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Probability Calculus
Proofs, Definitions and Theorems                           

These notes have been compiled by Luca Penouel as an additional resource to aid BIEM 

and BIEF students of the Mathematics 2 course (30063). 

You will find the proofs, definitions, and theorems listed in the official syllabus for the 

academic year 2024-2025. The versions of the proofs/definitions/theorems contained herein 

may differ from those found in the official course textbook; they are adaptations that 

combine elements from multiple sources to enhance clarity and understanding, while 

(hopefully) maintaining mathematical correctness.

Please note that this handout IS NOT intended to replace the official course materials. It is 

provided merely as a supplementary tool to assist in your study and understanding of the 

course content. 

The notes are not in its final form; updates and corrections will be applied as needed. If you 

notice any errors, kindly contact me privately so that I can make the necessary revisions.

For the most current version of these notes, always access the document via the shared drive 

link. Avoid downloading the PDF directly, as updates will be posted periodically and 

downloading may result in using outdated material.

Updated: April 25, 2025
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H = HOME Work

PROOFS

*

1) MONOTONICITY OF MEASURES
(2043)

STATEMENT : EVERY MEASURE IS MONOTONE

PROOF : CONSIDER TWO SUBSETS A ANDB OF 1 WITH A EB .

DefineC = B-A
,

Since Alb We know BeCua and Cra =q

Since M Is Additive and positive We have :

M (B) =p(((A) = M(c) + M(A) - p(t)
, sop(B) = (A) .

2) TOTAL PROBABILIT1 * 2043)

STATEMENT :
CONSIDER A Measure M : 2 (0

,

+ B)
,

it HOLDS :

M(AUB) = M(A) + M(B) - M(A1B) FA
,
Be

PROOF : LET A
.

Ber We HAVE : A = (A-B) u(Arb) and (A - B)n(anB)=
I

Since M Is Additive : M(a) = M(A - B) + M(A1B)
,

Som(A - B) = m(t) - M(AMB)

SIMILARLY By INTERCHANGING A AndB : M(B - A) = m(B) - M(A1B)

NOW consider A Ub = (a-b)v(ar)u (b-A)
,

which are Three

PAIRWISE DISCONT SETS
,

SO BY ADDITIVIT :

M(AuB) = u(A - B) + m(A1B) + m(B - A)

M (AvB) = p(t) - M(A(b) + m(Arb) + p(B) - m(AlB)

M(AvB) = M(A) + M(B) - M(AMB)
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3) PROBABILITY OF THE COMPLEMENT (2052

STATEMENT :
GIVEN A probability Measure P : 22--[0

.

1).

- AE I WE HAVE : P(a)) =
1 - P(A)

Proof : since Ava=r and ara be additivity :

PLAVA) = P(a) + P(AY) And Since plava") = 1 IT Becomes

1
= P(a) + P(A)) = P(a) =

1 - P(A)

4) simple probabilities as sur of dirac
*

PROBABILITIES (2058)

STATEMENT : LETP : 2-[0
,
1] be a simple probabiliti measure

FOR EACH EVENT A : P(A) = & P(w)Su(A)
we suppp

PROOF : IT IS ENOUGH TO SHOW THAT : [P(w) = [P(w)Sw(t)
we suppp we suppp

·

Since We know THAT P(a) =& P(m)
,

THEN IT FOLLOWS THAT :

we an suppp

P(A) =P(u)S(A) As DESIR
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5) simple probabilities are countably additive

(2062)

STATEMENT : SIMPLE PROBABILITIES ARE COUNTABLY ADDITIVE.

PROOF : il We begin by proving That a diral probability Sw

With WOER IS Countably Additive
.

consider a Collection

OF EVENTS SARY .

WITH An A
. WE HAVE TWO CASES : WEA or

WoA .
In The First Case We have WoEAm Frein

,

and in parti

cular Suo(Am) =
1 Fre1

,

proving That Sim Swo (Am) = 1 = Suo (A).
M

In The Second Case 7 It Such That WoAnmer and in parti =

cular Suo (Am) = o Ver
,
provinc That limSwotm) = 0 = Swo(A).

We Conclude That Swo is CountabLy ADDITIVE.

ii) Now let p : =[0
.

1] be a simple probability we know
·

That P(a) =E Plus face which Becomes :
P(a) =S P(W)Sn(a) facr

we Al suppp we suppp

NOW TAKE A COUNTABLE COLLECTION OF EVENTS &Amb WITH And A

Since Each dirac probability Sa is countably additive we have :

lim P(Am) = limSP(wSn(t = EP(ulim Sw (A)
we scopp m

M

= &PSu(A = PA

so
,

since limp(am) = P(a)
,

Pis countable additive.
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6) Characterization of simple probabilities
(2070

STATEMENT :
Let P : 220

.

1] be a simple probability .

TWO RANDOM VARIABLES 19:- IR ARE EQUAL P -a. e
. LE

V We supp We Have f(w) =

g
(r)

PROOF : "IF" LET f(w) =

g(m)
Vwe supp

.
THEN suppPe(f = g)

And so
,

by The monotonicity of P we have P(f = g) = 1.

"ONLY If" : suppose P(f = g) = 1
,

then we know That suppPe(f =

g)
.

THEREFORE (w) = g(w)Vw = 1

*

7) Same expected VALUE (2073)

STATEMENT : Let P : 220
.

1] be a simple probability .

IF TWO RANDOM VARABLES I
, g
. IR ARE EQUAL Pa

.

C
. THEN

Ep(l) = Ep(g)

PROOF : SINCE 1
. g ARE Equal P-a

.

C
. WE HAVE That

((w) =

g(w)
Fwe SUPPP

.

THEREFORE We CONCLUDE That :

Ep(1) ==Pu = El
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819/10) PROPERTIES Of EXPECTED VALUE (2074)

STATEMENT : LET P : 2[0
.

1] Be A simple probability .

FOR ALL RANDOM VARIABLES 1,8:- IR WE HAVE :

: ( Ep(a( + Bg) = aEp(f) + BEp(g) fa
,

Bei

ii) Ep(f)Ep(g) f fag

iii) Ep(1) = FalcaPlas if event a is finite and contains supp .

PROOF :

i) Va
,
BER We Have : Ep (af + g)=(+B (w).

= aEwP( + BEP( = Ep() + BEg
we suppp

ii) Let leg ie . Scegl wer
. As PIO We Have That

~

fuP(ul = g(w)P(c) Vwer which In turn implies :

EliPcus = EgiuPcus = Ep(1) = Ep(g)
wescopp wescopp

iii) LET A Be A FINITE EVENT WITH SUPPPEA
.

WENOW THAT

P(w) = 0 FweA With we suppp
,

so :

& (Pcul
=
EtiwPis => Ep(9) = fatcuP(u).

we supp p WEA
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11/12) properties Of Variance (2080

STATEMENT :
LET P : 2 IR Be a simple Probability.

F random variable f : -ar it Holds :

i) Vp(9) = Ep(93) - Ep(9)

ii) Vp(d) + B) = 23Vp(t) Va
.

BER

PROOF :

2

i) For Each wer : (f(w-Ep(9)) = f(wi-2((m) Ep(1) + Ep(9)
AND By definition of Covarrance And Linearity of The expected value :

Vp(1) = Ep (9-Ep(9))
(1) = Ep(92 - 2Ep(((9 + Ep(e)

(2) = Ep(92) - 2Ep(9) . Ep(9) + Ep (9)

(3) = Ep(92) - Ep(9)2

AS DESIRED

ii) By THE LINEARITY OF THE EXPECTED VALUE
,

FWE L WE HAVE :

(2((m) + B - Ep(a) + B))2 = 22 (f(x) - Ep(91)2
,

WHiCH BECOMES :

Vp(x( + B) = Ep(af + B - Ep(xf + B))" =

(1) = Ep(a2(f - Ep(91(2)
(2) = 22 Ep(9-Ep(91)

(3) = 22 Vp(t)

AS DESIRED
.
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13/14) PROPERTIES Of COVARIANCE (2082)

STATEMENT :
LET P : 2-cir Be a simple probability.

V randor variable f
i g

: -ar it Holds :

i) CoVp(1g) = Ep (fg)
- Ep(1) Ep(g)

ii) coVp(af + B
, (g + s) = arcovp(g) Va

.

B
,
X

.

S ER

PROOF :

i) f we :

(9(m) - Ep(()) (g(0)- Ep(g)) = fasgco-f(os Ep(g) -

Ep(9(g(u) + Ep(9) Ep(g)
AND By definition of Covarrance And Linearity of The expected value :

COV((g) = Ep(9g-Ep(g)f - Ep(((g + Ep(1)Ep(g)

(1) = Ep(fg) - 2Ep(1)Ep(g) + Ep(9)Ep(g)

(2) = Ep(fg) - Ep(9)Ep(g)

AS DESIRED.

ii) By The Linearity OfThe Expected VALUE
,

Fwer We have :

(a (cm) + B - Ep(a) + B))((g(w) + 5 -

Ep(yg + 5)) = at(f() - Ep(f))(g(w) - Ep(g)

By DEFINITION OF COVARIANCE WE HAVE :

covp(af + p
, (g

+ 5) = Ep(((( + B - Ep(af + P))(xg + S - Ep((g + f)))

(1) = Ep(at(f - Ep(e))(g - Ep(g))

(2) = arcovp (9
. 8)
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15) VARIANCE Of A SUM (2083)

STATEMENT : LET P : 2-cir Be a simple probability.

V randor variable f
i g

: -ar it Holds :

Vp(1 + g) = Vp(1) + Vp(g) + 2 CoVp(1
,
8)

PROOF : By THE LINEARITY OF THE EXPECTED VALUE AND BA

Vp(f + g) = Ep(1 +

g
- Ep(f + g))

(1) = Ep((f - Ep(f)) + (g - Ep(y)))
(2) = Ep(f - Ep(f))+ Ep(g

- Ep(g))2 + 2Ep(f - Ep(f))(g - Ep(g)

(3) = Vp(f) + Vp(g) + 2 covp(f
. g) AS DESIRED

.

&+

16) COVARIANCE IS BOUNDED (2084)

STATEMENT :

Let P : zeir be a simple probability f Randor
-

Variables 1
. g

:- IR : cove(g)) < op(1) op(g)

↳ROOF : Let suppp = Ew .... wa] be the support of the simple probability P.

FIRST
,

ASSUME THAT Ep(f) = Ep(g) = 0
.

Vi = 1
,

2 ...
m Set : X := f(wi) P(wi)

AND Y := g (w : ) P(w :) and by The cauchy Swartz Inequality :

(covp(g) =Eugup=

=E= : :

= & finPcul E gwP(u) = op(9)Op(g)
we suppp we suppp

THIS PROVES THE THESIS When Ep(1) = Ep(g) = 0
.

In The General CASE,

Set F = -Ep(a) andj =

g- Ep(g)
,

as Ep(f) = Ep(g) = 0
.

Be what We

-

Just Proved We have : (covp(1
. g)/zop(9) op(g).

by properties of Variance and CoVariance : op() = op(f) , op(g) = op(g)

And covp(g) = coVp(1
.
g) .

WE Conclude That THE Thesis HOLDS

Random variable 1
. g
: IR.
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17) DISTRIBUTION FUNCTION IS Increasing (2018)

STATEMENT : THE DISTRIBUTION FUNCTION:R [0
,

1] is inc =

REA SING.

PROOF : LET X
, y

E

W=(SINCE PIS MONOTONE THIS

SHOWING THAT IS INCREASING

*

18) DISTRIBUTION FUNCTIONS OF ESSENTIALLY

BOUNDED R
.

V
.

S
. (2013)

STATEMENT :

If 1:- IRIS Essentially Bounded
,

7 scalars

a Anob SUCH THAt: (x) = 0 Fxa And (x) =
1 fx = b

Proof :
Let &Be Essentially Bounded

,

by definition 5 m
,

Meir

With Pla = f = M) = 1
.

NOW LET XIm
,

We HAVE : (f(x)n(m = 1 = M) =

ASTM
We HavE :mil

1 = (x) = P(1 (x) = P(m = (14) = 1

NOW If WE SET b = M And Tare Any a < m
,

IT HOLDS

So
xa an = 1 VXb

,

as desired
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19) CONTINUOUS DENSITY FUNCTIONS PROPERTO 1
(2007)

STATEMENT : LETO BE A DISTRIBUTION FUNCTION WITH A CARRIER

[a
.
b]

.

IF HAS A CONTINUOUS DENSITY FUNCTION O
,

THEN

o(x) = 0VXc(a
,
b)

PROOF : by definition, (x)
=Sctdt xeR

.
Now set 2.

+ X b

SINCE -So (xdx = dx = 1
,

WE HAVE) (x)dx = 0V z =b .

WE know Oct) = 0 Fbetez
.

Since 2 Was Chosen Arbitrarily
,

we

CONCLUDE THAT (2) = 0 Vzzb
.

A SIMILAR ARGUMENT SHOWS THAT (2) = 0

Vza

*

20) CONTINUOUS DENSITY FUNCTIONS PROPERTS 2 (2018)

Me a
Se

PROOF : THE STATEMENT FOLLOWS IMMEDIATLY FROM THE

APPLICATION OF THE BARROW-TORRICELLI THEOREM .
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21) EXPECTED VALUE AS STIELTJES INTEGRAL (2006)

STATEMENT :
Let Pizzir be a simple probability

,

f

Randor variable fir : Ep(a) = X dec) where (a
. b] is

A CARRIER OFO
.

PROOF : LET supp(P) = &Wi .
Wa ... Wa] and set fiwr = Xk

,

ASSUMING THE VALUES ARE DISTINCT . NOW LET X - LXz ...
< Xm

.

Since [a
. b] is a carriera X

,
and Xmab so we have

Plue = Plex) and Ep(f) =Plan(=

NOW Since Pis COUNTably Additive
, R We HAVE THAT

P(1 = Xk) =(x)- lim ,
50 Elim

& (x) IS INCREASING AND right Continuous
,

so The Above IS Equal to

THE STIELTJES INTEGRAL
,

WHERE Q LX1LXMEb
,

THEREFORE :

b

Ep(f)=-limx) = Sxdx
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DEFINITIONS

SET FUNCTION DEFINITION
(2038)

A SET FUNCTION M : IR IS A RUCE THAT ASSOCIATES TO EACH

SUBSET A OF e ONE
,

And ONLY One
,

SCALAR M (A)
.

SET FUNCTION PROPERTIES DEFINITION (2040

A set function M : 2 IR is :

1) Grounded if (d) = o

2) positive if m(a) 20 A

3) MONOTONE If M(A)(M(B) When A EB

4) Additive if Maub) = p(a) + M(B) When AnB =Q

5) Normalized if p(r) = 1

MEASURE DEFINITION (2042)

A GROUNDED
,

POSITIVE
,

AND Additive Set FUNCTION IS CALLED A

Measure
,

In This Case We Write : M : 2 [0 ,

+)
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Probability Measure definition (2046)

A Normalized measure is called a probability Measure
,
in This

case we Write P : 2[0
.

1].

simple probability Definition
(2053)

a probability measure p : 210
,
1] is simple if 7 a finite

EVENT E SUCH THAT : P(E) =
1

.

COUNTABLY Additive probability Definition (2056

a probability p : 22[0
.

1] is countable additive if :

p (A) +P(A

RANDOM VariableDEFINITION (2006)

A Real Valled function f: dir defined on a state space is

CALLED A RANDOM VARIABLE
.

P-a RANDOM Variables Definition (206d

TWO RANDOM VARIABLES fig:- IR ARE Equal P-ALMOST

EVERY WHERE WHEN P(we rif (m = g(w))= 1 or More compactly

WHEN P(1 = g) = 1
.
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EXPECTED VALUE DEFINITION (2071)

THE EXPECTED VALUE OF A RANDOM VARIABLE f : -IR WITH RESPECT

TO a simple Probability P Is The Quantity : Ep(9)= ((w)Pia)

we suppp

VARIANCE DEFINITION
(2070

The Variance Of A Random Variable f : -Ir With respect TO A

simple Probability P Is The Quantity :

Vo(1) =
SEp(f-Epces)

2

we suppp

STANDARD DEVIATION DEFINITION

THE STANDARD DEVIATION IS THE SQUARE ROOT OF THE

Variance And isdenoTed By (1) = Vp(f)
P

COVARLANCE DEFINITION (2081)

THE COVARIANCE Of Two Random Variables fig: IR With

RESPECT TO A simple Probability P IS THE QUANTITY :

Corp (1g) = Ep(f-Ep(es) · (g- Epig)

CUMULATIVE DISTRIBUTION FUNCTION DEFINITION (2087)

The CUMULATIVE DISTRIBUTION FUNCTION Of A Random VARIABLE f :- IR

IS THE FUNCTION (x = P(12x) FxEIR
.
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ESSENTIALLY BOUNDED RANDOM VARIABLE DEFINITION

(2092)

fA RANDOM VARIABLE : -IR is Essentially Bounded if 7)

SCALARS M
,

MER Such That P(mf(M) = 1.

INTEGRABLE DENSITY FUNCTION DEFINITION
(2005)

A positive function 0 : -[o
,

+ a) is an integrable densita

Function of If : E(x)

=Ydexe.

STIELTJES EXPECTED VALUE DEFINITION (2100

THE EXPECTED VALUE OF A RANDOM VARIABLE :RIR WITH DISTRI =

BUTION FUNCTION Under A Probability P : 2[0
.
1] is the improper

stieltses Integral : Ep(f) =X de .

When it exists

SUPPORT OF A PROBABILITY DEFINITION

THE SUPPORT OF A PROBABILITY IS THE SET OF ALL OUTCOMES

W THAT HAVE NON-ZERO PROBABILITIES.

FORMALLY : supp(P) = {w= r : P(w) > 03

CARRIER DEFINITION

AN INTERVAL [a
,
b] SUCH THAT (x) = 0 Fxa And

#(x) = 1 VXzb is called a carrier of a distribution
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THEOREMS

ADDITIVITY THEOREM (2044

Let M : 2e- (0
,

+ a) be a measure
.

for every finite

Collection Ste .

Az
... And of pairwise discount subsets of de

↑ (A) = ER(A) Holds.

UNIFORM PROBABILITY THEOREM (2048)

THE UNIFORM PROBABILITY ASSIGNS THE SAME PROBABILITY TO

1
ALL SPACES

,
so : P(u) =

(r)
Vwe

DIRAC PROBABILITY THEOREM
(2049

Fix Astate Wo in And state space l finite or infinite.

THE SET FUNCTION P : 2 IR DEFINED B4 :

P(A) =

(1
FwA

O If we A

Is penoted by Swe
,

and called diral probability measure.
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POISSON PROBABILITY THEOREM (2050

Take 1 = IN = 20 ,

1
.

2
... m3 . Fixa scalar X o and define

THE SCALAR Sequence : Pr =
I

· e
"

FmeIN
.

FOR EACH EVENT A IN DEFINE THE SEQUENCE an :

1 MEA

S
NOW define The POISSON PROBABILITY P : 2 (01] By :

0 meA

P(a)= VAIN

GEOMETRIC PROBABILITY THEOREM (2011)

consider r = in
, letg{a} be a sequence of positive Numbers

SUCH That The Series tr converges With Sum R.

DEFINE THE SCALAR SEQUENCE PM =

-m
·

R

The Geometric probability Is Defined By TARING Ym = qu , ge(0 ,

1)

Astr Is the Geometric Series
.

in This Case Pr = (e-q) . qu

define The set Function P : 2-[01] By P(a) =Sam Pe

PROBABILITY OF ANY WOUTSIDE THE SUPPORT THEOREM

(2035)

LET P : 2- [0
.

1] be a simple probability measure
.

If wee

THEN P(w) = o
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PROBABILITY OF A SUPPORT OF A SIMPLE PROBABILITY

(2036)

The support of A single Probability P : 2[0
.

1] is a finite

EVENT With PROBABILITY 1 THAT is P(suppp) = 1.
↓

Moreover
,

P(a) = 1 implies supppea for all events in A

PROBABILITY AS A SUM OVER SUPPORT
(20sa)

Let P : 2101] be a simple probability measure.

FOR EACH EVENT A : P(A) =
E P(w)

We An suppP

CONVERGENT EVENTS AND COUNTABLE ADDITIVITA

10(2001)

LET P : 2101] Be a Probability
,

The Following State

MENTS ARE EQUIVALENT :

i) p is Countably additive

ii) If AmYA
,

THEN P(Am) ↑P(a)

iii) If Am A
,

Then P(am) /P(a)
V
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CONVERGENT EVENTS AND COUNTABLE ADDITIVITA

2
°

(2063)

LET P : 2101] Be a Probability
,

The Following State

MENTS ARE EQUIVALENT :

i) If A Tr
,

THENP(Am)
e

iil If AnY A
,

THEN P(Am) P(A)

iii) If AmdA
,

THEN P(Am) P(a)

iiii) If Am D
.

THEN P(am) ho

COUNTABLy Additive posson probability TheoreM

(2064)

THE POISSON PROBABILITY IS COUNTABLY ADDITIVE.

No Countably Additive uniform probability

THE OREM
(2065)

THERE IS NO COUNTABLY ADDITIVE UNIFORM PROBABILITY

p : 2 = [0
.

1]

REM

PERFECT CORRELATION (2083)

LET P : 2EIr be a simple probability
,

for Random Variables

1
. g

: 11
,

Non-constant Pa it HOLDS : (pp(9
.
g)) = 1

Iscalars do And Such That Pa : f =

ag
+ B

in particular pp(9
, g) = ees aso and pp(fg) =-1 a so
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RIGHT CONTINUITY OF THEOREM
(2000

If Pis Countably Additive
,

Then t Is right Continuous
,

With

limx = 0

AND lim

CONTINUITY OF THEOREM
(2000

If Pis Countably Additive
,

Then
,

XXoEIR :

E(xd - lim (x) = P(l = xo)
X - >X

MoreoVer
.

Fis Continuous at Xotir>P(f = Xo) = 0

& of the diral probability Theorem
(2011)

LET SM
.

BE THE DIRAC PROBABILITY CENTERED AT SOME STATE

WOEL . THE DISTRIBUTION FUNCTION OF A RANDOM VARIABLE

1:RIS GIVEN By :

=[

WHERE Xo = Scuol
,

Here is discontinuous only at Xo
,

With

Jump of Size P(f = Xo) = 1
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UNIFORM DISTRIBUTION FUNCTION AND GAUSSIAN

THEOREM
(2006)

i) Given And two scalars a < b
,

consider the uniform

DISTRIBUTION FUNCTION :

E(x) = [
IFX(Q

Fa = X1b

(F X > b
1

THE INTERVAL (0
,
b] IS THE SMALLEST CARRIER Of

.
ITS DENSITY FUNCTION,

called uniform is :

d(x)
=[

fa1X1b

OTHER WISE

BecauseStdt =adt = (xYx(ab)

AND dx = 1

ii) The gaussian distribution Function is:=
THIS DISTRIBUTION HAS NO CARRIERS

,
AND

its densit function
,

called Gaussian
,

is (x)=
BecauseS(td =

1

ESSENTIALLY Bounded Random Variable And Ep

THEOREM
(2101)

All Essentially Bounded Random variables have finite

EXPECTED VALUE.
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Example 2102

I) For THE UNIFORM DENSITY O
,

I HOLDS :

Ep(1)= (xx = xdx=xx
ii) For The GAUSSian density o IT HOLDS :

Ep(1):Xdx=ex
=

2

=
O

LINEARITY AND MONOTONICITY Of EP(9) TheoreM

(2104)

Let 1
. g

: /R be Random variables with finite expected

VALUES
,

THEN :

i) Ep(af + pg) = aEp(f) + BEp(g)fa ,

Bel

ii) Ep(1)Ep(g) i feg

iii) ep(r) = M Freie

i) and iti) Together mely That Fre Ep(far) = Ep(9) + k

FOR ALL: -IR WITH FINITE EXPECTED VALUE.
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22) Characterization Of decomposable
*

FINANCIAL LAWS (35)

STATEMENT :

LET f(E) BE A CONTINUOUS ACCUMULATION FACTOR,

WITH E20
.

THE ACCUMULATION FACTOR f(t) Is decomposable=

f(t) is a compound accumulation Law.

PROOF :

"ONLY IF": Assume That fle) is a decomposable accumulation

FACTOR so ft
,

sz0
,

f(t) = f(s) . fct-s). FROM THE EXPONENTIAL

EQUATION THEOREM WE KNOW THAT (E) = eSt WITH S20 .

23

If

"

: consider The compound accumulation factor f(t) =
est

S(t - S + S) SS
SO

. WE HAVE : f(t) = eft = e = ed(t
-

s)e
= f(t - s) - f(s)

St

And f(t) = e
,

520
,

is a decomposable Accumulation Factor.
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23) FORMULA FOR ORDINARY ANNWITIES
(42

STATEMENT :

i) The final value of an ordinary annuity with Annual

compound rate i Is : M = R :

Sili

ii) The present valve of an ordinary annuity with annual

compound rate i Is : A = R :

ami

WHERE RIS THE INSTALLMENT AND M THEIR NUMBER

PROOF :

i) M =Ri R(ri)) = R.=R ·

Sui

ii) A =Re +i= ) = R . 1- i
= Rami
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24) FORMULA FOR DUE ANNUITIES"
(46)

STATEMENT :

i) The final value of a due annuity with Annual

compound rate i Is : M = R .

Siri

ii) The present valve of a due annuity with annual

compound rate i Is : A = R .

aii

WHERE RIS THE INSTALLMENT AND M THEIR NUMBER

PROOF :

(5 - 1)

:) M =R = Riti). R ·

Si

ii) ARR(i) = Riti) .1-
= R ·

ai
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25) duration as a date of financial immu=

NIZATION
*

(62)

STATEMENT :

GIVEN A FIXED INCOME BOND THAT PAYS :

Pears ti ta ... In If i ) The pield to maturity of The Bond At to = 0 isi

INFLOWS an Q ...

anii) The RATE i Undergoes A Variation Di At

Te (0
, ti] And the new rate l' = i + gi does not Undergo Further

VARIATIONS .

THEN : THE BOND INVESTMENT IS FINANCIALLY IMMUNIZED

AGAINST THE INTEREST RATE RISK AT THE DATE :

Stas (1 + i) ts
*

= D(i)2

= as(1 +i

proof : It's a Minimum problemiWe* X

Fermat : We want i to be a (minimizer) stationary point :E Ixi=
0

*

=-tk 2v ztk - 1

V(2x) = (1)
,

We A 2x =art(

ztk - 1

AND = i

= 0
1 JUST:art( +i = O

tr-r ArticilsiWhiCh BECOMESarti
2tk - 1

·arti

-tk

By GROUPING AND SOLVING FOR IT WE HAVE : Z =

-tr

= D(i)

arti

FINALLY
,

We know That i is a Minimum Since we have di
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26) Bond price volatility (64)

STATEMENT :
IF THE MARKET PRICE OF A FIXED INCOME BOND IS :

Pli)=(The

i) THE RELATION : Pi = -D HO

i) A Linear approximation of the volatility of The Price Is :

-P(i) Pi =
=DP(i)

PROOF :

il Since P'sis=tasi-Letissi
WE HAVE :

= -(titD

ii) THE FUNCTION PLE) IS Strict POSITIVE And Differentiable

EVERYWHERE
. SO WE CAN CONSIDER THE FIRST ORDER TAYLOR

FORMULA AT EVERD POINT it (-1
,

+ d) :

P(i + -i) - P(i) = P(i)ti + o(bi) AS Gi -0
,

THEREFORE

↓ P(i)
=

P(i + bi) - P(i)
=

pii)
git

o(bi)
=

P(i)
-i + o(bi)

P(i) P(i) P(i) P(i) P(i)

AS Dio
.

by NELLECTING (i) We Get The Desired
Il

LINEAR APPROXIMATION: Pli)
=

P(i)P(i)

P(i)
Di

= -Di Di

WE HAVE AN APPROXIMATION OF BOND PRICE VOLATILITY AS A LINEAR

FUNCTION OF Di. IS CALLEDThe Ratio :

Di)
= Di a

measure ofMODIFIED DURATION AND REPRESENTS

THE VOLATILITY OF THE BOND PRICE : APD( i

THE HIGHER IT IS
,

THE GREATER THE VOLATILITY
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27) LAW Of One Price (200
(207)

STATEMENT :

SUPPOSE THE FINANCIAL MARKET (L,) SATISFIES

THE LOP
.

THEN THE PRICING RULE : WIR IS LINEAR.

PROOF : FIRST OBSERVE THAT BU THE LOP VE FOR
,

THAT IS

v(x) = f(R(z) VER Let US prove the Linearity Of f
.

-

LET W
I
WIE W AND

,

BER
.

WE WANT TO SHOW THAT

1(W + Bw) = (() + Bf() .

SINCE W = im 7 Vectors
n

X ,
XEIR SUCH THAT RE) = w And R(E) =

w !

BY DEFINITION OF PRICE OF A REPLICABLE CONTINGENT CLAIM
I

Pu = v(E) andp = v() .

by The Linearity of Rando We have :

f(xw + Bw) = f(aR(z) + BR(i) = f(R(x +PE) = v(x + BE)

= av(z) + Bv(zi) = apr + PPe = af(x) + Bf(w

THEREFORE THE FUNCTION 1 : W - IR is Linear on W
.
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28) FIRST NO-Arbitrage Condition And Lop
(1210)

STATEMENT :
A FINANCIAL MARKET (L

,

P) THAT Has No

ARBITRAGES OF IkInd
,

Satisfies The Lop .

PROOF :
By APPLyinG THE FIRST NO-Arbitrage Condition

TO THE PORTFOLIO-X ,
WE HAVE :

n

- R(x)2q = - w(x)20 XxER WHICH MEANS :

-

n

R(x) = 0 = v(x) = 0 Xx WhiCh IMPLIES :

n

R(x) = 0 = v(x) = 0 VER

LET 1 AND X BE TWO PORTFOLIOS SUCH THAT R(x) = R(X').
-

-

THE LINEARITY OF IR IMPLIES RIX-X) = 0 AND So w(X - 1) = 0,

i
.

e
.

v (*) = ~(1) by The Linearity of V
.
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29) Linear and increasing pricing Rule
(1211)

STATEMENT : A COMPLETE Financial Market (L
, b)

,

with pe
-

SATISFIES THE FIRST NO ARBITRAGE CONDITION < = > THE

PRICING RULE IS LINEAR AND INCREASING
,

THAT IS
,

7 A UNIQUE
K

fVECTOR IEIR SUCH THAT : (E) = W VWE W

PROOF :

"IF" : LET R(x20 Then c) = f(r(e)) = I
. R(e) 20 Because

&

-

#1 By HAPOTHESIS.

1
K

"ONLY IF : SINCE The Market IS COMPLETE
,

we HAVE W = imIR = IR
.

BI THE FIRST NO- ARBITRAGE CONDITION AND LOP THEOREM
,

THE LOP

HOLDS AND So fis LINEAR
.

WE NEED TO SHOW That fis Increasing.

SINCE fis Linear
,

It is sufficient TO SHOW That fis POSITIVE,

I
.

e
.

THAT w = /(e)20 ·
-

M

LET WEIR
*

With wo Being im = IR"
,
7 er Such that R) = e .-

So WE HAVE Rel = 18 And so The FIRST No-Arbitrage

CONDITION IMPLIES (I) = 0

THEREFORE f(x) = f(R(z)) = v(x)20 .

WE CONCLUDE THAT
-

THE LINEAR FUNCTION O IS POSITIVE
,

AND SO INCREASING
.

By THE RESZ-MARKOV THEOREM
,

7 A UNIQUE POSITIVE VECTOR

#E SUCH That : f(2)= 2
,

Ve
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30) FUNDAMENTAL THEOREM OF FINANCE
(1212)

STATEMENT : A complete Financiat Market (L
,

p)
,

with ped.-

-

SATISFIES THE TWO NO ARBITRAGE CONDITIONS =S THE

PRICING RULE IS LINEAR AND STRICTLY INCREASING
,

THAT IS
,

7 A

UNIQUE VECTOR IEIRI SUCH THAT : (()= Vww

PROOF :

"IF" : LET R(x0 Then ece) = f(rce) = I
. R() > O Because

- &

#BI HAPOTHESIS.

1

"ONLY IF : BO THE PRICING RULE THEOREM fiS LINEAR And Increasing
.

WE NEED TO SHOW THAT fis StriCTLY Increasing
.

SINCE SIS LINEAR
,

IT IS SUFFICIENT TO SHOW THAT IS STRICTL

-

- - M

POSITIVE
,

I
.

C
.

THAT

WKuORZER
SUCH THATRELET WEIR

*

WITH W30
.

-

SO WE HAVE Rel = >g And so The Second No-Arbitrage

CONDITION IMPLIES (IL0 BECAUSE OF THE LINEARITY OF U.

THEREFORE f(x) = f(R(z)) = v(x) 0
.

WE CONCLUDE THAT
-

THE LINEAR FUNCTION IS STRICTLY POSITIVE
,

AND So STRICTLY INCREASING
.

By THE RESZ-MARKOV THEOREM
,

7 A UNIQUE STRONGLY POSITIVE

VECTOR #E SUCH THAT: (2)= 2
,

Vze
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DEFINITIONS

ELEMENTARY FINANCIAL OPERATION DEFINITION

(1)

AN EXCHANGE BETWEEN TWO AMOUNTS OF MONEY AVAILABLE

ON DIFFERENT DATES IS CALLED AN ELEMENTARY FINANCIAL

OPERATION.

ACCUMULATION OPERATION DEFINITION (2)

LET Mand C be Two positive real Numbers
.

An accumula

TION OPERATION IS AN EXCHANGE BETWEEN AN AMOUNT OF MONE

AVAILABLE TODAY C (principal or INVESTed Capital) wiTh Another

One M (final valve or accumulated value) Available in the Future

CATADATE tpo).

DISCOUNT OPERATION DEFINITION (3)

LET Sand A be two positive real Numbers
.

A discount

OPERATION IS AN EXCHANGE BETWEEN AN AMOUNT OF MONED S

(nominal value) available at Ez0 With Another one a (present

VALUE or Discounted value) Available Today (att = 0).

CONJUGATED FINANCIAL FACTORS DEFINITION
(1)

LET f(t) and e (t) be
,
respectively

,

an accumulation factor

AND A DISCOUNT FACTOR. THE FINANCIAL FACTORS ((t) And e(t)

ARE SAID TO BE CONSUGATEd Financial Factors When : Ft >o

f(t) . e(t) = 1
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ANNUAL INTEREST Rate Definition (0)

THE INTEREST GENERATED BU E1 INVESTED FOR THE FIRST YEAR

IS INDICATED WITH THE SIMBOL I AND IS CALLEd The Annual

INTEREST RATE.

SIMPLE INTEREST DEFINITION

THE INTEREST INDICATED WITH IS A FUNCTION OF C,

t And i And is defined by The Formula i

1 = C . i . t WITH C
,

t = 0 AND il o

SIMPLE DISCOUNT DEFINITION

THE SIMPLE DISCOUNT IS THE CONJUGATE OPERATION OF

SIMPLE ACCUMULATION
,

AND IS DEFINED BI THE DISCOUNT FACTOR :

1

e(t) =

1 + it
For t = 0

COMPOUND INTEREST DEFINITION

COMPOUND INTEREST IS THE INTEREST CALCULATED ON BOTH THE

INITIAL PRINCIPAL AND The INTEREST ACCUMULATED FROM PREVIOUS

PERIODS
.

THE FINAL VALVE M OF A PRINCIPAL C INVESTED AT

Time O
,

at Maturite t
,

IS Given By :

M = Co(1 +
i) For t 20
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COMPOUND DISCOUNT DEFINITION

THE COMPOUND DISCOUNT IS THE CONSUGATED OPERATION

OF COMPOUND ACCUMULATION
,

AND IS DEFINED BY THE DISCOUNT FACTOR :

1

e(t) =

(1 + ist Fort zo

CONTINUOUSLY COMPOUNDED INTEREST

CONTINUOUSLY COMPOUNDED INTEREST ASSUMES INTEREST IS

CAPITALIZED AT EVERY INSTANT
,

AND IS defined By The Formula :

St

M = c . l FOR t = 0

WHERE So is CALLED The Force Of Interest.

FORCE OF INTEREST DEFINITION

FOR THE FINANCIAL LAW (E) WE DEFINE THE FORCE OF INTEREST

AS :

P(t) = lim Pe

=f(t)

1

· For Simple Interest : P(t) =

1+ it

· for compound interest : P(t) = In (1 + i)

DECOMPOSABILITY DEFINITION
(33)

LET f(t) Be An Accumulation FACTOR
.

The ACCUMULATION FACTOR

f(t) is said to be decomposable When : f(t) = f(t-s) . f(s)

Fs.t SUCH THAT OSet.

LOCA

PENOUEL
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ANNUITY DEFINITION
(36)

THE SEQUENCE OF CASH FLOWS RI
.

R
....

RM WITH THE SAME SIGN

AND MATURITIES
,

RESPECTIVELY
,

te
.

tz
...

tr IS CALLed An Annuity .

IF &SO Es THEN THE CASH FLOWS Are ALL inflows
,

meanwhile if

Rs 10 FS
,

THEN THE CASH FLOWS ARE ALL OUTFLOWS.

ORDINARY ANNUITY DEFINITION
(38)

LET S BE A NATURAL NUMBER
.

THE SEQUENCE OF CASH FLOWS R
.

Ra

...
Rm With The same sign and Maturities

,

respectively
,

1
,

2
....

m is

CALLED An Ordinary annuity
.

If Rego Ys
,

THEN THE CASH FLows

ARE ALL INFLOWS
,

MEANWhiLe If Rs1O YS
,

THEN THE CASH FLOWS

ARE ALL OUTFLOWS.

DUE ANNUITY DEFINITION
(44)

LET S BE A NATURAL NUMBER
.

THE SEQUENCE OF CASH FLOWS R
.

Ra

...
Rm With The same sign and Maturities respectively

,

0
.

1
....

m - 1

Is called a due annuity
.

If Rego Ys
,

THEN THE CASH FLows

ARE ALL INFLOWS
,

MEANWhiLe If Rs1O YS
,

THEN THE CASH FLOWS

ARE ALL OUTFLOWS.

ORDINARY PerpETUITY DEFINITION
(47)

A FINANCIAL OPERATION DESCRIBED BY THE FOLLOWING TABLE

YEARS to = 0 1 2 3 ...
n - 1 m ...

CASH

FLOWS
R2k ... cr ...

↓ CALLed an ordinary perpetuity (WHERE THE CASH FLOWS ARE

Infinitely MANY
,

And for simplicity We Assume That They All have

THE SAME VALUE)
.
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DUE PerpetUITY definition (30)

A FINANCIAL OPERATION DESCRIBED BY THE FOLLOWING TABLE

YEARS to = 0 1 2 3 ...
n - 1 m ...

CASH

FLOWS R R2k ... cr ...

Is called a due perpetuity (where THE CASH FLOWS Are

Infinitely MANY
,

And for simplicity We Assume That They All have

THE SAME VALUE)
.

DCF DEFINITION

PEAUS to = 0 te te ... tn =T

CASH

CONSIDER THE FINANCIAL OPERATION : FLOW
Quo Que Az ... Am

THE FUNCTION
g

: -1
.

+ a) iR defined by Gla

=*
I THE DISCOUNTED CASH FLOW ASSOCIATED TO THE FINANCIAL OPERATION.

IT DESCRIBES THE PRESENT VALUE OF THE CASH FLOW
,

WHERE THE

COMPOUND ANNUAL INTERESTRATE IS TAKEN AS A VARIABLE.

NOV definition

PEAUS to = 0 te te ... tn =T

CASH

CONSIDER THE FINANCIAL OPERATION : FLOW
Q o Que Az ... Am

AND ITS DISCOUNTED CASH FLow G(x).

THE AMOUNT GLI) IS CALLED NET PRESENT VALUE OF THE FINANCIAL

Qsoperation At The RATE i
. Gli)

=
(1 + il
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INVESTMENT DEFINITION

A Financial operation
,

with maturity T
,

described by

THE FOLLO WING TABLE :

tn =T
-

PEARS

totote tut n ICASH

FLOWS
Qm

IS CALLED AN INVESTMENT IF : Q
O

LO AND Q20
,

S = 1
,

2, ...,

m

WITH AT LEAST AN QS O

LOAN DEFINITION

A Financial operation
,

with maturity T
,

described by

THE FOLLO WING TABLE :

PEARS to = 0 te ta te ... tr-1 tn =T
-

CASH I
FLOWS Do Que Az Ap

... An-1 Qm

IS CALLED A LOAN IF : Q
p

30 AND ag10
,

S = 1
,

2
....,

M

WITH AT LEAST AN Qs < O

INTERNAL RATES DEFINITION

THE INTERNAL RATE OF A FINANCIAL OPERATION IS ANY SOLUTION

OF THE EQUATION G(X) = 0.

· If It is a typical Investment : Irr (internal rate of return

·If it is a Typical Loan : EC (effective cost)

IRR AND EFFECTIVE COST DEFINITION
(53)

THE INTERNAL RATE OF AN INVESTMENT IS CALLED THE INTERNAL

RATE OF RETURN (OR IRR)
,

whiLE THE INTERNAL RATE Of A LOAN

IS CALLEd The effECTIVE cost Of THE LOAN.
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FIXED-INCOME BOND DEFINITION

A FIXED INCOME BOND IS A SECURITY THAT CONTRACTUALLY

GUARANTEES FUTURE PAYMENTS BOTH IN TERMS OF THE AMOUNTS

AND OF THE MATURITA DATES .

#F

VIELD TO MATURITY Of A ZCB Definition
(3)

THE MELD TO MATURITY
,

OR GROSS COUPON PIELD
,

OF A ZCB Is

THE GROSS COMPOUND RATE OF RETURN i = i (0
,
T) THAT CHARAC

TERIZES THE INVESTMENT FROM O UNTIL THE MATURITY TIO OF THE 208.

i(o
,

T) = ()
F

-

1

NIELD TO MATURITY OF A BOND WITH COUPONS

DEFINITION
(57)

THE HELD TO MATURITY (ITM) OF THE BOND DESCRIBED BI THE

CASH FLOWS :

#astotalCASH

FLOWS

IS THE COMPOUND INTEREST RATE X

*

WHICH SOLVES THE EQUATION :

6(x) =

- Po+ ( + x)
*

+ R( + x)
t

= o



LOCA

PENOUEL

DURATION DEFINITION
(sa)

GIVEN THE CASH FLOW : (A) : PEARS t t ...
to

WITH as >O
,

S = 1, ..., m
INFLOWS Q

n Q2 ...
Am

The (Macaulay) duration of (a)
,

calculated at the (annual comp =

OUND Interest) Rate ix-1 IS The Quantity :

D(i)
= ts . as(1+ i)

t

& 0s(1+i

FINANCIAL IMMUNIZATION Definition (61)

AN Investment at rate i is financially (Globalli) immunized at

YEAR 2

*

AGAINST THE INTEREST RATE RISK IF :

v(zi+ i) = V(zi) wi

AND The LIFETIME 2

*

IS CALLED THE DATE OF IMMUNIZATION
.

VOLATILITY DEFINITION

THE VOLATILITY OF THE PRICE OF A BOND IS THE SENSITIVITY

OF THE PRICE TO A CHANGE IN NELD RATE :
AP(i) P(i + zi) -P(i)

EXPRESSED IN PERCENTAGE.
P(i)

=

P(i)

Modified Duration definition

WE CALL Modified DURATION OF A SECURITY AT THE MARKET RATE

i
,

the VALUE :

Dis = Di
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PORTFOLIO DEFINITION

A Portfolio Is a Vector X = [X1
.

Xz ...

Xm EIR THAT
=

7.
REPRESENTS THE QUANTITIES OF M PRIMARY ASSETS TRADED

ON THE MARKET.

PAYOFF DEFINITION

THE PAYOFF OF AN ASSET IS ITS MONETARY OUTCOME IN

EACH POSSIBLE STATE OF THE WORLD
.

FOR A PRIMARY ASSET
-

C The patoff is represented by a vector 25 = (Yes .
42 ... 3ri]↓

R

E IR .
WHERE Yij Is The patoff If State Si occurs.

CONTINGENT CLAIM DEFINITION

WE CALL CONTINGENT CLAIM ANY STATE Contingent patoff wer

*

REPLICABLE CONTINGENT CLAIM DEFINITION

A claim weirt is replicable in the Market if 7 a portfolio

SUCH THAT
:=i

complete Financial Market definition

THE MARRET Wis complete If WEIR
,

That Is
,

if Al

CONTINCENT CLAIMS ARE REPLICABLE.
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Incomplete Financial Market definition

THE MARKET W IS INCOMPLETE IF WCIRE
,

THAT IS
,

IF NOT

ALL CONTINGENT CLAIMS ARE REPLICABLE.

Arrow Contingent claim definition

i

AN ARROW Corpore) contingent claim e cris a Vector
-

THAT PAYS ONE UNIT IF STATE S : OCCURS AND O IN AL

OTHER STATES
.

PAYOFF OPERATOR DEFINITION

THE PAYOFF OPERATOR IS THE FUNCTION ASSOCIATING TO EACH

PORTFOLIO X THE CLAIM I THAT IT INDUCES : IR : IRIR
K

X - (R(x) == 13

PAYOFF MATRIX DEFINITION

-Ye Yez ...
Yem

The payoff MATRIXim = (bis) =

921322
...

Yam

IS A R BYM MATRIX THAT REPRESENTS
: :...

THE PAYOFFS OF M PRIMARY ASSETS You Yaz ... YRm
-

-

ACROSS R STATES .

MARKET VALUE DEFINITION

THE MARKET VALUE OF THE PORTFOLIO X IS THE FUNCTION

ASSOCIATING TO Each PORTFOLIO ITS PRICE Today : v : /R IP

X - w(z) = E. =
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LAW OF ONE PRICE DEFINITION (1204)

The Financial Market (L
,

P) satisfies The Law of one price

(LOP) IF
.

V PORTFOLIO X .

XeIRR(x) = R(x) = v(x) = w(x) .

PRICE OF A REPLICABLE CONTINGENT CLAIM

DEFINITION (1209)

THE PRICE Pr Of A replicable CONTINCENT CLAim WE W is
-

-

THE VALUE Of A REPLICATING PORTFOLIO XelEYW)
.

That is,
-

Pe = ~(1) Where w
= R (*).

Pricing Kernel definition

suppose The Financial Market [L , 3 Satisfies The Lop
,

Then

7 a Unique VECTOR #E W SUCH THAT : f(E) = I* FweWEIR
*

SUCH VECTOR I IS CALLED THE PRICING BERNEL Of THE CLAIMS.

ARBITRAGE DEFINITIONS

Arbitrage of Irind : [R

Arbitrage of it rind : [R
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NO ARBITRAGE CONDITIONS DEFINITION

A MARRET SATISFIES THE FIRST NO-ARBITRAGE CONDITION IF :

I : R(1)20 =(10 Felpe

A MARRET SATISFIES THE SECOND NO-Arbitrage CONDITION If :

I : R(1) = vo Felpe

CAPITALIZATION AXIOMS

Axiom 1 : Dependence of M

THE FINAL VALUE M Depends on C and t
,
Therefore we can

Write : M = M (c
.

t)

AXIOM 2 : Additivity With RESPECT TO THE Principal

LET C
.

Ca BE TWO CAPITALS
,

We Have : FCe
.
(220,

M(Ce +(
,

t) =
M((t) + M((z

,

t)

AXIOM 3 : INCREASING MONOTONICITY WITH RESPECT TO TIME

LET te
,

ta BE twO LIFETIMES
,

We Have : F tr
.

ta =o

te < tz = M (C
,
te) = M(C

,
tel

AXIoM 4 : Engagement rule

INITIALS EXTRA COSTS ARE Excluded
,

so if The Lifetime Is

t
= 0 = M(c

,

0) = C
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THEOREMS

CAUCH) THEOreM
(11)

LET BE A CONTINUOUS FUNCTION AT LEAST ONE POINT

Xo EIR
,

THEN :

fx
,
ye f(x + 2) = f(x) + f(x) ((x = ax

,
a t1

EXPONENTIAL CAUCHY EQUATION THEOREM
(12)

LET & Be a strictly positive Function
,

Continuous at least

AT ONE POINT XOEIR
,

THEN :

mX

VX
,
yEIR f(x + 2) = f(x) : f(x) (cx = l

,

me

~

AXIOM SATISETING FUNCTIONS THEOREM
(14)

Let (10
,

tzo be
,

respectively
,

a capital and lifetime

ALL FUNCTIONS M (C
.

t) WhiCh Satisfy An-Ay Axions are

M (c
,

t) =
Cf(t) WITH THE FOLLOWING PROPERTIES :

1) ((a = 1

2) fis Increasing
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EQUIVALENT RATES IN COMPOUND INTEREST

TWO INTEREST RATES ARE CALLED EQUIVALENT If IN THE SAME

LIFETIME THEY PRODUCE THE SAME FINAL VALUE STARTING FROM

THE SAME PRINCIPAL
.

· For simple Interest : im . im

· For compound Interest : 1 + i = (1 + im)m

REMARK ON ORDINARY PERPETUIT1
(48)

In compound Interest
,

The present value A of an ordinary

Perpetuity is defined By :

A = i++i
+... +p + per +.., Therefore

S

A +i
=limilimi

- M

= R · Lim 1 - (1 + i)

m +
0i

"

= E = 2 . abi
N

.
B .. (1 + i) =

ASn - > + 1

REMARR ON Due PerpETUITY
(31)

In compound Interest
,

the present value a of a Due

Perpetuity is defined By :

A = R
+ i + pi+ +... +p + p+ Therefore

+ Q

A = so
+i

=RlimRlimE
n= + 1

I I
= R + & = R . 1+i = 2 . :si
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RIES2-Markov TheoreM
(673)

A FUNCTION f : IRIR is Linear And increasing=

7 a Unique positive Vector L eI Such That :

(1) =
2 . Fer

,

And in particular

i)8 fis strongy increasing

ii)& fis strictly increasing

REPRESENTATION RESULT FOR THE PRICING

RULE THEOREM
(1208)

suppose The Financial Market (L
, p) Satisfies The Lop

.

THEN 7 A UNIQUE VECTOR TE W SUCH THAT :

((m) = I . www
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