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This handout has been written by a student with no intention to substitute the University official materials.
Its purpose is to be an instrument useful to the exam preparation, but it does not give a total knowledge
about the program of the course it is related to, as the materials of the university website or professor.
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Probability

Event

The event E is every subset of a sample space Q : E C Q

Power set

V € the power set is the set made of all possible events:

20 = Upco E = {every E|E C Q}

Set function
A set function is any function
u:2% >R

That associates to any event E C Q 1 and only 1 scalar value u(E)

Measure

A set function
u:22->R
That is grounded, positive, additive is called a (positive) measure u(E) of an event E

The properties:

. Grounded: if u(@) =0

. Positive: ifu(A) >0

. Monotone: ifA C B then u(A) < u(B)

. Additive: ifANB=gthen P(AUB)=P(A)+ P(B)

Finite Additivity

A probability P : 22 — [0,1] is finite additive if for any finite collection of pairwise disjoint sets
{A YL (le.A;NA; = @Vi # j) then

HUL,A) = ) u(A)

i=1
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Probability Measure
A normalized measure is called probability measure:
P:2%-10,1]
The properties:
. Grounded: if P(g) =0
. Positive: ifP(A) >0
. Monotone: ifA C B then P(A) < P(B)
. Additive: ifANB=gthen P(AUB)=P(A)+ P(B)
« Normalized: if P(Q2) =1

Simple Probability
A probability measure P : 22 — [0,1] is simple if 3:

. A finite event E (i.e. an event made by a finite number of outcomes)

. Suchthat P(E) =1

Support of a Probability

Consider a probability measure P : 22 — [0,1] we call support of P the set

suppP = {w € Q| P(w) > 0}

Countable additivity

A probability P : 2% 0,1 s countably additive if for any countable collection of pairwise disjoint
sets {A;} 1 (ile.A; N A; = @Vi # j) then

400
P(UfSA) = ) P(A)

i=1

About countable additivity (Th)

Let P : 22 — [0,1] be a probability. Then these statements are equivalent;
. Pis countably additive

.IfA, 1A= P(A,) 1T P(A)

A, L A= P4, | P(A)
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Th

Let P : 2 — [0,1] be a probability. The following statements are equivalent:
AT Q= PA)11

. A, 1A= P, t P(A)

A, lA= P4, | PA)

LA l@d=PA)I10

Th

The Poisson probability is countable additive

Random variable

A real valued function
f:Q—>R
o — f(w)

With domain a state space is called a random variable.

Expected Value

The expected value of the random variable f : £ — R with respect to the simple probability P is

E(f)= ) fl@P@)

w€E€SuppP

Variance & Standard Deviation

The variance of the random variable f : 2 — R with respect to the simple probability P is

V()= D (fl@) - E(f)*P(®)

w€&SuppP

Its standard deviation is
,(y/ V()

Properties of the Variance and Standard Deviation:

V(f) 20 0,(f)2 0
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V(f) = E(f*) = (E(f))
V(af+B) = a*V,(f) o (af +p) = lalof)

Random variables P-equal a.e.

2 random variables (defined on the sample sample space)
g : Q>R
@ — f(w) and g(w)
are P-equal almost everywhere (P-a.e.) if

PlweQ: flw)=gw) =1

Covariance

The covariance of 2 random variables
g Q—->R
o — f(w) and g(w)

With respect to the simple probability P is:

COV(fe)= D, (f@)—E(f)g@) - E()P(w)

w€E€SuppP

Properties of the Covariance:
COV,(F. f) = V,(f) = 6X(f)

COV,(g.f) = E,((g = E,()N(f = E,(f)) = COV,(.8)
COV (af,af) = a*V,(f)

COV,(af,rg) = ayCOV,(f.8)

COV,(f,6)=0

—0,(f)o,(8) < COV,(f,8) < 6,(f)0,(8)

Pearson coefficient

_ COV(£.8)
~ 0,(f)o,(g)
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COV,(f,8)
<—<1
o,(f)o,(8)

Bounded: —

Properties of the correlation coefficient (Th)
Let P : 22 - [0,1] bea simple probability.

For all random variables f, g :  — R such that f(w) # g(w) for some @ € SuppP and f and g are
not constant on the support, then

lp(f,e)l=1 = 30#af|f=ag+p
In particular:

(g =1 = a>0

(g =-1 <= a<0

Cumulative distribution function

The cumulative distribution function of the random variable f : Q& — R under the probability

P : 22 5 [0,1], is the function
®:R - [0,1]

x = ®@) = P(f < x)

The (cumulative) distribution function is right continuous with
limits 0 and 1 (Th)

If P is countably additive, then
. @ is continuous from the right

lim ®(x) =0and lim ®(x) =1

X—>—00 X—+00

Steps or not for the (cumulative) distribution function

If P is countably additive, then at each x,,

. ©(x) — lim ®(x) = P(f = x)

X=X,
Every step of the cumulative distribution function corresponds to a concentrated probability

. @iscontinuousatxy <= P(f =x35) =0
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The (cumulative) distribution function has no step at x, <= the corresponding point wise

probability is 0, i.e. there is no concentrated probability.

Essentially bounded random variable

A random variable f :  — Ris essentially bounded if 3 2 scalars m and M such that:

Pw:m<fl@)<M)=1

Carrier
Aninterval [a, b] is a carrier for a cumulative distribution function @ if

dx)=0Vx <a and DKx)=1Vx>b

Simple random variable

A random variable is simple if it takes only a finite number of distinct values

Simple density function ¢ of ©

A positive function ¢ : R — [0,1] non zero only at finitely many points {y,...,y,} is a simple

density function of @ if

O = ) ¢(y) VxR

iy <x

Integrable density function ¢ of ©

A positive function ¢ : R — [0,1] is an integrable density function ¢ of @ if

D(x) = I p(t)dt Vx € R

Gauss Cumulative distribution function

Recall that

+o0
[ e *2dr = /2%

The gauss cumulative distribution function is

+o0
D(x) = [ e~ 121

2
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Corresponding to the continuous (and integrable) Gauss density function

1
P() = ——e ™" 2dt
2n

This distribution has no carrier.

Expected Value

The expected value of the random variable f : Q — R with (cumulative) distribution function ®

under a probability P : 2* — [0,1]is the improper Stieltjes’ integral
+o0
EJf)= J xd®()

When it 3

Th

All essentially bounded random variables have finite expected value

Cavalieri formula (Th)
If the random variable f : € — R is essentially bounded, it holds

+00

E(f)= J

0
(1 —-dx)dx — [ d(x)dx
0 —00
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Financial Calculus

Elementary financial operation

An exchange between 2 amounts of money available at different maturities is called an elementary
financial operation.

Accumulation

Let M, C be positive real numbers. An accumulation operation is an exchange between the amount C
(principal or invested capital) available today with the amount M (final value or accumulated value)

available in the future (at time t > 0)

Discount

Let S, A be positive real numbers. A discount operation is an exchange between the amount S
(nominal value) available in the future (at time # > 0) with the amount A (present value or discounted

value) available now (at (r = 0).

Conjugated financial factors

Let f(¢) and @(t) be, respectively, an accumulation and a discount (financial) factors. They are
conjugated financial factors if

J@) @) =1
Vi>0

Cauchy functional equation (Th)

Letf : R — R be a continuous function at (at least) one point Xo-Then

SOy +x)=f(x)+f(xy) Vx,x,€ER < f(x)=a-x witha€R

Th

Letf : R — R be a positive and continuous function at (at least) one point Xo-Then

SO +x) =f(xDf(xy) Vx,x, ER <= f(x) =e"™" with m €R

Capitalization axioms

1. Dependence of the amount available

The final value M depends on C and ¢ only, therefore we write:
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M =M(C,t)
2. Additivity with respect to the principal
LetC;, >0 and C, > 0be 2 principals, then V¢ > 0 we have
M(C,+ Gy, t) = M(Cy,t) + M(C,, 1)
3. Increasing monotonicity with respect to time
Let t,, 2, be 2 lifetimes such that 0 < #; < t, then the capital does not lose value over time
M(C, 1) < M(C, 1))

4. Engagementrule

Initial extra costs are excluded

M(C0)=C

Th
Let C > 0andt > 0 be a principal and a lifetime.
All the functions M = (C, t) which satisfy the axioms are of the pattern
M(C,t)=f()-C
And the function f will be the corresponding financial accumulation factor). Moreover
. fO)=1

. fisincreasing.

Simple Interest Accumulation

The simple interest accumulation factoris f(t) = 1 + it

Compound Interest Accumulation

The compound interest accumulation factoris f(¢) = (1 + i)’

Equivalent Rates

2 interest rates are called equivalent if in the same lifetime they produce the same final value starting
from the same principal.
For simple interest: i=m-i

m

For compound interest: l+i={1+i,)"
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Decomposability
The accumulation factor f(¢) is decomposable if
Jx+y)=f)-f(»
Vx,y >0

Force of Interest

For the financial law f(¢) we define the force of interest as

L fe+h =0 1
pO= M=% h
_f0
Ni0)

For simple interest: p(t) = .
1 +it

For compound interest: p(¢) = In(1 + i)

Cash flow

A cash flow is made by finite (or infinite) sequence of pairs (a;, ;) that can be represented on the time-

line
If a; > Oin flow
If a; < 0 outflow

Typical investment: pay once, they you cash in
Typical loan: receive once, they you repay

Annuity: all amounts with the same sign (typically inflows)
DCF - Discounted Cash Flow
Consider the financial operation

years to=0 1 153 t,=T

CF ao ag an . ay,

The function g : (—1, + 0c0) — R defined by



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

n

aS
60 = 2 T

s=0
Is the discounted cash flow associated to the financial operation.

It describes the present value of the cash flow where the compound annual interest rate is taken as a
variable.

NPV - Net Present Value

Consider the financial operation

years to=0 4 153 t,=T

CF ap ay an N a,
And its discounted cash flow G (x).

The amount G (i) is called net present value of the financial operation at the rate i.

n

. aS
CO= 2T

s=0
Internal Rate

The internal rate of a financial operation is any solution of the equation
Gx)=0

(l.e. any zero of the discounted cash flow, provided that they exist),

If it's a typical investment: IRR (internal rate of return)

If it's a typical loan: EC (effective cost)

YTM - Yield to Maturity of a zero coupon bond

The yield to maturity (or gross compound yield) of a zero coupon bond is

i(0,7) = (—)"T -1

N
Py

YTM - Yield to Maturity of a bond with coupons

Consider the bond with coupons described by the flow
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years to=0 4 153 t,=T
CF -Py ay an a,+R

The yield to maturity is the internal rate of return of the investment, that is the (unique) solution of the
equation

Gx)=0
i.e. the value i such that

a, a, a,+R
— + — .=
A+ (140 1+ DT

G(@i)=—P,+

Duration of a cash flow
Consider the investment
years to=0 4 153 t,=T
CF —Po(o,i) ag an N a,

With price

n

. as
P(0,i) = Z—(l T

s=1
At the market rate i.

We call duration of the investment the average of the future maturities weighted with the percentage
of the discounted amounts. In a formula:

Z a 1
D = Z f, - 5. —
P (1+i)s
s=1
For a zero coupon bond:

D = Maturity

Financial immunization
An investment at rate i is financially immunized at year z* against the interest rate risk if
V(¥ i+ Ai) > V(z*,i) VA

And the lifetime z* is called date of immunization
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Volatility of the price of the bond

The volatility of the price of a bond is the sensitivity of the price to a change in yield rate:

AP(i) _ PG+ Ai)— P(@i)
PG) P(i)

Expressed in percentage (i.e. relative variation of the price)

Modified Duration

We call modified duration of a security at the market rate i the value

D(i)
I+

D*(i) =

Contingent claim

We call contingent claim any state contingent payoff w € R¥

Replicable claim

Aclaimw € R¥is replicable in the market if there exists a portfolio such that

n
w=Yx
» 5y

J=1

Market W
We call market W the vector subspace of R¥ made of all replicable claims, i.e.
W =spanL
Complete Market
The market Wis complete if
W = R*

That is, if all contingent claims are replicable

Pure contingent claims

We call pure contingent claims the claims in R*
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lep.-.e,

Where ¢; pays 1€ if the state w; is reached tomorrow and 0 if another state is reached.

Payoff operator

The payoff operator is the function associating to each portfolio x the claim w that it induces:

N

Market value of the portfolio

The market value of the portfolio x is the function associating to each portfolio its price today:

LOP - Law of One Price

The financial market {L, p} satisfies the LOP if portfolios inducing the same contingent claim share

the same market value:

Vx*, x* suchthat  R(x") = R(x*) = v(x") = v(x*)

Price of the claim

Provided that the LOP is satisfied, we call price p,, of the claim w € R* the value of (any) replicating

portfolio inducing such claim:

P, =Vv(x) whereR(x)=w

Pricing kernel

Suppose the financial market {L, p} satisfies the LOP, then there exists a unique vector 7 € W such

that:
fw)y=mew Vw e W C R

Such vector 7 is called the pricing kernel of the claims.
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Arbitrage
. . Y-x=R(x)20
Arbitrage of | kind: pex=v(x)<0

Y-x=R(x)>0
Arbitrage of Il kind: e
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