AW -0 Nm=a , pacvinG Tuat %5@,((\»\ =0 = S (R).

WE  WNLLWDE TART Sy, 15 WONTABLY ADDITINE.

WITHR W, € )L

'\i\ Now et P:2™>[(0.4) BE A SMPLE PROBABILITY. \WE kNOW
s PLAbLIR yacq
N\

Tuat P-4 Prwd) yac . n wwen pewves: P(A) -
we A nsoreP wes

NOW TAKE A (DUNTABLE C(OUECTION OF EVEWTS § AnYy wWTH ALl AL
S\N(E  EAMA D\RAC PROBABILITY $y 15 (DONTABLY ADDITIVE WE WANE

fow P (0L = fo 2 PE 608 = £ PO fim S () =

m wesuepP w e suep P

= 4 PCad 5 () = P (8)

we soee P

SO, S\NC(E LWN\; P(Am) =P (A), Pis countABLY ADDITINE.
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(,) CAAAACTER\LHTION 0F S\HPLE PROBABLITIES

(20%0)

STATEMENT: (ex P:2"-(0,4) BE A SIUPLE PROBABILITY.
TWO AANDOR VAMABLES «Y,}-._r).»\R ARE €QUAL P-a.2. /—>
N We soep P we uwave X(uﬂ: g (W)

PROOF: “\g" et J{(m o ¥we sorPP.  THEN suef \’sK'Qw%\
AND SO, BY THE MonoTOoMICITY ofF © WE WaNE ?(«Q,%\=»\.

“onty € " soreose © (4- 3% A, THEN WE know Twat suepPe UL%\
Thenerfore '? (W) = ?(w\ Nwen

¥
Tl\ SAHE ERPECIED NAWE (4o

STATEMENT: et P:2% (0,4 BE A §IMPLE PROBABILITY.
JE TWO RANDOR YAMABLES ¥,3zn—>\R AnE EQUAL P-a.2. Taepn

PROOF: s\nce J(;Z ARE €QUAL P-a.£. we WANE TWAT
() = 9w ¥V we supPP, THEREFORE WE (oMCLUDE THAT :

Eo(d) = £ faPin - £ 3fes < Ep(

we soee P we soee P
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8|9/ 40) PROPERTIES OF E% PECTED WAWE (4040

STATEMENT: (T P:2"5(0,4] BE A s1MPLE PROBABILITY.

FOR ALL MANDOW \AMABLES «?‘3-._(1->\R WE WAVE -

') Er (a lerg)- 2 Ep(f) +PEp () Y a,PelR
W EeMN=2Ee(y) « 429

Vi1)Ee (1) - éﬁq’?m\Pcm ® EVENT B s siate ano cowthns soep P

PRoOOF:

V) v «,PelR we wave: Ep (42*9}\ éw&f‘ Q(m:«&g(wﬂ Py
= “ésc;g(m) Pross ¥ pésn?r(w) Peor = “ EP(‘Q)* PE?(%\

\\) LET /Yz f?(ub’j(uﬂ NVoe N . As P20 we uave THAT
(P> 2 ?(o.ﬂ Plod Y €N wWith 10 TORN \MPLIES -

é ’?(wSP(w) = é%(mﬁp(wl == > E?(«?)

wesoee P wesoee P E? ¢ %)

i'\.l) LeT P 2E A Tl TE EVENT withH surrP e B e know TWAT
Pwd=0 Ywel wite w ¢ soee P, so:

é X(u:\P(mB =l é, Y(w\P(uﬂ => Ee (Q) = é’eg/?("“\P("h-

wesePe P
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AA[42) PROPEMTIES OF NARIANCE (10z0)

STATEMENT: (et P.9° 5 |R BE A SIMPLE PROBABILITY .
‘vl CANDOMY  JAQMABLE : N1 ->lR \T woLps:

) Ve ()= Ep (4H) -E. )
W) Velwdsr)= «*Vp(d) VareR
PROOF:

2

1) Fom ERCW we N - (en-Epd)) = R(w\l-lxcw\ee(“* EelRY
AND BY DEFINMITI\ON OF WOVAMIANCE  AND LIKEAMTY OF TUE EXPECTED VALUE -
Ve ()= Ep (§-E¢ ()

(D =Eo (-2 (D ]+ Ee (D))

() =Ep(R%)-2E, (R)-Ep(R) + Ep (1)

() = Ep (82 -E, (D)
AS ©DES\RED.

i'\\ BY THE LREAMTY OF THE EXPECTED YAWE , Ywe N we WAvE:
2 2 9
(o fewnsP-EplafsP)) = « (2l -Ee(R)), wwmicn eewWes:

\]P (4+®)= Ep (x’?*@-E‘:KeL2+(:.)\1=
(= €p (2 (4-€p (1)
(2) = L*Ee(R-Ep ()
(3) = o* V()
AS DESYRED.
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A3/ 4AL) PROPERTIES OF C(ONARIANCE (5082)

STATEMENT: (et P.9" 5 |R BE A SIMPLE PROBABILITY.
N rANDOM \ARABLE g L=>IR v woros.

V) Cove (Rg)=Ep (£3)-Ee (A Eelg)

W) cove (ada® ygrs) = a Y co(R3) Vu®,x s R
PROOF:

\\ ¥ we N

w(w\-Evuﬂ (%(m\-EP(%)\ = ‘f(w) g () - Q(un Ee (%)-E?(R\%(N\-\-EP(Q\EP(}\

AND BY OEFIRITI\ON OF CONAMANCE AND LINEAMITY OF TRE EXPECIED VALLE -

CoV (£.9) = Ee(fg-Eplgnf - Epl)g + Ee(NErg))
(4) = Ep (2‘3)-1E9(45Ee(3ﬁ\-€pbﬁ€v(y\
o =

Er (£9) - Ee () Eelpd
AS DESIRED.

11) BY THE LINEARYTY OF THE EXPECTED VALE, Y we Nl we wave:

(v( /?(m &?-prﬂ&@\\ L‘\'%«(m\ s -Ee(Y3 . 3)): oLYU((m-E?Uh\('3(‘»\-&(33\

BY ODEFINV'TION ofF (OVAMANCE WE HANE :

CoV?Ke(R*@, Xy 4 §) = Eo(lalsBoEp(afse) (Y}*S-’E?(Y} +9\3

(D = Ee (ay (R-Ee 8N (g -Ep ()
(D) %Y CoVp («?,3,)
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A5) VAR\ANCE OF A SUM (505

STATEMENT: (et P: 25 |R BE A SIHPLE PROBABILITY.
YV rANDOM \ARABLE «?,cz,: N ->1R v wolos:

\]? K'Q‘\-%\ = \/‘a (1) + \/9 L?\ X2 COVP (’?.3’)

PROOF: BY THE LINEAMTY OF THE EXPECTED VALUE AWD ©Y

Ve (Beg) = Eo (Rug-Eo(frg)

(€] = Ep (( ‘Q-E?L’.‘?)\ + (% "E@ (?\\Y‘
() = Ep(£-Eel)) + Ep (g Eplg) + 26 (A-Ept) Lg-Eel5)
(3) = Vo) + Ve (g) £2 Covp (R,y) AS DES\RED,

L]
Ab) COVARIANCE 15 BOUNDED (1080

STATEMENT: (e P. 2% 51R e A SINPLE ProdABILITY . Y RAwDoH
vaaRretes f g0 - R: |cove (g £ op (£) op (3)

PROOF: (T s50pp P = { ... w.| BE THE sUPPORT oF THE SIMPLE PaoeAaILITY T
FIRST, ASSUME THAT Ep(4)= Ep(gp=0. N i=11.m sex. %= fwnTPn
AND 4 = y(m:)‘*?(wzs AND BY THE CAUCHY SWARTZ INEQUALITY :

‘ Co\!p(f,g)\ = mé-mi(“’) g (0 Plwy = | é *“5‘| = Ix gl 2 il

=VZ. (“Li'\’?)’. -Vg,(%:’u?)l=_vz yﬁ: P; -VZ %?p.‘ -

=_V é P Peanr -Vé, YNPd = o () s (9)

we sope P we sope P

THIS PRAOVES THE THES'S WHEN EF(Q\-.E?(%:o. \N THE GENERAL CASE,
sev 4 - ?-Ep(fl) AND §= 3—69(3,\, As Ep(§)=EP(§)=0, ®Y WHAT We
JUST PROVED WE WRAVE : \Co\:?(?.ﬁr“ec}(f) oo (§).

BY PROYE ATIES OF UARMANE AND CONARIARCE @ cp(f) = op(R), opl§) = cply
AND cove (£.3) = Covp(£9). WE conClupE TWAT THE THESIS WOLDS

RANCOH VAmAete g :n—>IR.
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A1) DISTRBUTION FURCTION 1S INCREASING (1oss)

STATEMENT: TUE DISTRIBUTION FUNCTION & R — Lo, Al s WC =
RERA S\NG.

PROOF: Lex «, 9 €IR WTH 9=2x, CLEAARLY Lfé )QU(/_-@,
Shace P 15 wonoTone Tms meLEs: & 0= P(fex) 2 P(42y)=8
SHOWMNG THAT & 15 \WCRERSING.

*

418) D\STRIBGUTION FUNCTIONS OF ESSENTIALLY
BouNDED R.V.S. (2093)

STATEMENT: ¢ X:.D.—>IR 15 ESSENTIALLY BOUNDED, 3 SCALARS
o, AND b SUCH THAT: 2. (=0 Vxeco ano oy=4 V¥ xzb

PROOF: et Qee ESSENTIALLY BOuNDED, BY DEFIMITION I m KelR
Wtk Plmedon)=4 now et wem, we nave: (Fex) nlmefen)- g

AND S0 = P(fex) =0 . wow teT x>HM, we Have :(m< fen)e (£2%)
AND 50, BY THWE wonoTonmcaty ofF P We HAVE:

A2 F (0=PUex)2Plmclan)= 4

SO, L =4. NOW 1§ We 58T b= H AWD TAKE AMY @ 2m, IT ROLDS
TRAT B »=0 VY xza aw =4 VYxz=b, As DESIRED.
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A9) CONTINGOUS DENSITY FUNCTIONS PROPEATY 4 (n09u)

STATEMENT: |ET & ©E A DISTRIBUTION FUNCTION WITH A CARAIER
La.b). & & WAS A CONTINUOUS DENSITY FUNCTION B THEN:

¢(x\=0 Vx¢[Q,L]

PROOF BY DEFNITION, 4 - S¢(0¢lt UYxelR. Now st 22b.
SINCE S¢me = S¢Jx =4, We Have Sy!ooix-o Vzzb.

WE khNow @(t)=0 Vbetez. Since 2 whs CHOSEN ARBITRARILY, \NE
CONCLUDE THAT @ (2)=0 Vzz2L. A SINILAR ARGOMENT SHOWS TWAT @ (2)=0
Vzcza.

*
20) CONTINUOUS DENSITY FUNCTIONS PROPERTY 2 (4093)

STATEMENT: A DISTRIBUTION FUNCTION _&  WITh A CARRIER [q L]

HAS A OMIQUE (ONTINUOUS DENSITY FUOMCTION & £=> 1T i3
CONTI NUDUSLY DIFFERENTIABLE AND M THIS CASE: Y = &

PROOF: Tue STRATEMEWT FolLLOWS |MHEDIATLY FROW TUE
APPLL CAT\ON OF TUE (ARAOW - TORAICE LLI TWEO REW.
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24) EXPECTED VALUE AS STIELTIES INTE GRAL (2099)

STATEMENT: (ex P. 9. R ee n SIHPLE PROBABILITY, V
RANDOM NARIPBLE J{..r).->IR. Ee (D)= S"JI(’Q WHERE [a la] 1$

A CARRIEAR OF & .

PROOF: (et soee () - Stwq,uu, wm’g AND SET ((mh\ = Xk,
ASSUNING THE NALUES ARE DISTINCT. NOW LET YXa sl X, ... & Xm,
S\N CE [Q,L] (S A CARRIER => & <X, AND Xm &b So WE WANE

Plwd: P(2-x) awvo Eq(f) = Z L (wny Pl = é: % P (4-x4).

k=a

Now since Plis countABLY ADDITIVE, Yk we waue TUAT

P(’(’ Xk\ E(%Q Ln.i(ﬂ ¢o E (‘?\ é Yk (:trg_(xk\ L,\,I(x\3

k=4 R=2 Xy

T () 16 WCRERSING AND @GWT (ONTIHUOVS | 50 THE ABOVE 16 EQUAL TO
THE STELTIES INTEGRAL, WWERE @ LY, L ¥Xm £b | THEREFORE :

1
SN (- é\(kKI(Xk\ QMME(,‘\) = S% dE

k=4 X=X
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DEFEINVTIONS

SET FURCTION DEFINITON (, . .

A SET FuncTIon f: 97=51R (5 A RULE TWAT ASSOCIATES TO ERACK
SUBSET A oF N ONE, AND ONLY ONE, SCALAR M (Q).

SET FUNCTION PROPE ATIES DEFIMITION ()50
A SET FUNCTION P: 2 =R s

4\ GROUNDED & M(g)=0

2) ronTeE F M (A)zo Y A

3) MonoToNE F M (A) 2 M (R) waes AcB®

4) RPOITINE 1E M (AUB) = (A) &+ 1(®) WaeN A 0D = ¢

£) NoamaLized M) =4

MEASORE OEF\NITION (4649)

A GROUNDED , POSITINE, AND ADDITIVE SET FTOMNCYI\ON \S (ALLED A
NEASURE, \N THIS (ASE WE WR\TE : ﬁ“ Tﬂ_’ [°"* 0").
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PROBAGILTY HERASURE OEFIMITION (404¢)

A NORMALIZED WEASVRE 15 CALLED A PROBABILITY MEASURE , IN THS

ase  we wpte P 9?5 [0, 4],

S\HPLE PROBABILITY DEFEINITION (2003

A PROBAGILITY MEASURE P: 2% —[0,4 16 sivete ® 3 & swave
ENENT E seex taat: P (ed=4A

COUNTABLY ADDITINE PROBABILITY DEFINITION (4,¢9)

A ProBARILTY P:2%5(04] 15 COUNTABLY APDYTWNE \€:
o0 o0
e (G- Zewn
RANDON VARIABLE DEF\NITION (..

A ReAL VALUED Funetion ‘?z f—>IR DEFINED O\ A STATE SPACE S

CALLED A RANDOM NARVABRLE,

P-o. RANDOM VARIABLES DEFINITION (h069)

Two ANDOM VARIABLES {),3:_0_->1R ARe EQoAL  P- ALnost
gler Y were  waes P (wen. ?(w\=3(w\l=»\ O MORE COWPA CTLY

waen P (f-9)=4
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EXPECTED NALMWE OECIMVTION (403

THE EXPecteP UALUE OF A RANDOM UARIAGLE Je.o.w\R Wit AEsPecT
TO A S\MPLE PROBABILITY P 1s THE QUARTITY: E (9). £ fenfw

we soPPP

VARIANCE DEFINATION (, .

TUWE NAMANCE oF A (ANDOM \ARIABLE Q.n.—>\R WTe  AesPect TO A
SWWPE PROBABILITY P 15 THE QuanTITY \/(4)- LEe(1-cny)

we soPPP

ST ANDARD OEVMIATION DEEIN\ITION

THE STANDARD DEVIATION 1§ THE SQUARE ROOT OF TWE
VARIANCE AND 1S DENOTED BY sP('?)= '\I\I,,U()

CONARIANCE DEFINVTION (5,540

THE COVAMANCE OF TWO RANDOV VARABLES ? P -2 R WiTH
AESPECT TO A S\MPLE PRoBABILITY © 15 THE qoqmr\-y

Cove (£9)= Ep (2-Ep(0) - (g - Epegn)

COHULATIVE DISTAIBUTION FONCIION DEFINITION (404

THE COKOLATIVE DISTRIBOTION FUNCTION OF A GANDOM VARIABLE Q;.n.—>\(2
15 THE FORMCTION B (n= P({ex) YxelR,
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ESSENTIALLY BOUNDED RANMDOH \(ARIABLE oevm\\'\o.(a \
2092
A RONDOM VNARWRGLE Y:_n_-ﬂ@ 1S ESSENTIALLY BOUNDED \® I

scathrs o, M e IR socw wuat Pl 2 fam)=4

INTE GRABLE DEWSITY FURCTION DEFINITION (, ooy

A POS\TINE TFuMctiod ,d: R-> [o,* 00\ 1S AN \WTE GRABLE DENSI TY
»
FUNCTioN ©OF © & 1("3=g¢(e)¢(e UxelR,
- 00

STIELTIES EXPECTED \ALLVE DEFINITION (2400)

THE EXPECTED UALLE OF A RANDOM VARIABLE '?1A~>\R WITH  olsTal =
BUTION FONCTION ©  owoer A erospeiiTY P 27—> [0,4] 1o Tue werorer
STIELTIES INTEGRAL:  E, (4) - §°x )& . WHEW IT EXISTS.

-

SOUPPORT OF A PROBABILITY ODEFTINITION

TAE QOFPPORT OF A PROBGABILITY 1§ THAE SET OF ALL OUT COMES
W TWAT WANE \NON-2ERO PAOBABILVTIES.

FORMALLY : sueP (P) = &w e -D_"P(w3>°1

CARRIER ODETINITION

AN \NTE RVAL [Q,\ﬂ sV TWAT 1(»«3:0 Nx «a. ane
B (=4 VYx=b 15 CALLED A CARRIER OF A DIST@IBUTION
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THEOREWS

ADDITIVNITY TREOREW (., .y

lev &: 2™ [0,*003 PE A HEASURE. FOR gUEQY FNNE
OLLEC T\ON SLQM(M..A,J) OF PAIAMILSE OIS IOWT SUBSESS OF L,

t &QL\\ - g k(A  wouips.

TTA

LNMIFORK PROBAB\LITY THEOREWM (401

THE UNIFoM PROBABILITY ASS\ GRS THE sSAYE PrOo ALY TO

BLL  SPACES, 50 : P (uy = \*— ¥ we .0

nl\

O\RAC PROBABNLTYZ TAEOCRAEW (. o

FIX A STATE Woe \\ AMY sTATE ¢PACE SL TWNE oR WE\N\Ee
TRE seT TunCTion P 9% 5 IR Desned oY:

P((-\\= 2)\ \F m',eg

o v wwi AR

'S 0EnoTED BY S, . PND CALED DIARC PROBABILITY HEASORE,
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POVSSON PROGBABALYYY TREORACW (10e0y

TAkE n=IN- {oAz m,’g FAX A SCALAR XN >0 AND DEFINE
THE SCALAR SEQUENCE :  Pp = % £ NYmelN.

FOR EACH EVENT A < (N DEFINE THE SEQUENCE Qm: {J\ me R
NOW DEFINE THE POVsSON PRocABwLTY P: 95 [o04] Y o m¢AR

o0
P(a\:éoam'?m VacN

GeoveTe\C PROBADIYIY TWeO AEW (5404)

rsHoeR  N=\N Lerwgrm'g BE A € QUENIE OF POSTINE NOWERERS
SOLW THAT THE SEMES £t (ONNERGES witw san R,

DEFINE TWE SCALAGR SEQUENCE P - V&» ,

THE GEOMETMC PROBABILITY 15 DEFIRED &Y TAKNG fm= 4%, qe (04)
As é Fm \5 THE GEOMETMIL $SERIES, \» WS (ASE  Pm = (A o\\o\
DEFINE THE seT FoncTion €. 97— (o4l BY P(8)- é.am?,\.

PROBABILITY OF ANY W OUTSIDE THE SUPPORT THEOREW

(205%)

Lex P: 2 - Lo.4] Be A swmee PROBABIL\TY WEARSURE . \§ w{d E
Then Plw=o
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PROGABILNTY OF A SUPPOART OF A S\MPLE PROBAGILITY
(2056)

THE SUPPO AT oF A SINGE PRoeABILTY P: 2"™—=[o4) 15 A swawne
EVENT WiTH  PROGABILITY A, TAAT 15 © (seee®) oA,

moReEover , PLAY=A \weites sopP P A rom AL EvenTs w A,

PROBABILITY AS A SON OVER SUPPOAT (,0¢q)

LlET P. 25 [0,4] BE A S\MPLE PROBAB IL\TY WMERSURE.
FOR EACK EVNERNT A : PmY: £ efw

we Ansoee P

CONVERGENT E NVENTS AND ((WUNTABLE ACONTWNWT Y
1° (2060

lev P 2"—5[o4) BE A PROBABILITY THE FOLLOWNG STATE=
WENWTS ARE EQUIUALE NT ¢

\) P 15 OUNTABLY ADODITINVE L
W) f AT A xuen P(a) T PCa)
WO F Ae | A tuen PALD | PR
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CONVERGENT E NVENTS AND (WUNTABLE AOO\TWI\T Y
2° (20e2)

LleT P. 2"-5[e4) BE A PROBAB (LYY THE FOLLOWNG STRATE=
HENTS ARE EQUINALENT |

V) F Aw /\;_O_,T\-\EN PlAW T A

i) 1F Al A Teen PLAD T PR
i) F Awd A Teen PCAWD L P (R
i111)IF Am U @ Tuen P (AW L O

COUNTABLY ADDITI\NE PO\SSON PROBGAB\LITY 1\—\&(:((&@.&\\
2064

THE PoI%SON  PROBAGILITY 15 (WUONTAGLY ADPITIVE.

NO COUNTABLY ADDITINE UNiFoaW PROGABI\L\TY
TREOREM (400

T\-\eﬂsmls NO (WUONTARLY ADDITWE UVNITORYM PROGABIL\TY
P 2™ —5 Lo s

PEARFECT CORARE LA TION (j089)

Let P 2510 BE A SIMPE PROBABILIT 7, FOR RANDOM YAMABLES
«?,%:_n.—» R noN- wonsTANT P-a 1T WoLos: | pP (f,c?ﬂ:«(

¢=> 1 3AlARS A #o AN B sow THAT P-a - f(ﬂc?«-@s

IN PAATICOLAR PP(«?&A:& (=> a>° RAWD p?(%zﬂ,-»\ (=> o £O
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RIGHT CONTINUITY oF & THEOREW (2029)

IF P (s coontaBlY RAODITWE  THEN B 15 QIGHT C(ONTINUOUS, Wity

ﬂ’ﬂw £ =0 AND ﬂmw B 0=4

K=>-00 X=> + 00

WONTINVITY oF & THEOREN (20 90)

IF Pis countaglY pooitTive  vuwen, Yxo e R :

T - T P 9=x%)

%-> Yo

YOREDONER B |5 (OWTINUOOS AT Yo €1 ¢&=> P( {L xo} =0

® oF TWE DIRAC PROBABILITY THECREH (,oon

LET $,,BE THE DIRAC PROBABILITY (ENTERED AT SOME STATE

Woe € L. THE OISTR\BUTION FOLCTION OF A PANDOM UAMRIA BLE

,Q; DR & GNEN B
O ® Xt Xe
EEENP

\F Xz Xo

WHERE  Yo. f(way, WERE T 1 DI5ONTIIUOLS ONLY AT Yo, Witk

JOHP ofF size P(4-x%) =4
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UN\FORYM DISTRIBUTION FUNC TION AND GALSS\AN
VHEOREM (309¢)

'\\G\\leu ANY TWO SCALARS O « b, WOVSIDER THE UNIFORW

DIST RA\BUTION FOMCTION - o} F % ca
& (W= % F acxed
A I YX> \;

THE WTerUAL [, L] 1sThe SRAUEST CARMER oF & (TS DERETY FOBCTION

A
CALLED UMWIEORW 1§ dosy. | on  F acxe b
B (o} oOTHRER WM\SE

e Ix

R
BECALSE §o¢(“'“t = Dt dt - Ty Vxe [o,b])
400 h
AND _Sm¢cx>éx=k.
% £

\a\ THE GALSSIAN  DISTRIBUTION  TOWNCTION 15: & »- S—QT_,\YPJQA

TUS DISTAIBOTION HAS NO CARRERS, AND

(TS DENSITY FOBCTION, (ALED GAUSSIAN &  $(d= 2

BE CAUSE _; g ik = A

(“'

P\"r‘

3

ESSENT\ALLY BOouwpeED RANDOM VARIARLE AWD FEp
TUEOREM (4,00

ALL ESSENTIALLY BOONDED [(ANDOHM VAMA BLES WAVE Twawe
EX fPecxed \NQWE.
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EXAHPLE 2409

\\ FOR THE  UWEORHM DENGITY @ (T woLpS -
\R b b

A A
EPLR\= goo‘/\¢ (%\AX = SX’\:& sz —L—_ SXr.\.X= _k_,Ll-Q}) - a+b
T o “o Y b-o. o 2
'\'\\ TOR TWE GALSSIAN DENSTY ¢ (T WOLDS:
Ao ,{, A _)_g; £ ®0 A _2%- o N
A -5
Eece Sxdoade s Sxammn” L Cud 800 (L0 %) -
w0 -xt ° L -0
| -Q. 2 A -3
» éxm 14* ‘gw(—“«rw M

[ — " A ¥
o%m Iy AS(—x\WQ A\L

LINEARIT ¥ AND WonoTOMICITY oF Ep(8) THEOAEW

(GRCIA

Lex 5( L ->R e QANOCM UAAIABLES WTH C\WTE  gYPECTED
NALQUES | THEN:

) Er (afepg) - w B () +BEe() Y BelR
\\\ Ee(f) = Ep (§) ¢ «?z%
1}\\ Ee(D-% YeeR

1) fwo \\\\ Tosether weLY TuevT Mdke R B (4 -Ep () +k
Fol @Al j(:,[‘)_—v\R WITH FIMLTE EVNPECTED  \ALLVE.



Mathematical Finance

Proofs, Definitions and Theorems

These notes have been compiled by Luca Penouel as an additional resource to aid BIEM
and BIEF students of the Mathematics 2 course (30063).

You will find the proofs, definitions, and theorems listed in the official syllabus for the
academic year 2024-2025. The versions of the proofs/definitions/theorems contained herein
may differ from those found in the official course textbook; they are adaptations that
combine elements from multiple sources to enhance clarity and understanding, while
(hopefully) maintaining mathematical correctness.

Please note that this handout IS NOT intended to replace the official course materials. It is
provided merely as a supplementary tool to assist in your study and understanding of the
course content.

The notes are not in its final form; updates and corrections will be applied as needed. If you
notice any errors, kindly contact me privately so that I can make the necessary revisions.

For the most current version of these notes, always access the document via the shared drive
link. Avoid downloading the PDF directly, as updates will be posted periodically and
downloading may result in using outdated material.

Updated: April 22, 2025
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22) (HARRA CTEAIZATION OF DECOMPOSABLE
FINANCIAL LAWS (39

STATEMENT: |7 /?(t) BE A CONTINUOUS ACCOMOLATION ERCTOR,
WITH t=20. THWE ACWOMULATION FACTOR {7&.\ IS DECOMPOSABLE (=>
f(f_\ 1S A COHPOOUND ACCUMULATION LAW.

PRoOF:

(Q n

ONLY IF : ASSUME TuAT '?Lt) 1S A DECOMPOSABLE ACLOMLLATION
FACTOR so Yt ¢20, J&) = e fee-9). From Tue exponentiaL
EQUATION THEOREW WE kNow THAT {’L0= 2 wre §zo.

G

« 4 st
IF : CONSIDER THE COMPOUND ACCUMULATION FACTOR ?(Q= 2

t £-545) -
820. WE WAVE : ?(t\= -2.5 _ .0.8( s-»s- LSU: 5). 185= «?(t-s\' '?(S)

AND '?(t\-_ ﬂft, $20 15 A DECOMPOSABLE ACLOMULATION FACTOR.
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23) FORMULA FOR ORDWARY ANWWITIES

STATEMENT:

|) THE FINAL VALOE OF AN ORDINARY ANNOITY WiTH  ARRUAL
COMPOOND @RATE L - M- Q-sau

ii)’““e PRESENT LALUE OF AN OADINARY ANNOITY  WITH  ARRUAL
COMPOUND RATE L o+ A - R-amu

WHERE R 15 THE [WSTALLMERT AND M TREWR NUHBER

PROOF:

S

) H:Zﬁmm\ R i) & () =

(/\-\-A.) A

p\ Sm\a.

n) F\— R(uﬂ ()\é nT) =@ M R-a &
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24) FORMULA FOR DUE ANNUITIES (4p

STATEMENT:

|) THE FINAL VALOE OF A DUE ANROITY WI\TH RARRUAL
COMPOUND ®ATE L \s: M= R-suu

“) THE PRESENT VALOE OF A DOE RANNOITY WITE ANRUAL
COMPOOND RATE L \s: A= R-axu

WHERE R 15 THE [NSTALLMENT AND M THEWR NUHBGER
PROOF:

61

2 m-{(s-4) -\-,LA:
|) M= éR(&*Q Q(A*Qz‘ 44-4.) = Q(’\‘\'L)‘% = p\' S mli

=(s-9) —\Axi
i) A- R(w.\ @umﬁ&m) Ao AT ol
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25) DORATION AS A DATE OF FINANCIAL IMWO =
NIZATION" |

STATEMENT: (\y\EN A FIXED INCOME BOND THAT PAYS :

YEARS [ta[ tof - [£a| |F [) THE YIELD TO MATURITY OF THE BOND AT to=0 14
wriowsfa,[ Q.| |%» \\) Tug RATE L UNDERGOES A VARIATION AL AT

Te (0,£.] AW THE MEW @ATE i'= L4+ AL DOES MOT UNDERGO FORTHER
VARIATIONS.

3

THER : THE BOND INVESTHENT 15 FINANCIALLY HHUNIZED
AGAINST THE INTEREST RATE RISK AT TWE DARTE -

L -ts
il 535: oo (4x i)
=Ty R = D
) a A+ i)

PROOF: \T's g wwiMOM PRoelen = mn V(2 %).

WITH RESPECT TO X

EAY
FERMAT:WE WANT 4 T0 BE A Mwnizea)STATIONARY POINT : d % bees= ©

-~ 2-tx ﬂ -
\} (Zx) = é ar (Axx) , WE HAVE: 9x = é‘ak(z-tu\b\*x\

k=2 -
93:(/ \x-’= O 15 JusT: ét ax (Z-tQ) (& *4,\

2-te-4

'tk 4

A ND

2-te - 4 Z-te -4

é\ th“(& k;,\

b/ Lt
ortelasi)

BY GROUPING Z AND SOLNING FOR T WE HAVE: Z = i L =Dw)
Lk
é oklavi)
) 2

FINALLY, WE kNOW THAT L 1S A HINIMOH SINCE WE HANE

WHRCH  BE COMES é oez(a «iY

\J
< >0
ax\"”



LOCA
PENOLEL

%*
26) BOND PRICE VOLATVUTY

STATEMENT: If THE WARKET PRICE OF A FIXED WCOME BOWD IS
Pi)- é',o. (4xd)75 THEN :
1) Twe on: B Dey
THE RELAT TEr - T wols,
1) & LINEAR APPROXIKATION OF THE VOLATILTY OF THE PRICE 15
2P ~ P(A\ _ D (L) :
Py © P M= - TxL o*

PROOF:

i) S\N(E P(x)- é -t,-0 Uu.) = -(»\u.) ét -0 Uu.)
WE WANE: i

' A Zt C ’B-ts
. T o0 (4 .
Pay | (i)t -5 D)

S=34

\\) TRE FONCTON P i) 16 STaCTLY POSITINE QAND D\FFERENTIAGLE
ENERYWRERE, So WE CAN O RNS\DER TRE TIRST ORDER TAYLOR

FORMULA AT EVERY POINT Le (-4, +00):
Plival)-Pi)= Plivad « o(Ax) AS AL—> 0, THeREFORE

AP _ Plivraid)-PW) : P‘(LS Ak olai) P'(L) . .
P ~ Pcid = PO Pi) = m Ak +o(ai)
AS AL—>0. BY NEGEGTING o(ai) WE GET TWE DESIRED
LINEAR APPROXWMATION : A P i P('n AL — _Dw AL
Py Py A &
WE KAVE AN APPAOYIVMATION OF BOWO PRICE \OLATILTY AS A LINEAR
FUNCTION OF AL . TRE RATV: | DY iy. Dy [15 cauep
MODIFIED DUORATION AND REPRE SENTS A*4 | n MEASURE OF
TUE VOLATILITY OF TWE BOND PAICE : % o oD AL,
A

THE WGRER (T \S, TAE GREATER THE NOLATIUTY.



LocA
PENOLEL

27) AW OF OwnE PRICE (Lop)

STATEMENT:
THE LoOP.

(A20%)

SUPPOSE TWE FWANCIAL MARKET (L,P) SATISFIES
THEN THE pricinG ROLE {: W= IR 15 LweAR.

PROOF: FIRST OBSERVE THAT BY THE LOP V= J(c’\(l,war \S
VO = z?(({cm \J xelR, LET 0S PRONE TWE LWEARITY OF ?

\}{ET w,w e W Ao d,PelR. WE WANT TO SAOW THAT

(o(uu@w) o {’Lm«\gﬂ{(wu SWWCE W=im|R 3 \yecvors
L e R s00n THAT R(Z)=w Ao R(X)= w

BY DEFIMITION 0OF PAME oF A REPLICABLE CONTINGENT CLAWW
Pp = V(X)) awo Cy=v (»«3 BY TWE LINEARTY OF (R AND " WNE WAVE:

Quwpgx - HlermerEy) = f(RUz e = o (azrex)

= dV(EI*PVU(XY) = APy PPy = o Jz(u_-\\*-@’?(w'\

TREREFORE THE FUONCTION ’?: W—>R 15 uredr ow W
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28) FIRST NO-ARBITRAGE CONDITION QWD L OP

(4240)
STATEMENT: o rFinAnciAL MARKET (L,P) TWAT Was WO
ARGITRAGES OF T kIND, SATISFIES TWE LoOP.

PROOF: @y AppLY NG THE FIRST NO-ARBITAAGE C(ORDITION
TO THE PORTFOLID -X , \WE WANE -

- R

20 => -Uv(x)20 \Jie&RM WAIA  HEANS
RN £ 06 => V(X L0 VxelR W C \RPLIES
R(x)= 0 => A (x) =0 VM xelR

LET %X AND X BE TWO PORT FOLIOS SOCW TRAT R = R (¥).
TRE LINEAAITY of IR MPLIES R (x-%x')Y=0 aw SO "\)‘Ll—)i\:o,
12, T (x) =0 (R) BY TRE LWEARITY OF A
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29) LINERR AND INCREASING PRICING  RULE (4.4

STATEMENT: A codpleTe FANCIAL wAakeT (LF), we peo
SATISFIES THE FIRST NO ARBATRRAGE (COWDITION <=73> THE
PRICING ROLE 1§ LIWEAR AND INCREASING , TRAT 1S, 1 A UBlaQue
VECToR W elR, SuCW THAT: (WD=T-w VYweW

PROOF:

“IE". LET R(x20. Thew w(x)= (R - - Rew 20 BECRUSE
W=>0 BY WYPOTHEGIS.

W U} . (3
ONLY IF : SINCE TWE MARKET 1S COWPLETE, we HAVE W =im|R-\R.
BY THE FIAST WO- AAB\TRAGE (OWDLTION AND LOP THEOREM | THE LOP
HOLDS AND 50 {15 LINEAR. WE NEED TO SHOW THAT, {15 INCREASING.
S\NCE J(\s LINEAR . IT 1S SUFFICIENT TO SHOW THAT J{\s POS\TINE
2. TWRT wzo => {(wso.

K . K T m
leT we R" sate w0 8ews R =R 3 % elR sucn TooT Red = w,
50 WE HAVE R(I=w >0 AND SO THE FIAST NO- ARRTANGE

—_— = =

CONDATION \WPUES AT (X)=z0

TRE REFORE 'Q(u_ﬂz f?(@(‘g)\: V(XY 20, WE (ONCLODE THRAT
THE LINEAR FORCTION { 15 POSITINE, AND SO INCAEASING.

BY TRE RES2Z-MARKOV TWREOREW, 3 A UMQUE POS\TWNE NECTOR

. K
Yells S0CR THAT: '?(7_.\:'\1.3‘ ¥zelR.
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30) FONDANENTAL THEOREW OF FTINANCE (1242)

STATEMENT: A (OMPLETE FINANCIAL WARKET (L,E\),mvm P+o,

SATISFIES THE TWO \NO ARBITRRGE (CONDI\TIONS <=7> THE
PRICING RULE 1§ LINERR AND STRLCTLY INCREASING , TWAT 1S, 1 A
ONlQue vectoR T elR . SUCW TWAT: f(@: ¥-w VYwe\

PROOF:

“IF". LET R(n >0, Then wix= J(Reo) = - Rew >0 BECRUSE
W>>0 ©BY WYPOTREGIS.

)

ONLY IF ‘
WE NEED TO noWw THAT 'Yls STAICTLY INCREASING.

SINCE 'S LINEAR, |IT IS SUFFICIENT TO SHOW TAAT *?\s sTRCTLY
POSITINE, 2. TWaT w>o => f(wy>o. A

leT we R wwte w>o, Bews mR =R, 3 3 elR socn THAT Red = w
S0 WE HAVE R(F)=w >0 AND SO THE SECOND WNO-ARBITARMGE
CONDITION \WPLIES AV (X)=20 UECAVSE OF TWE LINEARITY OF .
Taeaecore {wwr = {(@cg)) = V() >0. WE CONCLUDE THAT

THE LINEAR Fouu-\ouf{ 1S ST CTLY POS\TWE  AND SO STRICTLY INCAEASING.
BY TRE RESZ-MARKOV TUESOAREWM, 3 & UNIQUE STRONGLY POS\TINE
VeCTorR e lRr socn 1Rt {2 ¥z e R

:BY THE PRICING RQULE THEOREW /Q\s LINERR AND \NCREAS\NG.
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DEFINVTIONS

ELEMENTARY FINANCI\AL OPERATION DE\-‘-\N\T!O(N\

AN EXCAANGE BETWEEN TWO AMOUNTS 0F HONEY ANMLABLE
OM DIFFERENT DATES |5 (ALLED /N ELEMENTARY FINANCQAL
OPERATION.

ACCOHULATION OPERATION DEFINITION (|

LET M avp € BE TwWo POSYTTINE REAL NOMBERS. AN ACOMULA =
TION OPERATION |5 AN EXCHANGE BETWEEN AN AWOONT OF HONEY
AURILABLE TODA Y C ( PRINCIPAL OR INUESTED CcAPITAL) W\TR ANOTHER
onE M (£INAL VALUE on RCCUMULATED VALOE ) ANAILABLE N THE FUTURE
(AT ADATE t=0)

DISCOUNT OPERATION DEFINVTION (.

LeT S ano A BE TWO POSITINE REAL NUMBERS . A DISCOUNT
OPERATION 15 AN EXCAQANGE BETWEEN AN AMOONT OF HONEY S
(NOWNAL VALVE) AVRILABLE AT £ 20 wrd AvoTHER oneE A (paesent
UALUE or DISCOUNTED UALUE ) AVAILAGLE TophY (at t=o).

CONMIGATED FINANCIAL FACTORS DEFINITION (|

LET 'Y(e\ AND € (&) BE, RESPECTINELY | AW ACCOHULATION FACTOR
AND A DISCOONT FRCTOR. THE FINANCIAL FACTORS (&) ano € (&)
ARE SAID TO BE CONDY GATED FINANCIAL FACTOAS wweN: Yt =0
f({-.\- e W)= A.
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ANNMUAL \WTEREST AATE DEFINTION

TRE |INTEREST GEWVERATED BY € A IWNESTED ©0R TRE FIAST YEAR

15 INDICATED WTH THE SYHMBOL L AND 15 CALLED TWE ANWVAL
INTEREST RATE.

S\NPLE \WTEREST DODEFINITION

THE INTEREST ND\CATED W\TW | & p FuNcTON o C,
t AND L AWD \5 DEFINED BY THE FORWOLA:

= C-1-t WTHR C,£ =0 AW L>0

S\MPLE ©D\SCOUNT DEFINITION

THE S\MPLE ODASCOONT 15 TWE COMMOGATE OPERATION OF
SIMPLE RACCUMULATION AWD \S DEFINED RBY THE DISCOUNT FACTOR:

A
‘Q(*ﬂ:,‘*it For t =0

COMPOUND INTEREST DEFINITION

CO MPOUND IWTEREST S TUE [IWTEREST CALCULATED ON BOTH THE
INITIAL  PAANCGIPAL AND  TUE INTERE ST ACCOMULATED FAON PRENIOVS
PerioDS. TRE FINAL  UALUE M ofF A epawmciPAl € \WNIESTED AT
TWME O, AT MATOvTY T, 15 6NeN BY:

£
M= ¢ (axi) FoR t =0
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CONPOUND ©DISCOONT DEFINITION

TRE COMPOUND DISCOUNT S TWE CONDUVGLGATED OPEARATION
OF COHPOUND ACCOMULATION AND \S DEFINED BY THE DISCOOUNT FACTOR:

A
W) = Gagp For tzo

CONTINUVOOSLY C(OWPOUVUNDED |INTEREST

CONT\NQIOOSLY CONPOONDED INTERE ST ASSUMES INTEAEST (S
CAP\TALIZED AT EBUERY INSTANT, AND \S DEFINED BY THe FORMULA:

St
M= C- 2 For t=zo

WHERE S20 16 CALLED THE FORCE OF INTEREST.

FORCE oOF INTEREST DEFINITION

FOR THE TINANCIAL LAW }((_Q WE DEFINE THE FORLE OF INTEREST
AS P = %\m FACHEARI A Y

-0 ,Y('g) 'R = '?(.t)
A
-For SWPLE wmtEREsT: PW= TR

. FOR  (OUPOUND \WTEREST: PE) = fn (A+ 1)

DE COHPOSABILITY OEFINITION (..

LET Yu-.\ BE AN ACCOMULA TION FACTOR . THE ACCOMULATION TACTOR

«QU:\ \S SAMD TO BE DODECOMPO SABLE WHEN - ftt\: «Y(t-s\). /?(s\
¥os,t soh TaRT o0 <2 s et
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ANNOYTY DEFINITION (,

THE SEQUENCE OF CASk Flows R4 R, ... R, WTH THE SAME SI6GN
AND MATU RITIES , RESPE CTIWNELY, £, t, ... tw 1S CALLED AW ARNOITY.

IF Rs 20 NMs THEN THE CASH FLOWS ARE ALL INFLOWS, WEANWWILE (¢
Ry 0 Yo ,THEN TUE CASH FLOWS ARE ALL OUTFLOWS.

ORDI\NARY ANNOYTY DEFINITION (.

LET s BE A NATURAL NOMBER., TWE SEQUENCE OF CASW FLows R, R,
o R WITH THE SAME  S16M AND MATOAITIES, QRESPECTWNELY 4.2.m 15

CALLED AN orOIBARY ANROATY. I R =20 Vs, TUEW THE CASK FLOWS
ARE ALL INFLOWS, HEANWWMLE

ARE ALL OUTELOWS,

I Ry <0 Ys , THEN THE CASK FLOWS

DOE ANNOYTY DEFEINITION (4

LET s BE A NATURAL NOMBER. THE SEQUENCE OF CASH FlLows R,, R,
. R WITR THE SAME  S16M AND HATORITIES RESPECTWNELY 0 4, m-4
15 CALLED A DUE AMMOITY. IF R =20 VYs TUER THE cAsH Flows

ARE AWL INFLOWS, HEANWMWMILE
ARE ALL OUTELOWS.

\§ Ry 20 Y , THEN THE CASH FLOWS

OROINARY PERPETUITY DOEFINITION

A FINAWCIAL OPERATI\ON DESCRARED BRBY THE FolLLoWING TABLE

YEARS |te=0 Al a3  |mAfm]..

Elows alele]-[a]a]-

1S CALLED an ORDINARY PERPE TUITY ((WWERE THE CASH Flows ARE

INFINITELY HANY, AND FOR SIHPUICITY WE ASSUME THAT THEY ALL HAVE
THE SAME UALUE),
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DUE PERPETUITY OEFIN\TION (uo)

A FWANCIAL OPERATION DESCRBED RBY THE FolLlowWiNGs TABLE

YEARS [to=o A2 3] A m]|.-
A
Flows R [a|r|R || |R [

1S CALLED A DOE PERPE TUITY (WWEAE THE CASH Flows AAE
INFINITELY HANY, AND FOR GIHPUICITY WE ASSUME THAT THEY ALL WAVE

THE SAME VALUE).

DCFE OEFINITION

YERRS[to= 0 [a| ta| - [ta=T

CASH a
CONS\DER THE FINANCIAL OPERATION . FLow Qo |0 0,| | Qm

The Fowction  g: (-4, +0)—> IR DERINED BY G- y: (°~= =
o4+ R

1S TUHE DISCOUNTED CASH FLOowW RSSO CIATED TO THE FINANCIAL OPERATION,
T OESCAVBRES THE PAESENT VALUE OF THE cAsSH FLOW, WNERE THE
COHPOUND ANNUAL IWTEREST ARATE \S THKEN AS A \ARIAGLE.

NPV DEEINITION

YERRS[to= O [ta| ta] - [ta=T

[{X)
CONS\DER THE FINANCIAL OPEARATION . FLOW Qo |Q,)0,) | Qm

AND \TS DISCOUNTED (hsh Flow G (.
THE AMOUNT G (L) \S CALLED NET PRESENT \ALUE OF THE FTINANUAL
OPEARRTION AT TWE RATE 4. Guy= 2 Qs

S=0 (4'\' L\t‘
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INNESTHNENT DEFINITION

A FINANCIAL OPERATION , WITR WATORITY U OESCAIBED BY

THE FOLLO WING TRBLE © [years ltoooledelel 5o JouT
chOS\SS Q—Q Q-4\ Qz Q, oo o-m-aQ Qm

1S CALLED AN \NUESTHENT \F: Q, ¢0 awo >0, Vs=412,...,.m
W\TH AT LEAST AN O ¢>0

LOAN DEFINITION

A FINANCIAL OPERATION , WI\TR WATORITY U ODESCABED BY

THE FOLLO WING TRBLE :  [yeame [tuco | € &l ] | tar €T

CASH
FLOWS q-o Q, Q:l Q, o | Q-a Am

\S CAWED A LOAN F: Oo”0 AW Q,40, Vs=42,...,m
WITH AT LEAST AN Qs 40

INTERNAL RATES DEFINITION

THE WTEANAL RATE oF A FINANCIAL OPERATION 1S ANY SOLUT ION

OF THE EQUATION Gl =0.
SF IT 15 A TYPIWCAL IWWESTHENT: IRR ( INTERNAL RATE OF RETURN)

W IT 15 B TYPICAL  LOAN: EC (EFFECTINE cogT)

|IRR  AND EFFECTINE CosT DEFINITION (.,

THE INTEAMAL AATE OF AN INNESSTHENT & CALLED THE (MTERNAL
RATE oF RETURN (Lo~ \RR), WHILE THUE INTERNAL RATE OF A LOAN
1S CALLED TRE EFFECTIVE WOST OF THE LOoAN,



Loca
PENOLEL

FIXED-WNCONE BGOWND DEFINITION

A FIXED (NCOME OOWD 15 8 SECLANTY  THAT  CONTRACTOLAWY
GOARANTEES FUOTORE PAYMENRTS BOTH (N TERUS 0O THE AMOUNTS
AND OF TWHE WATOATY DATES.

YIELD TO HATUAITY OF A 2CB DEFINITION,

THE VYIELD TO WATORITY , oR 6ROSS COLPON YIELD, ofF A 2C® \S
THE GAOSS (OHMPOVND RATE OF RETVAN L = L (0, T) THAT cHArRAC =
TEMIZES THE INESTHENT FAOM 0 UNTIL THE MRTORWRY T =0 oF THE 2¢c@.
A
L (0,T) = ﬁ\" _ A
Po

YIELD TO WATURITY OF A BOND WITH COUPONS
DEFINITION |

3)
TRE YIELD TO MATOATY (YTH) OF TWE BOND DESCMBED BY THE
CASH FLOWS :

YEARS [te=0 |t ta| [tm=T"
CASH
Flows | =V [£.fL| [ L.+ R

1S THE WOMPO VLD (NTE RESYT RATE KW SOLUES THE EQUATION:

LY R -tn
GL)Q:—Po’\‘éﬁs(A‘\-X\ts"‘R('\'\'X) =0

S=4
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DVUR ATION DEF\“\T\O\A(E&)

GINEN THE CASY FLow: (A): [YeAas |t.t,|. [t=
WATR oy >0, 5=4, ... m INFLOWS([a,[a,]... |0«

THE (wacaulRY) oupeTion of (A), CALCOLATED AT THE (L AwoaL cone-
OUND INTEREST) RATE AL > -4 15 TRE QUANTITY:

A

-t
ts “os( At ) *

D) =

on
n

A

t
alav i) °

[we

«n

sA

FINANCIAL \MHONI ZATION DEFINITION (4

AN INVESTHENT AT RBTE L 15 TWANCIALLY ((GLOBALLY) (HWORNIZED AT
JEAR 2" AGAINST THE (NTEREST MATE RISk IF:

V(2tirad)2VZ1) W ad

AND THE LFETME 2716 CALLED THE DATE OF \MMUNIZ2ATION,

NOLATILITY DODEFINITION

THE NOLAT\LWTY oF THE PRWE OF A BOND |5 THE SENS\TIWTY
OF THE PA\LE TO A (RANGE N YIELD RATE: 2PW _ Plaadd P
EXPRESSED (N PER (ENTRAGE. P P

MODIFIED DURATWN DEFINITION

WE CALL MODIWWIED DULURATION oF A SECURITY AT THE MARKET @RQATE
M ) * .
Lo, TeE WMOE - iy o Do

A+ 4



LoCcA
PENOLEL

PORTFOLIO DODEFINITION

M
\S A \ectoR X = [\‘4,\‘1...5(0\]6“2 THAT

A PORTFEOL\O
OF M PIMARY ASSETS TAADED

REPRESENTS THE QUANTITIES
ON THe MARKET.

PAYOFT DEFINITION

TWE PRAYOFFE OF AN ASSET S TS HMONETARY OUTCOME N
EACK PO SS\BLE STRATE OF THE WORLD. FOR A PA\MARY ASSET
J THE PAYOFE s AEPAE SeNTED ®Y A VECTOR Y5 = [y, 9,0 3“1
€ \Rk. WRERE Yy (s THE PAYOFE \F STRTE S. Occurs.

CONTI\NGENYT CLA\YA DEFINITION

K
WE CALL CONTINGENT CLA\R ANY STATE CONTIN GENT PAYOFF we (R

REPLICABLE COWTINGENT CLA\W\ DEFINITION

[3
A CLAIM welR 15 REPLCABLE N THE WARKET F J A PORTFOLIO
SUCH THAT: W - Z %5 95

d=4

COV\PLETE FINANCIAL MRARKET DEFINITION

k
THE MARKET W 15 cowftete & N =IR ., TUAT 15, IF BLL
CONTINGENT CLA\KWS RRE REPLICABLE.
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INCOWPLETE FINANCIAL MRARKET DEFINITION

k
THE NARKET W 15 INCOMPLETE & W < IR, THAT 5, IF NOT
ALL CONTINGENT (cLa\\S ARE REPLICABLE.

ARROW COWTINGENT CLA\M DEFINITION

i K
AN Arrow  (oa Poaeﬁ CONTINGENT CLAM 2 elR (¢ A \ECTOQ
THAT PAYS ONE ONIT \F STATE S; OCURS AWD O N ALL
OTHER STATES.

PAYOFFE OPERATOR DEEINITION

THE ?AY OFF OFPERATOR \S TRE FUNCTION RASSOCIA TING 10 EACY
PORTFOLIO % TWE CLAWM W THAT T Iwoouees: 1R R"—R"
X —=>Rxy= W = é,ﬁ‘é_

J=4

PAYOFE HWATRIX DEFINITION
“544 %41 %AM«

3,‘ ‘511 b 31m.

The PAYorr MATax Y, =(9i) =
1S A k BYM MATRIX THAT REPRE SENTS | | s
THE PAYOFFS OF M PAHARY ASSETS Yer Ber - Yrm
AcaossS k STATES.

MARKET NALUE DEFINITION

THE MARKET VJALLE OF THE PORTEFOLI0O X S TWE FONCTION
ASSOCIATING IO EAY PORT FOLIO 1S PRCE TODAY @ U:|R-> 1R

_)&—>VL§\=E'L = X.)PJ

~w
d=4
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LAW OF ONE PRICE DEFWITION (54

THE TWANGOAL HARKET LL,P\ SATISFES THE LAW OF ONE PQICE
' m
(LoP) 1F, VW PORTFOLIO %X, % e R, R(x)=Rex) =>v (X) = v (x).

PRICE OF A QAEPL\CABLE CONTINGENT CLAVM
DEF\ “\T\O“ (4305\)

THE PACE P, OF A REPLILABLE C(ONTINGENT CLAM w € W 1S
THE \RLWE oF A AEPLILAT\MG PORTEOLO X% e IR (m THAT 18,
Pow = V(XY WRERE W = R (x).

PRICING KERNEL DEEINITION

SufPose TE FiNANCAL WeakeT § L PL shmisties Twe LOP, Tuen
J A OMQUE VECTOR T & W suck TRAT ’?(w) T w \lme\MC\R
Suh Yector N \S C(ALLED THE PAWCING KERNEL OF THE CLAWMS.

ARBITRAGE DODEFINITIONS

2,2‘_ =] R(&\EO
ARG TRAGE OF L kWD : JP.x = ar(x)¢o

V% = Ry >0
ARB\TRAGE OF T k\ND : P x =a(x)¢o
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NO ARBI\TRAGE CONO\T\ONS DEFINITION

A MARKET SATISFIES THE FIRST NO- ARBITRAGE CONDITION IF:
T: RHzo => vwxdzo Y xelR

A HARKET GSATISE\ES THE SECOWD NO- ARBITRAGE CONDITION (F:

T Rx)=0 => Vvx)>o0 Vﬁel(’\m

CAP\ATALLZRATION AXIOWS

AX\OM 4: DEPENDENCE OF M

THE FINAL WAawe W oepenos on C ano € Tuemerore we can
wrvre . M=M (c.t)

AX\OMK 2 : ADDITIITY WITH RESPECT TO THE PRINCIPAL

LlEX C, C, BE TWO CAP\TALS WE uMNE: V(0,20
M LC«*Cz,t\ =W LC‘\.{) + M (ca.t)

AXIOM 2:INCAEASING MONOTONICITY WITH RESPECT TO TIHE

LET t. t, BE TWO LFETHMES | we wave: ¥ t,t,=z0
bocts => M (Gt ¢ M (¢, ta)

AX\OM L: ENGAGEHENT RULE

(NITIALS EXTRA COSTS ARE EXCLUDED, SO IF THE L\FETWME 15
t=o => M(lco=c¢
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THEOREWS

CAUCHY Tl-\EomE\-'\(m
Le™ 'rBG A ConTINOOOS FURCTION AT LEAST ONE POI\WT
Yo € IR, THEW :

V‘/»%GIR ?(us):fcxn?m (=> f(x\=ax. aelR

EXPONENTIAL CAUCHY EQUATION THEOREW .
LET YBE A STRCTLY POSITINE FORCTION  (ONTIMUOOS AT LEAST
AT ONE POINT Yo €IR | THEN:

X

¥y gelR y(x+3\=«€cxs-¥(% (=> fm= ﬂ.m, m e R

AXION  SATISEYING FUMCTIONS TRHEOREW

LET Czo0,t =0 BE, RESPECTIVELY, A CAPITAL AND [IFETI\ME
ALL FuneTions H (C.£) wwer saTisey A,- B, AXIOWS AQRE
M (c.t) =C *?(0 WITR  TUE FOLLOWIMG PROPERTIES

)\\ '?(05 =4

) {5 werepsING
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EQUIVALENT RATES N COMPOUND INTEREST

T WO \WTEREST RATES ARE CALLED CQULWALENT |F W THE SAME
LIFETIHE THEY PRODUVCE THE SAME FIWAL VALVE STARTING TAOW

THE SAME PRINCIPAL .
‘FOR S\MPLE INTEREST: L =m. L,
*FOR COMPOUND |NTEREST: A+4 = (Ax i)

REVARK ON ORO\NARY PER?ETU\TV(W

[N COWPOOND IWTEREST | TWE PRESENT VALWE A oF AN oroINARY
\S DEFINED BY:
R Q R .., 2

* < 0 -
@ray T@ry T T el e . THE REFORE

o _ o * S
A =+Z R4+ i) = R j&,mét**i\: R,Q-;,,&gékui)

PcaPe TONY Y

28
9= At L

S=4a m->%¥ 00
- -
=R fm AL R o B (axi) o
Mme> + 00 A - L = oL
AS m —> +

RENARK OB DLE PERPETOUIT Y (4,

(N COMPOOND INTEREST , TWE PRESENT WALWE A oF a DUE
PEAPE TUNTY 1S OEFINED BY:

Q Q R Q me-4 Q m ‘\‘
A= R* Ax L N (ML\’ +(A+1.)“’ N *'(«\»«L) N A+ 1) , THEREFORE
ﬂ N sz.QLz\-\wQ Q%Z‘(’HL)‘ R - ﬂmw [’\‘*é(**k)l
=0 ->% 00 Mn=->+00

R*‘f= R- A% _ R.dm:
A




LLCA
PENOLEL

RIES 2- HaR koN T\—\EOREH L

A FONCTION {) R=> IR 1S LNEAR AND \NCREASING /=
1 B UMQUE PoSITWE Vector X € [RE sotd TRaT:
fin=2 % 9YxeR", AWD 18 PARTICOLAR

l) X >0 ¢=> /le STRONGLY \NCREASING
) X >0 (=> *?\s STRWCTLY \NCREAS\NG6

REPRESENTATION RESULT FOR THE PALCING
RULE THEOREW

SUPPOSE Tee FANcIAL MAckeT (L, p) sATISFIES tuwe LoP,
TREN 3 A UMQUE VECTOR W e W socw TuAT:

/Q(w3=/\l"ud ¥V we N
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