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Mathematics Module II 

(Applied) 

Theorems with Proofs 

Michele Rossini - BIEM15 - AY: 2023-2024 

This handout has been written by a student with no intention to substitute the University o!cial materials. 

Its purpose is to be an instrument useful to the exam preparation, but it does not give a total knowledge 

about the program of the course it is related to, as the materials of the university website or professor. 

  of  1 39



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

Probability   3

Monotonicity of a Measure   3

Relation between the Measure of AB and AB   4

A Probability Measure is Simple if it exists a "nite event E such that P(E)=1   5

Support of a Simple Probability   6

Finite Reduction of a Simple Probability   7

Every Simple Probability is a convex L.C. of Dirac Probabilities   8

Countable Additivity for Simple Probabilities   9

A Uniform Probability is NOT Countably Additive.   10

Linearity of the Expected Value   11

Monotonicity of the Expected Value   12

Extension to any "nite set that contains the Support (Expected Value)   13

Characterization for Simple Probabilities of Random Variables that are P-equal a.e.   14

P-equal a.e. Random Variables have the same Expected Value   15

Computation Formula for the Variance   16

Computation Formula for the Covariance   17

Expectation of A!ne Functions of Random Variables   18

Variance of A!ne Functions of Random Variables   19

Covariance of A!ne Functions of Random Variables   20

Variance of a Sum of Random Variables   21

Boundedness Property for the Covariance   22

The Distribution Function is Increasing   24

The Distribution Function of an Essentially Bounded Random Variable is Eventually Bounded   25

If a Distribution Function with a Carrier [a,b] has a continuous Density Function, then it is equal to zero for every x that does not belong 
to the Carrier   26

A Distribution Function has a unique continuous Density Function if and only if it is continuously di#erentiable   27

Expected Value of a Random Variable with respect to Simple Probabilities as a Stieltjes Integral   28

Financial Calculus   29

Necessary and Su!cient Condition for the Decomposability   29

Formula on Ordinary Annuity with constant installment (PV)   30

Formula on Ordinary Annuity with constant installment (FV)   31

Formula on Due Annuity with constant installment (PV)   32

Formula on Due Annuity with constant installment (FV)   33

Duration as a Date of Financial Immunization   34

Bond Price Volatility   35

Linearity of the Pricing Rule   36

No Arbitrage Condition of I Kind implies the LOP   37

Linear and Increasing Pricing Rule   38

Fundamental Theorem of Finance  39

  of  2 39



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

Probability 

Monotonicity of a Measure 

Each measure is monotone 

  

PROOF 

Consider     

Then    

  and   are incompatible events 

Since   is Additive we get 

    

  since   is Positive 

  

A ⊆ B ⟹ μ(B) ≥ μ(A)

A ⊆ B

B = A ∪ (B∖A)

A B∖A

μ

μ(B) = μ(A) + μ(B∖A)

≥ 0 μ

μ(B) ≥ μ(A)
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Relation between the Measure of A B and A B 

For any measure   there holds 

  

For any pair of events A and B of  . 

PROOF 

If   it’s the Additivity.  

If not: 

    

    

Moreover  

        

       

       

Leading to 

    

    

    

∪ ∩

μ : 2Ω → [0, + ∞)

μ(A ∪ B) + μ(A ∩ B) = μ(A) + μ(B)

Ω

A ∩ B = ∅

A ∪ B = (A∖B) ∪ (A ∩ B) ∪ (B∖A)

μ(A ∪ B) = μ(A∖B) + μ(A ∩ B) + μ(B∖A)

A = (A∖B) ∪ (A ∩ B) B = (B∖A) ∪ (A ∩ B)

μ(A) = μ(A∖B) + μ(A ∩ B) μ(B) = μ(B∖A) + μ(A ∩ B)

μ(A∖B) = μ(A) − μ(A ∩ B) μ(B∖A) = μ(B) − μ(A ∩ B)

μ(A ∪ B) = μ(A) − μ(A ∩ B) + μ(A ∩ B) + μ(B) − μ(A ∩ B)

μ(A ∪ B) = μ(A) + μ(B) − μ(A ∩ B)

μ(A ∪ B) + μ(A ∩ B) = μ(A) + μ(B)
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A Probability Measure is Simple if it exists a !nite event E such 

that P(E)=1 

Let   be a simple probability measure, where the event E takes all the probability.  

 outcome   then   

PROOF 

    

By Positivity and Monotonicity 

  

Thus     

P : 2Ω → [0,1]

∀ ω ∉ E P(ω) = 0

ω ∉ E ⟹ ω ∈ Ec

0 ≤ P(ω) ≤ P(Ec) = 1 − P(E ) = 0

P(ω) = 0
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Support of a Simple Probability 

Let   be a simple probability. Then: 

1.   is a FINITE event 

2.   

3. If   

PROOF 

1.

• P is simple     "nite   

  

•   

Thus    that is     (contrapositive) 

Any subset of a "nite set is "nite. 

2.

  

                 

By contradiction  

      that would give 

     

thus some   would have   BUT it’s not feasible   

3.

By contradiction   

For some   and   

Since   

  

contradiction       additivity  

P : 2Ω → [0,1]

SuppP

P(SuppP) = 1

P(A) = 1 ⟹ A ⊇ SuppP

⟹ ∃ E |P(E ) = 1

ω ∈ Ec ⟹ P(ω) = 0

SuppP = {ω ∈ Ω |P(ω) > 0}

SuppP ⊆ E (SuppP)c ⊇ Ec

P(SuppP) = P(SuppP ∩ Ec) + P(SuppP ∩ E )

P(∅) = 0 ≤ P(E ) = 1

P(SuppP ∩ E ) < 1

P((SuppP ∩ E )c) = 1 − P(SuppP ∩ E ) > 0

ω ∈ (SuppP)c P(ω) > 0 ω ∉ SuppP

A ⊊ SuppP

ω ∈ SuppP ω ∉ A : P(ω) > 0

P(ω) > 0

1 = P(A) < P(A) + P(ω) = P(A ∪ {ω}) ≤ P(Ω) = 1
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Finite Reduction of a Simple Probability 

Let   be a simple probability. Then  event A 

  

PROOF 

Consider    

By Additivity 

  

=0 since   

By Finite Additivity since   is "nite 

   

P : 2Ω → [0,1] ∀

P(A) = ∑
ω∈A∩SuppP

P(ω)

A = (A ∩ SuppP) ∪ (A ∩ (SuppP)c)

P(A) = P(A ∩ SuppP) + P(A ∩ (SuppP)c)

≤ P((SuppP)c) = 0

SuppP

P(A) = P(A ∩ SuppP) = ∑
ω∈A∩SuppP

P(ω)

  of  7 39



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

Every Simple Probability is a convex L.C. of Dirac Probabilities 

Let   be a simple probability. Then  event A 

  

PROOF 

  

P : 2Ω → [0,1] ∀

P(A) = ∑
ω∈SuppP

P(ω)δω(A)

P(A) = ∑
ω∈A∩SuppP

P(ω) ⋅ 1 = ∑
ω∈A∩SuppP

P(ω)δω(A) = ∑
ω∈SuppP

P(ω)δω(A)
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Countable Additivity for Simple Probabilities 

1. Any Dirac probability is countable additive 

2. Simple probabilities are countable additive 

PROOF 

1. Consider the Dirac probability   with   

Take   

• If   (since every   includes  ) 

      and    

Therefore    

• If   surely      

In particular     and       

Therefore   

2. Let   be a simple probability.  

It is a convex L.C. of Dirac Probabilities. 

     

Consider a countable collection of sets  . 

Since Dirac probability is countable additive 

  

  is countably additive.  

δω0
ω0 ∈ Ω

An ↓ A

ω0 ∈ A ⟹ ω0 ∈ An An A

δω0
(A) = 1 δω0

(An) = 1

P(An) = 1 ↓ 1 = P(A)

ω0 ∉ A ⟹ ∃M |∀n > M ω0 ∉ A

δω0
(A) = 0 δω0

(An) = 0 ∀n > M

P(An) = 0 ↓ 0 = P(A)

P : 2Ω → [0,1]

P(A) = ∑
ω∈A∩SuppP

P(ω) = ∑
ω∈SuppP

P(ω)δω(A)

An ↓ A

lim
n→+∞

P(An) = lim
n→+∞ ∑

ω∈SuppP

P(ω)δω(A) = ∑
ω∈SuppP

P(ω)( lim
n→+∞

δω(An) = ∑
ω∈SuppP

P(ω)δω(A) = P(A)

P
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A Uniform Probability is NOT Countably Additive. 

On the sample space   there is  

NO COUNTABLY ADDITIVE UNIFORM PROBABILITY   

PROOF 

By contradiction    a COUNTABLY ADDITIVE PROBABILITY   

set           by POSITIVITY 

As    

By countable additivity we reach the contradiction 

  

Ω = N

P : 2N → [0,1]

∃ P : 2N → R

K = P(n) ∀n ∈ N K ≥ 0

N = ∪n∈N {n}

1 = P(N ) = P( ∪ {n}) = ∑
n∈N

P(n) = K + . . . + K . . . + = {
0 i f K = 0

+∞ i f K > 0
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Linearity of the Expected Value 

Let   be a simple probability and   any pair of random variables and any 

 . It holds: 

  

PROOF 

  

  

  

  

P : 2Ω → [0,1] f, g : Ω → R

α, β ∈ R

Ep(α f + βg) = αEp( f ) + βEp(g)

∀α, β ∈ R

Ep(α f + βg) = ∑
ω∈SuppP

(α f (ω) + βg(ω))P(ω)

= α ∑
ω∈SuppP

f (ω)P(ω) + β ∑
ω∈SuppP

g(ω)P(ω)

= αEp( f ) + βEp(g)
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Monotonicity of the Expected Value 

Let   be a simple probability and   any pair of random variables. 

If       

PROOF 

Consider      

Multiplying both sides by   

        and    

Adding over the   we get 

  

P : 2Ω → [0,1] f, g : Ω → R

f ≥ g ⟹ Ep( f ) ≥ Ep(g)

f (ω) ≥ g(ω) ∀ω ∈ Ω

P(ω) ≥ 0

f (ω)P(ω) ≥ g(ω)P(ω) ∀ω ∈ Ω ∀ω ∈ SuppP

SuppP

Ep( f ) = ∑
ω∈SuppP

f (ω)P(ω) ≥ ∑
ω∈SuppP

g(ω)P(ω) = Ep(g)
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Extension to any !nite set that contains the Support (Expected 

Value) 

Let   be a simple probability and   a random variable. 

If        

PROOF 

   since     

P : 2Ω → [0,1] f : Ω → R

A ⊇ SuppP ⟹ Ep( f ) = ∑
ω∈A

f (ω)P(ω)

Ep( f ) = ∑
ω∈SuppP

f (ω)P(ω) = ∑
ω∈A

f (ω)P(ω) P(ω) = 0 ∀ω ∈ A∖SuppP

  of  13 39



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

Characterization for Simple Probabilities of Random Variables 

that are P-equal a.e. 

Let   be a simple probability and   2 random variables. 

Then: 

   are P-equal a.e.     we have   

PROOF 

   

We have that        

Therefore 

     

From Monotonicity 

     

And   and   coincide a.e. according to P. 

  

For a simple probability 

     

As a set   with   

   we take the set where   

Therefore, we deduce that 

     and   coincide on the   

P : 2Ω → [0,1] f, g : Ω → R

f, g ⟺ ∀ω ∈ SuppP f (ω) = g(ω)

⟸

f (ω) = g(ω) ∀ω ∈ SuppP

SuppP ⊆ {ω ∈ Ω : f (ω) = g(ω)}

1 = P(SuppP) ≤ P( f = g) ⟹ P( f = g) = 1

f g

⟹

SuppP ⊆ A ∀A ⊆ Ω P(A) = 1

A P(A) = 1

f = g

f g SuppP
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P-equal a.e. Random Variables have the same Expected Value  

Let   be a simple probability and   2 random variables P-equal a.e. 

Then: 

  

PROOF 

  

Since   and   coincide on the   

P : 2Ω → [0,1] f, g : Ω → R

Ep( f ) = Ep(g)

Ep( f ) = ∑
ω∈SuppP

f (ω)P(ω) = ∑
ω∈SuppP

g(ω)P(ω) = Ep(g)

f g SuppP
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Computation Formula for the Variance 

Let   be a simple probability. For each random variable   

  

PROOF 

De"nition     

I multiply 

  

Linearity of Expected Value 

  

Simplifying 

  

  

P : 2Ω → [0,1] f : Ω → R

Vp( f ) = Ep( f 2) − [Ep( f )]2

Vp( f ) = Ep( f − Ep( f ))2

= Ep( f 2 − 2f Ep( f ) + [Ep( f )]2

= Ep( f 2) − 2Ep( f )Ep( f ) + [Ep( f )]2

= Ep( f 2) − [Ep( f )]2 + [Ep( f )]2

Vp( f ) = Ep( f 2) − [Ep( f )]2

  of  16 39
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Computation Formula for the Covariance 

Let   be a simple probability. For each random variables   

  

PROOF 

De"nition    

I multiply 

  

Linearity of Expected Value 

  

Simplifying: 

  

P : 2Ω → [0,1] f, g : Ω → R

COVP( f, g) = Ep( f ⋅ g) − Ep( f ) ⋅ Ep(g)

COVP( f, g) = Ep( f − Ep( f )) ⋅ (g − Ep(g))

= Ep( fg − f Ep(g) − gEp( f ) + Ep( f )Ep(g))

= Ep( f ⋅ g) − Ep( f )Ep(g) − Ep(g)Ep( f ) + Ep( f )Ep(g)

COVP( f, g) = Ep( f ⋅ g) − Ep( f ) ⋅ Ep(g)
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Expectation of A"ne Functions of Random Variables 

Let   be a simple probability. For each random variable   and each   

  

PROOF 

De"nition    

  

  

  

  

P : 2Ω → [0,1] f : Ω → R α, β ∈ R

Ep(α f + β ) = αEp( f ) + β

Ep(α f + β ) = ∑
ω∈SuppP

(α f (ω) + β )P(ω)

= ∑
ω∈SuppP

(α f (ω)P(ω) + βP(ω))

= ∑
ω∈SuppP

α f (ω)P(ω) + ∑
ω∈SuppP

βP(ω)

= α ∑
ω∈SuppP

f (ω)P(ω) + β ∑
ω∈SuppP

P(ω)

Ep(α f + β ) = αEp( f ) + β
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Variance of A"ne Functions of Random Variables 

Let   be a simple probability. For each random variable   and each   

  

PROOF 

De"nition:   

Linearity of Expected Value 

  

  

  

  

P : 2Ω → [0,1] f : Ω → R α, β ∈ R

Vp(α f + β ) = α2Vp( f )

Vp(α f + β ) = Ep(α f + β − Ep(α f + β ))2

= Ep(α f + β − αEp( f ) − β )2

= Ep(α2( f − Ep( f ))2)

= α2Ep( f − Ep( f ))2

Vp(α f + β ) = α2Vp( f )
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Covariance of A"ne Functions of Random Variables 

Let   be a simple probability. For each random variables   and each 

 . Then: 

  

PROOF 

De"nition   

Linearity of Expected Value 

  

  

  

P : 2Ω → [0,1] f, g : Ω → R

α, β, γ, δ ∈ R

COVP(α f + β, γg + δ ) = αγCOVP( f, g)

COVP(α + β, γg + δ ) = Ep(α f + β − Ep(α f + β )) ⋅ (γg + δ − Ep(γg + δ ))

= Ep(α( f − Ep( f )) ⋅ γ (g − Ep(g)))

= αγEp( f − Ep( f ))(g − Ep(g))

COVP(α f + β, γg + δ ) = αγCOVP( f, g)

  of  20 39



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

Variance of a Sum of Random Variables 

Let   be a simple probability. For all random variables   

  

PROOF 

De"nition   

Linearity of Expected Value 

  

  

  

Linearity of Expected Value 

  

P : 2Ω → [0,1] f, g : Ω → R

Vp( f + g) = Vp( f ) + Vp(g) + 2COVP( f, g)

Vp( f + g) = Ep(( f + g) − Ep( f + g))2

= Ep( f − Ep( f ) + g − Ep(g))2

= Ep[( f − Ep( f ))2 + (g − Ep(g))2 + 2( f − Ep( f ))(g − Ep(g)]

= Ep[( f − Ep( f ))]2 + Ep[(g − Ep(g))]2 + 2Ep[( f − Ep( f ))(g − Ep(g)]

Vp( f + g) = Vp( f ) + Vp(g) + 2COVP( f, g)

  of  21 39
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Boundedness Property for the Covariance 

Let   be a simple probability. For all random variables   

  

PROOF 

De"nition 

  

Consider    

  

  

For Cauchy-Schwarz inequality in        

   

                     

Now consider any   without 0 expectation 

    and    

By Linearity  

     and   

    

Denote  

     and   

  

P : 2Ω → [0,1] f, g : Ω → R

|COVP( f, g) | ≤ σp( f )σp(g)

|COVP( f, g) | = | ∑
ω∈SuppP

( f (ω) − Ep( f ))(g(ω) − Ep(g))P(ω) |

Ep( f ) = 0 = Ep(g)

= | ∑
ω∈SuppP

f (ω)g(ω)P(ω) |

= |
n

∑
i=1

f (ωi)g(ωi)P(ωi) |

Rn ∀u, v ∈ Rn |u ∙ v | ≤ | |u | | ⋅ | | v | |

= |
n

∑
i=1

f (ωi) P(ωi)g(ωi) P(ωi) | ≤
n

∑
i=1

f 2(ωi)P(ωi) ⋅
n

∑
i=1

g2(ωi)P(ωi)

Vp( f ) Vp(g)

f, g

f̃ = f − Ep( f ) g̃ = g − Ep(g)

Ep( f̃ ) = 0 Ep(g̃) = 0

|COVP( f̃, g̃) | ≤ Vp( f̃ ) Vp(g̃)

β = Ep( f ) δ = Ep(g)

COVP( f̃, g̃) = COVP( f − β, g − δ ) = COVP( f, g)

  of  22 39

= =



30063 | AY 2023-2024 | Bocconi University | Michele Rossini | BIEM15

  

  

Leading to 

    

    

Providing  

    

    

Vp( f̃ ) = Vp( f̃ − β ) = Vp( f )

Vp(g̃) = Vp(g̃ − δ ) = Vp(g)

σp( f̃ ) = σp( f )

σp(g̃) = σp(g)

|COVP( f̃, g̃) | ≤ Vp( f̃ ) Vp(g̃)

|COVP( f, g) | ≤ σp( f ) ⋅ σp(g)

  of  23 39
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The Distribution Function is Increasing 

The cumulative distribution function of the random variable   under the probability 

  increasing. That is, the function: 

  

  

Is   

PROOF 

From the Monotonicity of the probability:  

    

Let   

The lower level sets are included one in the other 

     

hence     

Deducing   

f : Ω → R

P : 2Ω → [0,1]

Φ : R → [0,1]

x → Φ(x) = P( f ≤ x)

|∀x1 < x2 ⟹ Φ(x1) ≤ Φ(x2)

A ⊆ B ⟹ P(A) ≤ P(B)

x1 ≤ x2

( f ≤ x1) ⊆ ( f ≤ x2)

P( f ≤ x1) ≤ P( f ≤ x2)

Φ(x1) ≤ Φ(x2)

  of  24 39
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The Distribution Function of an Essentially Bounded Random 

Variable is Eventually Bounded 

Let   be an essential bounded random variable under the probability  . Then 

  2 scalars   

  

PROOF 

Since   is essentially bounded,  .  Note that: 

• If      hence      

• If       by monotonicity    

Take   and as   any value  to get the property.  

f : Ω → R P : 2Ω → [0,1]

∃ a, b ∈ R |

Φ(x) = 0 ∀x ≤ a and Φ(x) = 1 ∀x ≥ b

f ∃m, M | P(m ≤ f ≤ M ) = 1

x < m ( f ≤ x) ∩ (m ≤ f ≤ M ) = ∅ Φ(x) = 0

x ≥ M (m ≤ f ≤ M ) ⊆ ( f ≤ x) Φ(x) = 1

b = M a < m

  of  25 39
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If a Distribution Function with a Carrier [a,b] has a continuous 

Density Function, then it is equal to zero for every x that does 

not belong to the Carrier 

Let   be a distribution function with a carrier   

If   has a continuous density  , then  

  

PROOF 

By de"nition   

Consider any  . 

Since all the probability is from   to   ( ) 

  

A non-negative continuous function with zero integral on   is the zero function and the 

arbitrarily of   provides the result  . 

So     

A similar argument can be used to prove the thesis as  . 

Φ [a, b]

Φ φ

φ(x) = 0 ∀x ∉ [a, b]

Φ(x) = ∫
x

−∞

φ(t)dt

z > b

a b ∫
b

a

φ(t)dt = 1

∫
z

b

φ(t)dt = 0

[b, z]

z ∀x > b

φ(x) = 0 ∀x ∈ [b, z]

x < a
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A Distribution Function has a unique continuous Density 

Function if and only if it is continuously di#erentiable 

Let   be a distribution function with a carrier   

  has a unique continuous density       is continuously di#erentiable (and  ) 

PROOF 

Immediate reformulation of Torricelli-Barrow Theorem with   

(Note that  ) 

Φ [a, b]

Φ φ ⟺ Φ Φ′ = φ

γ = Φ′ 

Φ(a) = ∫
a

−∞

φ(t)dt = ∫
a

a

φ(t)dt = 0

  of  27 39
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Expected Value of a Random Variable with respect to Simple 

Probabilities as a Stieltjes Integral 

Let   be a simple probability. For each random variable   

  

(where   is any carrier of the random variable) 

PROOF 

Since P is a simple probability 

    

Denote   

Without loss of generality we can assume that these values are distinct and  

 ;  

Moreover they all belong to the carrier, that is 

  and  . 

  

  

Recall that  

  

Using the last theorem about Stieltjes integral we conclude: 

  

P : 2Ω → R f : Ω → R

Ep( f ) = ∫
b

a

xdΦ(x)

[a, b]

SuppP = {ω1, ω2, . . . , ωn}

xi = f (ωi)

x1 < x2 < x < . . . < xn

x1 > a xn < b

P(ωi) = P( f = xi)

Ep( f ) = ∑
ω∈SuppP

f (ω)P(ω) =

n

∑
i=1

xiP( f = xi)

P( f = xi) = Φ(xi) − Φ(x−
i )

Ep( f ) = ∑ xi[Φ(xi) − Φ(x−
i )] = ∫

b

a

xdΦ(x)
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Financial Calculus 

Necessary and Su"cient Condition for the Decomposability 

Let   be an accumulation factor, with   . Then 

  is decomposable     is a COMPOUND ACCUMULATION LAW 

PROOF 

  

  is decomposable 

    

The characterization of the functions which satisfy the multiplicative equation provides that: 

 , that is the COMPOUND LAW written as a natural log.  

  

Consider the COMPOUND LAW written as a natural log 

    

Consider  : 

    

  is decomposable 

f (t) t ≥ 0

f ⟺ f

⟹

f

f (t1 + t2) = f (t1) ⋅ f (t2)

f (t) = emt = eδt

⟸

f (t) = eδt

t1, t2 ≥ 0

f (t1 + t2) = eδ(t1+t2) = eδt1+δt2 = eδt1 ⋅ eδt2 = f (t1) ⋅ f (t2)

f
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Formula on Ordinary Annuity with constant installment (PV) 

The present value of an ordinary annuity with annual compound rate   is: 

  

Where   is the installment and   their number. 

PROOF 

  

    

Call   

  

  

Recall the Geometric Sum:   

    

Substitute   

  

Call the fraction   

  

i

V0 = R ⋅ an⌝i

R n

V0 = R(

n

∑
k=1

1

(1 + i )k
)

=
R

1 + i
+

R

(1 + i )2
+ . . . +

R

(1 + i )n

z =
1

1 + i

= Rz1 + Rz2 + . . . + Rzn

= Rz(z0 + . . . + zn−1)

n−1

∑
k=0

zk = (z0 + . . . + zn−1) =
1 − zn

1 − z

⟹ = Rz ⋅
1 − zn

1 − z

z =
1

1 + i

= R
1 − (

1

1 + i
)n

i
= R

1 − (1 + i )−n

i

an⌝i

V0 = R ⋅ an⌝i
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Formula on Ordinary Annuity with constant installment (FV) 

The "nal value of an ordinary annuity with annual compound rate   is: 

  

Where   is the installment and   their number. 

PROOF 

  

  

Call   

  

  

Recall the Geometric Sum:   

    

Substitute   

  

Call the fraction   

  

i

VT = R ⋅ sn⌝i

R n

VT =

n−1

∑
k=0

R(1 + i )k

= R(1 + i )n−1 + R(1 + i )n−2 + . . . + R(1 + i ) + R

z = (1 + i )

= Rzn−1 + . . . + Rz0

= Rz0 + . . . + Rzn−1

n−1

∑
k=0

zk = (z0 + . . . + zn−1) =
1 − zn

1 − z

⟹ = R ⋅
1 − zn

1 − z

z =
1

1 + i

= R
1 − (1 + i )n

1 − (1 + i )
= R

1 − (1 + i )n

i

sn⌝i

VT = R ⋅ sn⌝i
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Formula on Due Annuity with constant installment (PV) 

The present value of a due annuity with annual compound rate   is: 

  

Where   is the installment and   their number. 

PROOF 

  

  

Call   

  

Call   

  

  

Call   

  

i

V0 = R ⋅ ··an⌝i

R n

··
V0 = R(

n−1

∑
k=0

1

(1 + i )k
)

= R +
R

1 + i
+

R

(1 + i )2
+ . . . +

R

(1 + i )n−1

z =
1

1 + i

= Rz0 + Rz1 + . . . + Rzn−1

an⌝i =
1 − (1 + i )−n

i

= R ⋅
an⌝i

z

= R ⋅ an⌝i ⋅ (1 + i )

··an⌝i = (1 + i ) ⋅ an⌝i

V0 = R ⋅ ··an⌝i
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Formula on Due Annuity with constant installment (FV) 

The "nal value of a due annuity with annual compound rate   is: 

  

Where   is the installment and   their number. 

PROOF 

  

  

Call   

  

  

Call   

  

  

Call   

  

i

VT = R ⋅ ··sn⌝i

R n

··
VT = R[

n

∑
k=1

(1 + i )k]

= R(1 + i )n + . . . + R(1 + i )

z = (1 + i )

= Rzn + . . . + Rz1

= Rz1 + . . . + Rzn

sn⌝i =
1 − (1 + i )n

i

= R ⋅ sn⌝i ⋅ z

= R ⋅ sn⌝i ⋅ (1 + i )

··sn⌝i = (1 + i ) ⋅ sn⌝i

··
VT = R ⋅ ··sn⌝i
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Duration as a Date of Financial Immunization 

Give a "xed income bond that pays 

Assuming that 

• The yield to maturity (YTM) of the bond at   is   

• The rate   undergoes a variation   at   and does not undergo further variations (interest 

rate risk) 

Then, the investment is "nancially immunized against the interest rate risk at the date  

  

Where   is the duration of the bond evaluated at the rate  . 

PROOF 

It’s a minimum problem:   

Fermat: we want   to be (a minimizer) stationary point. 

    

    

     

     hence    

Deducing    

       

  is also minimum because  

    

 t2 t1

 a1  . . . CF

 yea rs

 a2

 . . .  tn

 an

t0 = 0 i

i Δi τ ∈ (0,t1]

z* = D(i )

D(i ) i

min
with respect to x

V(z, x)

i

∂V

∂x
|
x=i

= 0

V(z, x) =

n

∑
k=1

ak(1 + x)z−tk

∂V

∂x
=

n

∑
k=1

ak(z − tk)(1 + x)z−tk−1

∂V

∂x
|
x=i

= 0

n

∑
k=1

ak(z − tk)(1 + i )z−tk−1 = 0

n

∑
k=1

akz(1 + i )z−tk−1 =

n

∑
k=1

ak ⋅ tk(1 + i )z−tk−1

∑
n

k=1
akz(1 + i )−tk

(1 + i )1−z

= ∑
n

k=1
ak ⋅ tk(1 + i )−tk

(1 + i )1−z
⟹ z =

∑
n

k=1
aktk(1 + i )−tk

∑
n

k=1
ak(1 + i )−tk

= D

i

∂2V

∂2x
|
x=i

> 0
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Bond Price Volatility 

Given "xed income bond that pays 

With the price at the market rate   that is: 

  

Then: 

1.   (di#erential form of the volatility) 

2.   

PROOF 

1.   

  

  

divide by     

2. Modi"ed duration:   

The volatility of the price of a bond equal the modi"ed duration changed in sign.  

  

Using the linear approximation of the derivative   from   we deduce: 

  

  

 . . .

 an CF  . . .

 t1  t2

 a1  a2

 tn yea rs

i

P(i ) = V(0,i ) =

n

∑
s=1

as

(1 + i )ts

P′ (i )

P(i )
= −

D(i )

1 + i

ΔP(i )

P(i )
≈

P′ (i )

P(i )
Δi = −

D(i )

1 + i
Δi

P(i ) = V(0,i ) =

n

∑
k=1

ak ⋅
1

(1 + i )
tk

P′ (i ) =

n

∑
k=1

ak(−tk)(1 + i )−tk−1

=
−1

1 + i

n

∑
k=1

aktk(1 + i )−tk

P(i )
P′ (i )

P(i )
= −

D(i )

1 + i

D(i )

1 + i
= D*(i )

P′ (i )

P(i )
= − D*

P′ (i ) ≈
ΔP

Δi

P′ (i )

P(i )
= − D*

ΔP

Δi

1

P
≈ − D*

ΔP

P
≈ − D* ⋅ Δi
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Linearity of the Pricing Rule 

Suppose the "nancial market (  satis"es the LOP, then the pricing rule 

  

  

is a linear functional.  

Which means:  

  

PROOF 

since       

Since   is linear:      

Since  :    

Since   is linear:     

Since       

Since       

So we proved that:    

L, p)

f : W → R

w → f ( w) = pw = v( x)

f (α w1 + βw2) = α f (w1) + β f (w2)

R(x) = w f (α w1 + βw2) = f (αR(x1) + βR(x2))

R = f (R(αx1 + βx2))

f (R( x)) = v( x) = v(αx1 + βx2)

v = αv(x1) + βv(x2)

v( x) = pw = αPw1
+ βPw2

pw = f ( w) = α f (w1) + β f (w2)

f (α w1 + βw2) = α f (w1) + β f (w2)
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No Arbitrage Condition of I Kind implies the LOP 

A "nancial market that has no arbitrages of I kind satis"es the LOP 

PROOF 

Without arbitrage of I kind we have: 

•     

  is linear,   is linear;  using   we get 

  

•     

Thus    

(Every element in the kernel has zero value) 

The linearity of   and   allows to conclude; in fact consider 2 portfolios inducing the same claim 

     we get by linearity of   

    

No arbitrage I     

hence     

  and   share the same market value.  

R(x) ≥ 0 ⟹ v( x) ≥ 0∀x ∈ Rn

R v −x

−R( x) ≥ 0 ⟹ − v( x) ≥ 0∀x ∈ Rn

R( x) ≤ 0 ⟹ v( x) ≤ 0

R( x) = 0 ⟹ v( x) = 0

R v

∀x*, x∙, ∈ Rn R( x*) = R( x∙) R

R( x* − x∙) = 0

v( x* − x∙) = 0

v( x*) = v( x∙)

x* x∙
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Linear and Increasing Pricing Rule 

Consider a complete "nancial market   with   

It satis"es no arbitrage condition of I kind     the pricing rule is linear and increasing 

        i.e.   a unique pricing kernel 

          |   

PROOF 

  

Consider    and    

Then    

Which is: no arbitrage condition of I kind. 

  

From the completeness of the market    , a portfolio inducing the claim     

Since arbitrage I kind          

By positivity of       

Since        and we have that   and   

Then      

In particular    

     

            

(L, p) p ≠ 0

⟺
∃

π ≥ 0 f ( w) = π ∙ w

⟸

R( x) ≥ 0 π ≥ 0

v( x) = f (R( x)) = π ∙ R( x) ≥ 0

⟹

∃ x∙ ∈ Rn w = R( x∙)

R( x∙) = w ≥ 0 ⟹ v( x∙) ≥ 0

f f (R( x∙)) = f ( w) ≥ 0

f ( w) = π ∙ w w ≥ 0 f (w) ≥ 0

π ≥ 0

∀i = 1,...,k

e
i
> 0 ⟹ f ( e

i
) > 0

πi
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Fundamental Theorem of Finance 

Consider a complete "nancial market   with   

It satis"es no arbitrage condition of I,II kind          the pricing rule is linear and strictly increasing 

               i.e.   a unique pricing kernel 

      |   

PROOF 

  

I just need to prove that arbitrage condition of II kind doesn’t hold.  

Consider    and     ( )  

Then    

Which is: no arbitrage condition of II kind. 

  

From the completeness of the market    , a portfolio inducing the claim     

Since arbitrage I kind          

By positivity of       

Since        and we have that   and   

Then      

In particular     

  

   

(L, p) p ≠ 0

⟺

∃

π ≫ 0 f ( w) = π ∙ w

⟸

R( x) > 0 π ≫ 0 πi > 0 ∀i = 1,...,k

v( x) = f (R( x)) = π ∙ R( x) > 0

⟹

∃ x∙ ∈ Rn w = R( x∙)

R( x∙) = w > 0 ⟹ v( x∙) > 0

f f (R( x∙)) = f ( w) > 0

f ( w) = π ∙ w w > 0 f (w) > 0

π ≫ 0

∀i = 1,...,k

e
i
> 0 ⟹ f ( e

i
) > 0

πi
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