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* = IN CLASS PENOUEL

H = HOME Work

PROOFS

1) Characteristic polyNomial And elgenvalves
*

STATEMENT : CONSIDER A SIMMETRIC MATRIX A OF ORDER M
.

A scalar Xe/Ris an elgenvalve of As det (A-XIm) = 0
,

WHERE Im is The Identity Matrix

PROOFBDENTONEEVALOFAA
-

BX = Q IS An HOMOGENEUS LINEAR SISTEM And Admits Non Zero Solutions

# det (B) = 0 so, ( > det (A - XI) = 0

2) EIGenspaces
*

STATEMENT : CONSIDER A simmetric MATRIX A Of Order M
,

If

XE G (A)
,

THEN THE set Wx = CXEIR": (A-XIm) · X = 0 3 is A

VECTOR SUBSPACE OF IRY CALLED ELGENSPACE.

pro
WE HAVE

2 . + B . q = 0
.

= XX + BXEWX
,

so Wais A Vector Subspace
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PENOUEL

3) ORTHOGONAL EIGenspaces
*

STATEMENT :

FOR ALL Elgenpairs of (X XI And) XX") of A.

WE Have :F X * X" = * LX

Proof : Tare elenpairs (4
,
1) And (xei)

,
where X = X.

WERNOW Ax = XXAND Ax' = XX
. WE HAVE :

(1) Ax . X = XX. = X(X. * ) And We ALSo have

(2)Ax . x = X
. AT x = X

. A . x = X . x x = x(XX)

(1) + (2) =>x(x - xi = x(xx)= (x - x) . (x - x) = 0.

1

And Since XeXwe have XX = 0 = LX

4) El GENVALUES Of The INVERSE Matrix

*

Statement : 1) a simmetric Matrix is invertible le) all

OF ITS ELCENVALUES ARE NON-ZERO
,

AND IN THAT CASE :

ii) x = G(a) = >

+
+ 6(A)

Proof : i) o e 6 (a)= det (a - 0 .1) = 0= det (a) = 0

so det (a) o ie . it is invertible 06 (a).

II) let a be invertible , and Xeg(a)
,
y 0 and consider er"

WHICH IS THE ELGENVECTOR ASSOCIATED WITH X
.

AXXX IMPLIES

X = &Ax .
Now Tare A = Az = A-".. Az = yt A . x =

**. So we Now have A
= = fed(A).

WE HAVETHATThe Converse Is Also True
,

Since A =(A
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5) positive definite Matrix are invertible
penquel

STATEMENT : i) a positive definite Matrix is invertible

AND ii) itS Inverse is Also positive definite.

PROOF: ) WANT TO SHOW THAT GIVEN A S
.

T . X . A. > 0 XXER153

That 7 a ? suppose &a in This case 5 + Q S
.

t
. Ax =a

71 # & S
.
T . XAx = 0

,
CONTRADiction ! So Zar

ii) Want to show A" is positive definite .
Set

Y
= A so That

Ay = X WITH 1 So THAT 1
*8

. WE HAVE XA- * = 1
.

2 =

Ay .

y
=

3
. A .

1 . . [
. % .

330
since A is positive definite and

yg

=> . Aso so A is positive definite .

(H)

6) Invertible positive semidefinite Matrices

STATEMENT : A POSITIVE SEMIDEFINITE MATRIX IS INVERTIBLE

# > It is positive definite

Proof : "I "Since A is positive definite i
.

e
. X . A . > o Exer83

It implies A is positive semidefinite X . A . >0 = X . A . 20 fer483

AND BY THE THEOREM OF POSITIVE DEFINITE MATRICES AND INVERTIBILITY

WE RNOW A IS INVERTIBLE.

"ONLY IF" LET XER" Be Such That X
. A .to which by theorer

IS EQUIVALENT TO THE HOMOGENEUS LINEAR SISTEM AX = Q
.

SINCE A is Invertible The ONLY SOLUTION TO THE SISTEM Is 1 = Q

=> A Is positive definite .
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7) SIGN Of A Matrix And its elgenvalles
* /(h)

STATEMENT : CONSIDER A simmetric MATRIX A Of Order M,

i) A is positive definite les all its elgenvalvesyo

ii) Ais positive seri definiteley all its elenvalves > o

PROOF : "ONLY If "BY HIPOTHESIS X . A. 30 FER"23 .

Takee 6 (a) and Yer"corresponding to a Such That Il vil =
1

.

SWEA
= x

'IF"By Hypothesis (0 XXe G (a)
,

Using spectral decomposition ,

A = BMBT
.

NOW SET
Y

= BT . 1 , Q SUCH THAT YT = XT . B .
We HAVE

-

THAT XAX =** Ax = XT . (B .MB) = yT.

My .
Since Lisa

DIAGONAL MATRIX WITH XILO AS DIAGONAL Entries We Have yTry=

X:. WhiCh Is 70
.

so Since Az =

giy =A > o Vetros

8) SIGN of A Matrix And Diagonal Entries
(H)

STATEMENT : CONSIDER A simmetric Matri A of order M,

i) if als positive definite = Qui so Fi = 1
,

2 ...
M

ii) if A is positive semidefinite Qui 0 Vi = 1
,

2
...

M

PROOF : CONSIDER The CANONICAL BASIS of Im : Se . 22 ... eny ,

it is

ENOUGH TO OBSERVE THAT ( : ) = Q Vi = 1
,
2 ...

m
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*

9) sion of A Matrix and principal Minors

STATEMENT : CONSIDER A simmetric Matri A Of Order M,

i) ifAis positive definite = all its principal Minors > o

ii) If A is positive seri definite L all ITS principal Minors o

Proof : Let a be positive definite and let aii be The (m-1) (m - 1)

MATRIX OBTAINED BA CANCELLING THE ITHROW AND COLUMN OF A
.

LET XEIR"

And considerer" st
.: = 1 .

We have That A=A which is >o

so a positive definite = aii positive definite = det (Aii) > 0.

We Apply The same Reasoning TO Submatrices of Order (m-2)
,

(m - 3)

... OBTAINING The SAME RESULT = ALL PRINCIPAL MINOR > O

10) SALVESTER JACOBI CRITERION
*

STATEMENT : A simmetric Matrix A of order in is :

i) positive definitee) itS leading principal Minors are all >o

ii) Negative definitee itS leading principal Minors are Not Zero And

CHANGE SION STARTING WITH A NEGATIVE SIGN

iii) indefinite if itS leading principal Minors are Not Zero and The

SEQUENCE OF THEIR SIGNS DOES NOT RESPECT I) AND II)

PROOF : I) "ONLY IF"IS TRUE BECAUSE OF THE SIGN OF A MATRIX AND

PRINCIPAL MINORS THEOREM .
"I "FOLLOWS FROM BRIOSCHIS THEOREM ,

INDEED LET Xer", Q And Let C be The Triangular Matrix of Brioschi .

Since it has unitari diagonatentries det (c) = 1 o so it is invertible.

= z = C + 2 .
by BrochAXZ .

WE HAVE Dro

And Zr20 As Just Shown = Ayo Fer des -

ii) it is the dual Negative of Versioni) Since det (A) = (-1) det (a)

R A SQUARE MATRIX OF ORDER M.

iii) Straightforward consequence of i) And ii)
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DEFINITIONS
PENOUEL

EIGENVALUE/EICENVECTOR DEFINITION
(1231)

LET A be a simmetric Matrix of order M.

A SCALAR * - If is An elGenvalve of A
,

And a vector XeIR"

* O IS AN EIGENVECTOR OF AIF TOGETHER THEY SOLVE THE EQUATION

Ax = 41

CHARACTERISTIC POLINOMIAL DEFINITION
(1238)

LET A be a simmetric Matrix of order M.

The Characteristic POLINOMIAL Pa (4)
: IR-I9 of A is defined by :

Pa(x)= det (A - x])

WHERE det (A-bI) = 0 is The Characteristic Equation

SPECTRUM DEFINITION

THE SPECTRUM Of A SYMMETRIC Matrix AEM(m) is The set of

ALL ElgenVALUES Of A
. We Denote It With : 0 (A)

ALGEBRAIC MULTIPLICITY DEFINITION

Let di be an elgenvalve of a Symmetric Matrix A M(m)
.

we call m(Xi) the algebrai multiplicity of Ki
,

The number

Of Times di appears As a Root of The Characteristic polinomialPa(a)
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ORTHOGONAL MATRIX DEFINITION (1245)

A Square Matrix Bis orthogonal if BT . B = I

MONOMIAL DEFINITION

A function fir"-- is called monomial of degree m when it is of

The Tipe fixe .

Xe
...

Xm) = (XX
..

X)
.

With O And

21 + 22
...

+ m = M

FORM DEFINITION (1253)

A function fi"-R is called a form of degree m
.

When it is the sur

OF MONOMIALS OF DEGREE M.

LINEAR FORM DEFINITION

A FORM IS Caled Linear if it is of Degree m =
1 i

.

l .:

f(xe .
X1

... Xn) =Xe + X +... +CmXm WITH - O

QUADRATIC FORM DEFINITION

A FORM IS CALLED QUADRATIC IF IT IS OF DEGREE M = 2..

12
XeXa

, bez XeXz +
...

=

0 or one bin to

14 MM
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QUADRATIC FORMS DEFINITION (1258)

Let f(x) = Xt
- Ax be a Quadratic form

,
then

,
Together With A , they are

1) positive definite if : /ce=X
"

. Ao Ver83

2) positive seri-definite if : fe=X
". Ax20 Ver"83

3) Negative definite if :
/ce=X

"
. Ax0 Ver483

4) Negative semi-definite f : /ceeXt . Ax0 Ver[83

5) indefinite if flec = X . Ay Changes sign

PRINCIPAL MINOR DEFINITION

A Minor IS A Principal MINOR If The SUBMATRIX IS OBTAINED By CANCELLing

M-R ROWS AND COLUMNS Of THE SAME INDEX

LEADING/NW principal Minor definition

A Minor is a Leading principal Minor If The SUBMATRIX is obtained By Cancelling

THE LAST M-R ROWS AND COLUMNS . DENOTED WITH : DR = det(Ar)
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THEOREMS
PENOUEL

CHARACTERISTIC EQUATION THEOREM (1239)

The CHAMACTERISTIC POLINOMIAL Pa : IR--IR of a simmetric

MATRIX A of order m
,

has degree m And Is Given By :

Pa(x) = 4

m

- tr(A) - x

-

7
...

+ ( - 1) det(a)

WHERE ALL THE ROOTS ARE REAL

EIGENSPACE THEOREM

Let A be a simmetric Matrix of Orderm
.,

if Xe g(a)
,
then the

set Wx = [xe (A-XI) = 03
is avector subspace ofir

,
called an elenspace

SPAN THEOREM
(1241)

LET SCIR" BE A set Of LINEARLy Independent VECTORS .
THERE EXISTS

A set of Orthonormal vectors 5 CIR" S
.

T
.

Span(S) = span (5)

ORTHOGONAL MATRIX PROPERTIES
(1246)

LET B BE A SQUARE MATRIX
,

THE FOLLOWING ARE EQUIVALENT :

1) B IS Orthogonal

2) B HAS ORTHONORMAL ROWS

3) B HAS ORTHONORMAL COLUMNS

- 1

4) Bis invertible And B = BT

5) det (B) is 11
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ORTHOGONALLY DIAGONAZIBLE THEOREM (1250)

A simmetric Matrix Ais orthogonallo diaconadible
.

%
.

C
.

7 an Orthogonal

MATRIX B SUCH THAT BT . A . B =
1

.

where 1 is a diagonal Matrix,

WHOSE ENTRIES ARE THE ELENVALUES OF A
,

REPEATED ACCORDING TO THEIR MULTIPLICIT

QUADRATIC FORMS AND SIMMETRIC MATRIX THEOREM (1254)

A FUNCTION fr- I is a Quadrati forme f ! non zero simmetri

Matrix A of order m SUCH THAT f(x) = x . A . fe

(1262)

SEMIDEFINITE MATRICES And HomoGeneus Systems TheoreM

Let A be a semidefinite Matrix
.

FXe/R"We have That :

XT . A . X = 0= Ax = g

MULTIPLICITY And Dimension TheoreM (1240)

Let a be a simmetric Matrix of order M
,

Then

dimWx = m(x)(xes(t).

BRIOSCHI'S THEOREM (1268)

Let A be a simmetric Matrix of orerm
,

whose NW principal Minors

ARE ALL Non Zero
.

Then 7 an Upper Triangular Matrix C-Mcm) With

ALL 1 AS Entries Along The Main Diagonal Such That fert:

M
2

T . A . X =S WHERE Z= DX
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SEM I DEFINITE AND PRINCIPAL MINORS THEOREM
(1272)

A simmetric Matrix A of order m is

1) positive semidefinite es all its principal Minors zo

2) Nelative semidefinite es all its principal Minors have The same Sign (-1)
?

or Are NULL

POSITIVE SEMI/Definite And Determinant Theorem (1264)

Let A be a simmetric Matrix

il if Ais positive definite det (a) o

ii) if A is positive semidefinite det (a)o
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H = Homewor

PROOFS

Unconstrained Local optimizers (1444)

STATEMENT : LET f : U-IR Be Twice Continuously differentiable.

LET YEU BE A STATIONARY POINT.

i) If is a Local Maximizer (Minimizer) on
U

,
Then the Quadratic

Form h. f(E) . h is Negative (positive) semidefinite

ii) If The quadratic form h. f(e) . h is Negative (positive) definite

TheN Is A Strong Local Maximizer (Minimizer).

PROOF : PLEASE REFER TO THE BOOR OR YOUR PROFESSOR VERSION FOR

THIS SPECIFIC PROOF
.

(PROPOSITION 1444)

*

CONCAVE OPTIMIZATION
(1530)

STATEMENT : Let f. C-R Be a concave function differentiable

On intC And continuous on C
.

A point e inte is a Global

Maximizer of fonC f(z) = Q

PROOF : "ONLY IF" : FOLLOWS FROM FERMAT'S THEOREM

"IF" : LET YE intC BE SUCH THAT P(E) = Q
.

WE WANT TO SHOW

THATS A GLOBAL MAXIMIZER
. SINCE IS CONCAVE WE HAVE THAT :

(2) = fe + (2) . (2-2) Vezintc. Since is continuous the

Inequality IS Easily Seen to holdyeC . Since Y fel = o we conclude

That fielefel VyeC ,

As desired.
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SECOND ORDER PARTIAL DERIVATIVES DEFINITION

of
CONSIDER The PARTIAL DERIVATIVE FUNCTION

: U-IR AT
2X :

A Point e W
.

in This case Fij =
1

,

2
...

M we have the partial

Derivative g With respect to X of the partial derivative o
2X :

THESE PARTIAL DERIVATIVES ARE CALLED SECOND-ORDER PARTIAL

Derivatives of fand are denoted by : 2
(

or By &xi
229

When i = : We Write

2 .2
(1). aX : &X ;

JACOBIAN MATRIX DEFINITION

The Jacobian matrix Dfie of an operator fi ucio irmat

XeU is a mxm Matrix Given By :

.

D or (1)

=
..

-

HESSIAN MATRIX

Given : Ver"-Iand el
,

where fis twice derivable at

WE CALL THE HESSIAN MATRIX :

&

- 2x12Xmaxax)
...

2((x) = 22
( g. 2xm2X22X1

---

2

Lax2x)Ge
J
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LEAST SQUARES SOLUTION DEFINITION (1109)

A VECTOR X
*

EIR" IS SAID TO be A Least Squares solution of

(mxm)(mx1) (mx1)

A Linear System Of Equation : A .

X = b If IT SOLVES THE

2

OPTIMIZATION PROBLEM : min = IAX-Ell sub
eiR

X

C FUNCTION DEFINITION

A function With Domain Of DerivABILITY EQUAL to A
,

is

SAID TO be fec2(a) if the second perivatives are

CONTINUOUS ON A.
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THEOREMS

SCHWARZ THEOREM (1344)

If f : UEIR"-IR HAS CONTINUOUS SECOND ORDER PARTIAL DERIVATIVES

AT XEU THEN :
af

(1) =

af
(x)

Fi
,

j = 1
,
2

...

m

2x : 2x] 2xj2X :

JACOBIAN AND HESSIAN THEOREM (1357)

The HESSIAN Matrix of a Function fiVeri is the

Jacobian MATRIX of its Derivative operator 19 : D-IR"

SECOND ORDER TAPLOR EXPANSION THEOREM (1440)

LET f: UCIR" IR Be Twice continuously differentiable.

THEN AT EACH YOU WE HAVE :

f(x = f(x + f(x)(X -x + z( - 20 .f(x) . (x- xa + o(((y-x(()

VXeU As * Xo



LOCA

PENOUEL

CONCAVE AND STRICTLY CONCAVE THEOREM
(1537)

LET f : U Gr IR Be differentiable
,

then fis concave :

feelet fee-efazey

and is strictly concave :

fea fea feleve Fee + 2

CONCAVITY AND HESSIAN MATRIX THEOREM
(1539

Let 1 : UeIr"-IR Be twice continuously differentiable
,

Then :

il lis concave lesf(e) is Negative semidefiniteeu

ii) fle) is Negative definite Freu = fis strictio concave

IMPLICIT FUNCTION EXISTANCE THEOREM (1648)

LET
g

: CD
,
With AXBeC And Red

.

If Both :

·

g
is continuous in y

·

imfg(x ,
1) supg(x1 fx

ye B

THEN 5 f : A -- Bs
.

t g(x ,

f(x) = MVxA

LEAST SQUARES UNIQUE SOLUTION THEOREM (1110

LET
MEM ,

TheN The Optimization Problem : min = llAx-Ell
X

SUB XEIR . HAS A UNIQUE SOLUTION IF P(A) = M
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LEAST SQUARES AND SUPERCOERCIVITY/ CONCAVITY
(1121)

CONSIDER A FUNCTION gir Defined By -ll Ax-blI? if

PCA) = e We have that

g
is supercoercive and strictly concave

UNIQUENESS OF THE IMPLICIT FUNCTION THEOREM (1649

LET
g

: C-D
,

With AXBEC And ReD
. If :

.

g
is strictly Monotone in

Y

THEN 7 At Most One FUNCTION

: A -- Bin B Such THAT

g(x ,
f(x) = R fxA

IMPLICIT FUNCTION DIFFERENTIABILITY THEOREM (1053

LET
g

: (EIR--D
.

WITH AXBEC And RED
,

SUPPOSE That :

i) the sets A and B are open

ii)
g

IS CONTINUOUSLY DIFFERENTIABLE On A X B
,

WITH EITHER :

· ag(x,y)2y > 0 f(x
,
y)e AxB

OR
·

Gg(x,
y) Gy < 0 f(x

,
y)e AxB

If f : A - B is Such THAT g(x ,
f(x) = R VXeA

,

THEN

· f is Continuously differentiable

28(x
,

1

· f'(x =

2x
Y(x

,y)( g(k)r(AxB)
28(x

,

1

2 Y
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IMPLICIT FUNCTION THEOREM On g(X0 , yo) = 0

(Dini) (1636)

LET
g

: U-Ir be defined on an open set of ir" and let

g(x0 , ya) = 0. If BOTH :

il
g

is continuously differentiable on a Neighborhood of (X0
,Yo

ii) 28
(x0

.
3) + 0

23

THEN 7 NEIGHBORHOODS B(Xd And VCyd) And a unique function

f : B(xd - > Veyd Such THAT : g(x .
f(x) = 0 Fxe Baxd

The FUNCTION Is Continuously Differentiable On Bexd With :

28(x
. 3)

f(x) = = ↳ f(x
, y) = g

(de(B(x)xV(ya)

(x. 3)

2 Y

IMPLICIT FUNCTION THEOREM FOR A GENERIC

SCALAR & (DIN) (1660

LET
g

: U-Ir be defined on an open set of ir" and let

g(x0 , ya) = R IF BOTH :

il
g

is continuously differentiable on a Neighborhood of (X0
,Yo

ii) 28 (xayd

THEN 7 NEIGHBORHOODS B(Xd And VCyd) And a unique function

f : B(xd - > Veyd Such That : g(x .
f(x) = R Fx B(xd

The FUNCTION Is Continuously Differentiable On Bexd With :

28(x
. 3)

f(x) =

2 X f(x
, y) = g

(k)e(B(xxxV(ya)
ag

(x. 3)

2 Y
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ECONOMICS APPLICATIONS WITH COBB-DOUGLAS

· PLEASE REFER TO THE BOOR FOR THE ECONOMIC APPLICATIONS :

· (1661)

· (1662)

· (1663)

Necessary condition Lemma 1780 (1780

LET YECID BE A LOCAL SOLUTION TO THE OPTIMIZATION

PROBLEM : max fre subg(1) = b.

If g(z) + & THEN J a Scalar Y EIR SUCH That :

f(z) = g()

LAGRANGE THEOREM (1782)

LET YECAD BE A LOCAL solution OfThe OPTIMIZATION

PROBLEM : max fle subg(1) = b.
M

If Xg()+ 2
.

TheN 7 A Scalar Xer
,

called LaGrange

MULTIPLIER
,

SUCH THAT THE PAIR (E
.

]) EIRUTYS A STATIONAR

POINT OF THE LAGRANGIAN FUNCTION .

↑
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13) RELATION SHIP BET WEEN LOWER AND UPPER INTEGRAL

(1913)

STATEMENT : # : [a
.
b] -I + is a Bounded function

,

then

BOTH THE LOWER AND THE UPPER INTEGRAL EXIST AND ARE FINITE
,

WITH

b

S &xdx Sofxdx
An

PROOF : Since IS POSITIVE AND BOUNDED
,

7 M20 SUCh THAT
N

· leM Exe(a
,

b]. = subdivision i = Exi
:

We have :

o e inf f(x) supf M Fi = 1
,

2
...

m which Becomes :

Xe[xie
.

xi] xexie
.

xi]

0 (4) S(f
,

4) = M(b- a) Fre

so I(l
,

i) and S(fin) are bounded and by the least Upper Bound

b b

principle I sup of Ill.) and inf of S(f)
.

I
.

C
.

5
Sfxdx , SexdxER

WE PROVED EXISTANCE
,

NOW WE PROVE INEQUALITY

suppose by contradiction: Axdx-lxdx = E so

-> Q

On

WE RNOW THAT I A SUBDIVISION I SUCH THAT ICMLSadx - E

And a subdivision In

"

Such That : S(f
.
N")xdx +

b

THESE TWO PELD :I(f, l - S(9.Sladx - E-)((xdx + z) = 2-3 = 0

If we Take The subdivision =un" Then I (f,) = ICl
,

it')

And S(. S(f.")
,
we Conclude That :

# (l
.

4) - S(C.) = I(f
.

i) - S(9. ") > 0

THAT IS I(f
,

N) > S(i)
,

which is a contradition !
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14) CONTINUOUS FUNCTIONS Are Integrable (1031)

STATEMENT : EVERY CONTINUOUS Function f : (0
.
b] IR

IS INTEGRABLE

proof : since fis continuous on [a
.
b]

,

by welerstrass

fis Bounded and by heine-contor fis Uniformly continuous

on (a .
b] ...e

. (r)7 8
3

30 S
.

T
.

/x - 1) <82 = (fx - (y))2(x
,
ye(a.b]

LET = [X :3. be a subdivision of (a
.
b] S

.

T
.

In Se
.

THEN V := 1
,

2
...

m By (1) we have : Max fa-Minfc) Le
,

where Max

xt[x :-
.
x.] Xe[X :-

.
x]

AND MIN EXIST By WEIERSTRASS
.

THEN : 1) Max fax) - Minf(x) <S

x[X :-1
,
X

=) x[X :-1
,
X

=)

2) Mr-mr E

3)Mmox-mmx

4) V(f
.

m) - L(f) < a(b - a)

5) & is integrable
.
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15) INTEGRABILITY Of PRODUCTS
(1936)

STATEMENT : IF 1
. g

: [a
.

b]--R are Integrable Functions
,

THEN Their product fig : [a
.
b]-sIR is Integrale.

proof : fig can be rewritten as : 1= [(l + g)2- (1-g)]

BY THE LINEARITY OF THE INTEGRAL , f +G
And -g ARE INTEGRABLE.

so both (f+ g)2 And (f-g)" Are integrable They ARE

Continuous trasformations of (fig) And (f-g).

NOW BY APPLYING THE LINEARITY OF THE INTEGRAL WE HAVE THAT

2

( +g) - (l-g) is Also integrable = fog is integrable

*

16) MONOTONICITY
(1938)

STATEMENT: LET 1, g
: [a

. b35R Be Two Integrable Functions
,

If Leg ,

THEN Stexdx = Sgcxdx

PROOF :
Since leg ,

IT FOLLOWS That I (f.) = I (g .
it)

FOR ALL ME IT
.

so
,

since f and
gare integrable lexdx gxdx
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17) INTEGRALS And Absolute value
(1939)

STATEMENT : LET : (0
, 63--IR BE An Integrable function

,
Then

b

1 (xdx) 1 ]1(x)dx

proof :
since fa /91 and-fa191 by the monotonicity

b b

OF THE INTEGRAL IT FOLLOWS THAT Stendy SIfxldX

AND By THE MONOTONICITY AND LINEARITY IT FOLLOWS THAT :

b b

- Slxdx = ( - f(xdx(f)dx .

= (dx)=xdx.

H

18) SAND WiCh/BOUNDED Ness
(1940)

STATEMENT : LET : [a
,

b] -R Be an integrable function
,
then

BI SETTING m = inf f(x) and mesupfle) we have :

[a
,
b] [0

.,b]

m . (b -a)xdx = M(b - a)

PROOF :
We have =l MExe(a

,
b]

,

and by

b

monotoniciT = (mdx[] f(xdxSMdx Xxe (a
.

b].
a

b b

Since Smdx = m(b-a) And Mdx = M(b-a)
,

it holds.
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19) Integral mean value
(1941)

STATEMENT : LET : /a
.

b]-IR Be a Bounded and integrable

function .
Then settino m = inff(x) and mesupf(x)

,
7 a Scalar

X E [m
,
M] SUCH THAT :

[0.. b) [a , b]

D

Sexdx = x(b - a)

in particular de fis
continuous ,

a cela
,
b] such that fa = X

,
so :

S1xdx =
fc(b - a)

PROOF : We Now That m(b-alxdx = M(b - a)
b

which impliesm a Stende IM .
And let X lady

b - a b - a

NOW
,

SINCE f - Continuous By darbouX & Assumes all The

values included between i and M
.

= 7
.ce [a

,
b] s

.
t . fcc) = X
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20) 1ST FUNDAMENTAL THEOREM OF CALCULUS
(1950)

STATEMENT :
LET P : [a

,
b]--I be a primitive function of

1 : [a
,
b]-Ir . If fis riemann Integrable

,

Then:

b

S(xdx = P(b) - P(a)

PROOF : Let = Ex be a subdivision of (a
.
b]

,
if we add

And Subtract P(x V := 1
.

2
...

m We Have : P(b)-Pral = (P(x) - P(x : - a)

since is a primitive of f
,

Pis differentiable on (X :. 1
.

X : )
,

And

Continuous on [Xie
,

X : ] so by Lagrange Vi
= 1

,
2

...
m
J

: e (X ..., Xi)

SUCH THAT :

Pi( : ) =

P(x : ) -
P(x

: - a

X : - X : - 1

Since Pis a primitive We have :

f(x) = P((x) =

P(x : ) - P(xi1

X : - X : - 1

so P(b)-Pla) = (P(x)- P(x)= ! . (x - X ..)= ) .X :

WHICH IMPLIES : I(f.) = P(b) - P(a) = S(f
.

i)
-

#E T NE Il

WhiCh HoldS Net so SUP(b)-P(a) S
NEπ

ana since fis integrable = f(xdx =
P(b) - P(a)
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21) 2 fundamental Theorem of CALCULus
(1955)

* THIS VERSION OF THE PROOF IS VALID AND WAS TAREN FROM PROFESSOR

FEIN NOTES
,

FOR THE SILLABUS VERSION
,

CONSULT THE BOOR.

STATEMEN : LET BE CONTINUOUS On [a
,

b]
,

then the Integral
f

Function f) de is continuously deriable and f(x =

PROOF : f continuous on (a
.
b] = fer (la

.
b).

BI THE MEAN VALUE THEOREM OF INTEGRAL CALCULUS WE HAVE :

THAT f(x
,

x + h]c[a
.
b] 7 ce(x

,

X + h) S
.

T

.

X + h

f(=
n

. S(t)d+ =
F(x+ h) - F(x)

h

NOW WE PASS TO THE LIMIT AS -SO
,

we HAVE -- V .

AND : limf = lim
F(xth)-F

WHICH BECOMES

h

f(x) = f(x)

EXTRA*:

C

IMAGE TO UNDERSTAND : I f

V
X + h

C

As h-
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22) Integrable functions are Lipschitz
(1954)

STATEMENT :

THE INTEGRAL FUNCTION F : [a
,

b]-R Of An

Integrable function f : Ca
.

b]-cir is lipschitz continuous

proof :
Since fis Bounded

,

y M20 S
.

t
.

Il M Axe(a .
b].

WE SHow (F(x) - F(y)) = M(x - y) Vx
, ge (a

,
b].

Consider X
, Ye [a

,
b] With Xy .

By def
.

Of Integral Function,

WE HAVE :

(F(x) - F(2)) = 15 (t(t) = S+(d+ = Sudt = M(x - 3)

so (F(x - F(y)) = M(x - y).

*

23) LINEARITY OF THE INTEGRAL
(1036)

STATEMENT :

LET Og : I-I BE TWO FUNCTIONS That Admit

A PRIMITIVE
.

THEN Fa
,
BER THE FUNCTion af + Bg :I-IR Admits A

primitive and :

((af+ Bg)(xdx = a)(xdx + B(g(x)dx + k
,

wiTh kei

PROOF :
Set Pr = Skeda and Pg = Sgadx .

Since fig : I-IR

Admit a primitive both Peand Pg are defined.

Take a Pr + BPg ,

Fa
,

Belo
, which is derivable and :

(app + Bpg) = al+
g ,

ie . (app + Bpg) is the antiderivative

of aftg
.

So :

Scal + Bg)(x(x = apf(x) + Bpg(x) +
= a)f(xdx + B) g(xdx
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24) INTEGRATION By PARTS (1961)

STATEMENT :

LET 1
. g

: I--R be two differentiable functions.

THEN
,

FOR SOME RELB We have :

Slixg(xdx + S(xg(xdx =
1(x

-g(x)
+ m

proof : Be The produtrue (fg)= Ig + 1g so fg = Pig + 1g

so : f(xg(x = S(f'(x) -

g(x) + f(x) -g(x]dx = Slixg(xdx + Sfxgixdx +

For SOME REIR
.

By Rearranging And Setting K =
-E We are done.

*

26) Integration By Substitution
(1964)

* THIS VERSION OF THE PROOF IS VALID AND WAS TAREN FROM PROFESSOR

FEIN NOTES
,

FOR THE SILLABUS VERSION
,

CONSULT THE BOOR.

STATEMENT :
CONSIDER f : Sa , b]-- IR derivable with

l'eR((a . b])
.

If

g
: ICI-IRis continuous on the interval I

WITH f((a ,
b3) I THEN (09) · f'e &(20 .

b]) With :

f(b)

g(f(x)( dx
= Jg(a)de

f(a)

PROOF : Since
g

is continuous on
I

, g
Admits an antiderivative

f(b)

G AND (1)

:Sg(e)de
= G (fa-Gal

We know Gis derivable since it is an antiderivative and also fis

DERIVABLE B4 HYPOTHESIS.
A

so : [G(((x)] = G'(x) · fix
= g((x) · fix

. WHiCh means That :

(2) : 6 (f(x) is an antiderivative of glfcal-fx.
(2) (1) f(b)

so: g((x) .
lxdx G(((a) - G (laSgl e
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26) Comparison Criterion
(1988)

STATEMENT : LET
g

: (a
.

+ B) -IR BE two positive Functions

Integrable on every [a
.b](a

,

+a) with fag .

Then:

+ X

Sexdx (0
,

a) =xdx (0
,

a) AND :

+ X

Stxdx = + 1 =g(xdx = + 1

PROOF : By THE MONOTONICITY OF THE IMPROPER INTEGRAL THEOREM WE

+ Q
+ X

Have Stendegadx ,
and we also have Slady e/o ,

a) and

jag(xdx = (0
,

0)

Therefore da converses le cada converges

↓ X
+ X

while Seceda diverses positively if Slcda diverges positively.

It

27) ASIMPTOTIC COMPARISON CRITERION (1989)

STATEMENT : LET : [a
,

+) -- IR be a positive function

INTEGRABLE on Every interval [a
.
b] e [a

,

+ d).

+ O

iconverses
(diverges posteSe

+ A

ii) if f = o(g) as X- + 1 andg(xdx converses
,

then

+ X

Sfida converges too

iii) f f = o(g) as X- + 1 and ( dx diverges positivent,
+ X

TheN
, Sg(da diverges positively

,
too

PROOF
:

NOT PROVIDED IN THE BOOR.
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28) Absolute convergence Criterion
(1973)

STATEMENT : LET : [a
,

+) -- IR be a function Integrable

On Every Interval (a
,
b] c [a .

+ a). THE IMPROPER INTEGRAL
+ X

& dx converges if it converges absolutely
,

in This Case :

+ X

Solxdxxdx

PROOF : NOT PROVIDED IN THE BOOR.

*

29) BARROW-TORRICELLI (2086)

STATEMENT :
A FUNCTION

g
: (a

,
b] -IR

,

WITH

g(a)
= 0 is

continuously differentiableel 7 ! continuous function
X

2 : (a
. b]- IR SUCH THAT :

g(x)
=

S ctdtYxe (a
.
b]

The Beective Function T : C : ([a
.
b]) (([a

.

b]) That TO Each

geC (20
,
b]) associates tec (20 .

b3)
is the differential

Operator T(g) =

g

:

its inverse function T C (la
.

b]) C : (la .
b])

,

which to

EACH Ve C ((0
.
b]) Associates TiteC : ([a

.
b])

,

Is THE

INTEGRAL OPERATOR

-
1

1(z)(x) = -(t)dt Ex (a
.
b]

PROOF :
REFER TO THE BOOR/ Your Professor Version
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SUBDIVISION/PARTITION DEFINITION (100)

A Set M = Exo Of Points is a subdivision/partition of an

INTERVAL [a
, b]

,

/F : Q = Xo < X1 ...
<Xm = b

THE SET OF ALL POSSIBLE SUBDIVISIONS OF AN INTERVAL [G
,
b] IS

DENOTED B

LOWER INTEGRAL SUM DEFINITION

Let a
,

bel with a lb
,

let it Be a subdivision of the Interval

[a
, b] and suppose f : [a

,b] - IR is Bounded.

The Lower suM of fover N is The Number (f. ) = mmm.X

UPPER INTEGRAL SUM DEFINITION

Let a
,

bel with a lb
,

let it Be a subdivision of The interval

[a
, b] and suppose f : [a

,b] - IR is Bounded.

The upper sur of f over n is the Number S(f. ) = &Mmx

REFINEMENT DEFINITION (1910)

GIVEN TWO SUBDIVISIONS I And I" Of [a
,
b]

,

we Say THAT

#' REFINES In If TEM : THAT IS
,

IF ALL POINTS OF TARE ALSO POINTS

OF M
.

"
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MESH DEFINITION (1017)

Given a subdivision in of [a
,
b]

,

we define the mesh of i,

DenoTed by (M)
,

the positive quantit

(4) = MAXXi

i = 1
,
2

...
M

LOWER AND UPPER INTEGRAL DEFINITION (1912)

Let f : [a
,
b]--

+ Be a Bounded function.

The value : Sfdx = su (1
.

4) is said to be the Lower

MET

Integral of fon [a
,

b].

b

The VALUE : Sf(xdx = inF S(1.) is said to be the Upper

MET
Q

Integral of fon [a
,

b].

RIEMANN INTEGRABLE DEFINITION (1914)

a Bounded Function f : [a
,

b]-I+ is said to be riemann

INTEGRABLE IF :

·S(xdx = ( xdx

This common value
, benoted dx

,

is called the remann

Integral of fon (a
.

b].
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POSITIVE/ NEGATIVE PARTS OF A D DEFINITION
(2018)

LET F : AZIR-IR
,

THE FUNCTION AEIR-SDEFINED By :

fix
= max[lcx

. 03 Exea
,

called the positive part

THE FUNCTION :AZIRIR IS DEFINED BI :

fix = = min{fx . 03 FxzA
,
called the negative part.

RIEMANN INTEGRABLE DEFINITION FOR FUNCTIONS

THAT CHANGE SIGN (1920

A Bounded function f : (a
.
b]-- is said to be integrable

In THESENSE OF RIEMANN If The FUNCTIONS STANDARE

BOTh INTEGRABLE
.

IN THIS CASE THE RIEMANN INTEGRABLE OF f

on [a , b] is defined By :

(xdx= fdx = d

STEP FUNCTION DEFINITION (1028)

e function fi (a
,
b) i is called a step function if

7

A SUBDIVISION # = [x3 And a set Sc of constants sit

f(x)
= c : Vx(xi Xi)
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primitive/ indefinite integral definition
(1044)

A Function P : I-IR is called a primitive or indefinite

INTEGRAL Of f : I-PR If it is differentiable on I And :

P(x) = f(x)(x - I

we denote a primitive of f Be Sfcxdx

INTEGRAL FUNCTION DEFINITION (1053)

Let f : (a
,
b] --R be an integrable function

,
the function

F : (a , b) -- R Given By :

F(x) = S f(t)dt Vx + (a
, b)

IS called The integral function of f .

Improper RieMANN Integrable DEFINITION
(1969)

Let f : (a
.

+ d) - IR be a function integrable on Every Interval

[a
,

b] e [a
,

+ a) With Integral function F. IF lim F(x) E Tr
X - 3 + x

+ X

WE SET :

S((xdx = lim F(x)

auThetuthe
INTEGRAL
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IMPROPER BEMANN INTEGRABLE ON IR DEFINITION (1969)

LET f:-Ir Be a function integrable on every compact interval
+ X On

If 7 The Integrals Stexde and Slada
,
the function fis said

- X

TO be Integrable on IR And We set :

+ A
+ X

So lexdx
= Gfxdx + d

PROVIDED WE DO NOT HAVE AN INDETERMINATE FORM + - 0.

+ X

THE VALUE S faxidy is called the improper Riemann Integral

Of f on 19.

- X

Cauchy principal Value Definition
cred

Let f:-Ir Be a function integrable on every interval (a .
b).

+ D

Thecauchi principal value
,

denoted by PV fixda
,
of the

+ X

NTEGRAL Solede is Given By :

M

pvjxdx = line
+
adm(x)dx

WHENEVER THE LIMIT EXISTS IN TR

IMPROPER ABSOLUTELY CONVERGENT INTEGRAL DEF.

(1002)

LET 1 : [a
,
+ )- I be a function integrable on Every Interval

+ X

(a
, b]c(a + r)

-
The improper integral finida converges ifO

IT CONVERGES ABSOLUTEL?. IN THIS CASE :

+ X

ISkxdx)al dx
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STIELTJES INTEGRAL DEFINITION (2009)

A Bounded Function f : (a
,

b]-I is said to be stieltses

Integrable With respect TO an Increasing Function
g

: [a
.b]--R If :

S( , g.
)
=FS (1

The common Valle
,

denoTed Be Sodge) ,
is called The strettes

Integrat off with respect to

g
on (a

,
b]
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THEOREMS

DERICHLET FUNCTION THE OREM
(1016)

LET 1 : [a
,
b]- be the deriChlet function :

1 x Qn[a
,b]

f(x) = S O i xe (1- a)n(a
,
b]

f(x) is not Integrable in the sense of Riemann.

INTEGRABLE FUNCTION THEOREM
(1921)

a bounded function f la
.
b]ir is integrablesedx =

- b

and leda
,

in This case :

b

S(xdx=xdx =xdx

RIEMANN INTEGRABLE AND SUBDIVISION THEOREM (1025)

a Bounded function fi (a
.
b] Ir is riemann integrable =

FESO
,

7 A Subdivision T SUCH That : S(fr-I(l#) < E.

STABILITY OF THE INTEGRAL THEOREM (1026)

let 1: (a
.
b] be an integrable function

.
F

g
: (a

,
b]- I is Equal

TO EXCEPT AT MOST A FINITE NUMBER OF POINTS
,

THEN

GIS
INTEGRABLE

b b

AND S1xdx = Sgx
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INTEGRATION PRESERVES CONTINUOUS TRANSFORMATIONS

THEOREM (1027)

Let 1: [a
.
b] be an integrable function with ma <M

.

#

g
: (m

,
M]- It is continuous

,

then the composite function gof :

[Q
,
b] -- Ir is integrable

STEP FUNCTIONS ARE RIEMANN INTEGRABLE (1029)

M

a steo function fila .
bj-ir

.

determined by the subdivision Exibito
M

And by The constants Subit is riemann integrable and we have :

b

Slexdx=

COUNTABLE DISCONTINUITIES AND INTEGRABILITY THEOREM

(1932)

Every Bounded function f : (a
.
b]--IR With at most countably

MANY DISCONTINUITIES IS INTEGRABLE

MONOTONIC FUNCTIONS AND INTEGRABILITY THEOREM
(1034)

Every monotone function f : [a
.
b] is Integrable.

LINEARITY OF THE INTEGRAL THEOREM (1936)

LET 1
. g

: (a
.
b] - IR BE TWO INTEGRABLE FUNCTIONS

.

THEN

Va
,
Ber

,
The function af + Bg

: [a
.
b]-cir is integrable

,
With :

b b

(af+g(xdx = c(xdx + B)g(xdx
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ADDITIVITY WAT THE INTERVAL OF INTEGRATION

THEOREM (1937)

let f: (a
.
b]-- Be a bounded and integrable function

.
If a

scab
,

THEN :

b

Sxdx = f(xdx + (1xdx

vice-versa
,

if le : (a ,]-r and la : [ .c
.
b]-cir are Bounded and

Integrable THEN f : La
.
b]- defined Ba : fix

= frex
Exe 20

IS ALSO BOUNDEd And INTEGRABLE
,

With :

E
(FXt ( -

,
b]

b C

S(xdx = Gle(x)dx + (f(x)dx

ZERO FUNCTION CASE THEOREM (1942)

LET 1 : (a ,
b]-IR Be a continuous and positive function

,

if

xdx = 0
,

then 1 = 0

CONSTANT OF INTEGRATION THEOREM (1947)

let f : I-ir and Pr :I Ir be a primitive function of f
A Function Pe : I-Id is a primitive of for I < 7 a constant

REIR SUCH THAT :

Pe = Pr + R

INTEGRAL TEST FOR CONVERSENCE THEOREM
(1975)

Let f : (1
,

+ 1) -8 And Set am = Se f(xdxym21
. +

0

+ S

IF THE INTEGRAL S laxdx converges
,

then the Seriesa

CONVERSES
,

WITH :
+ X + D

San = Sfxdx

THE Converse IS True if lim =
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LINEARITY OF IMPROPER INTEGRALS THEOREM
(1983)

Let 1
. g

: (a .
+ a) be two functions integrable on (a .

+ d).

THEN Va
,
BER

,

the Function a +By : [a
,

+a)--IR is integrable

on (a
.

+ d) And :

+ X + D

S(x + By(xdx = a)f(xdx + B (xdx

PROVIDED THE SECOND TERM IS NOT AN INDETERMINATE FORM +D - A

MONOTONICITY OF IMPROPER INTEGRALS THEOREM
(1984)

LET (
. g

: (a
,
+ 1) be two functions integrable on [a

.
+ d).

+ X

If leg THENJfxdxzg(x)dx

NECESSARY CONDITION FOR CONVERSENCE THEOREM (1983)

LET f : (a
,
+ a)--R be a function positive and integrable on

Every interval [a
,
b] [a

.

+ a)
.

Then fis integrable on (a
.

+ d) :

(t)dt = Supf(x)
X([a

.
+ p

in particularfede converses only if limo (if exs

GAUSS INTEGRAL THEOREM
(1906

IT HOLDS:-
*

dx
=
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STIELTJES INTEGRABLE THEOREM
(2010)

a bounded function fi (a ,
bjeir is stieltses integrable With

respect to

g
: [a

,
b]-Ir if

.

V sto 7 a subdivision neT such That :

S(1
. g.

) - I (9
, g .

4) S

EXISTANCE OF THE STIELTSES INTEGRAL THEOREM

(2011)

THE INTEGRAL . dg Exists #At Least One of These two are MET:

i) f : (a
.

b]- 18 is continuous

i) 1 : (a
.
b] - IR is monotone and

g
: (a

,

b]-IR is continuous

FINITE MANY DISCONTINUITIES AND STIELTJES INTEGRABILITY

THEOREM
(2012)

Every Bounded function f : [a
.

b] ir with finitely many disconti =

Nuities is stieltces integrable With respect to

g
: [a

.

b] -IR.

PROVIDED
GIS

CONTINUOUS AT SUCH POINTS.

STIELTJES AS RIEMANN INTEGRAL THEOREM
(2013)

let f: [a
.
b]- I be a Bounded function

, g
: [a

,
b]-dr differentiable

And g'riemann integrable
.

Then f IS STIELTSES INTEGRABLE WITH

respect to

g El
f . g is remann integrable

,

in This case We have :

b b

Sf(xdg(x) = S1xg(xdx
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VARLATION OF THE PREVIOUS THEOREM
(2014)

LET
G

BE THE INTEGRAL FUNCTION OF A RIEMANN INTEGRABLE
X

Function : [a
,
b3-IR

,

That is

g(x)
= (4dt Yxe(a

,

b].

#f f : [a
,

b]-- IR is continuous we have :

b b

Sfxdg(x) = S(xxy(x)dx

ITO'S FORMULA THEOREM (2019)

Let 1 : [c ,
d]-R be continuously differentiable and

g
: [a

,

b]-IR Continuous With
img

[c
.
d]

,

Then

((g(x) - 1(g(a)) = S +(y(t)) . dg(t)

STIELTJES INTEGRAL OF A STEP FUNCTION THEOREM

(2014)

Let 1 : [a
.

b]- be continuous and
g

: (a
,
b) --I9 Be a Step

FUNCTION WITH DISCONTINUITIES AT THE POINTS &da,da ... dm3 of

THE INTERVAL [0
,
b] .

WE HAVE :

b

1dg =(d)(g(d) - g(d5)]

INTEGRATION BY PARTS FOR STIELT JES INTEGRALS

THEOREM
(2016)

Given and two increasing and continuous functions fig : [a
,
b]-R

IT HOLDS :

b

S(dy + gd1 = 1(b) -

g(b) - ((a) -

g(a)
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