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Linear Algebra

Proofs, Definitions and Theorems
(2024-2025)

These notes have been compiled by Luca Penouel as an additional resource to aid BIEM
and BIEF students of the Mathematics 2 course (30063).

You will find the proofs, definitions, and theorems listed in the official syllabus for the
academic year 2024-2025. The versions of the proofs/definitions/theorems contained herein
may differ from those found in the official course textbook; they are adaptations that
combine elements from multiple sources to enhance clarity and understanding, while
(hopefully) maintaining mathematical correctness.

Please note that this handout IS NOT intended to replace the official course materials. It is
provided merely as a supplementary tool to assist in your study and understanding of the
course content.

The notes are not in its final form; updates and corrections will be applied as needed. If you
notice any errors, kindly contact me privately so that I can make the necessary revisions.

For the most current version of these notes, always access the document via the shared drive
link. Avoid downloading the PDF directly, as updates will be posted periodically and
downloading may result in using outdated material.

Updated: February 18, 2025
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I\) 1S (OWTINVOVSLY DIFFERENTIABLE on A X B, \usw evvwer:

- 0 LX%\/ag >0 ¥ (xa)e AnD
83(x~5\/8~340 V(e AXD

I J{: A — B s suca TakT %(x, fo) =k Y xeh , THEN

. «Q 'S CONTINUDUSL Y DIFFE RENTIABLE
2% (%,7)

' a % A
’? (D= — Y (wy) e DN (A xe)
0% (x,7) %

29
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IRPLICAT FUNCTION TWEOREMR o %(xo, Ya)= O
(D\n1) (hese)

LET U —>IR pe petitet on ar ofen st U os R* Ao ex
%(‘AO,‘{)O\=O. \F BOTW:

I)%\s ONTIIIOVSLY  DIFFERENTIABLE ON B WEILGRBORWOOD  oOF (%o,ﬁb

i) o9

a%LXo bio

THEN A WEIGHEORWOODS B (xay Are V(9o AND A UMQUE FUNCTION
](= B vy —> Vg SO TaaT: % (%, %) =0 ¥xe By

THE FoneON /? |S ONTWIO0SLY  DIFFERENTIABLE on Bxey wviw:

(x.8)

%, .
?(x)- - =

%, (x.9)
2

\f (A9 e CB’ oy n KB oy %V Lg,.,\\

\MPLICIT  FONCT\OWN TREOREMN TOR A GEWENC
SCALAR k. (OWNV) (4e00)

LET - U—>IR pe DEFINED ON AR OPeEN 3ET U os \R1 AND (EX
%(\Ao,‘{)o\=k \F »OTW:

|)%\s WNTIIOOVSLY  DIFFERENTIABLE O [ NE\LRABORWOOD oOF (%o.‘jo\

|\) °Y (Xe,30) # O

THEN A WEILWEORW0ODS B (xay ARD V(9 AND A UMQUE FUNCTION
£ (v —> Vian son vues: 9 (x, feo) =k ¥xe ®oo

THE FOCON 2 1S ONTUNOOSLY  DIFFERENTIABLE oN B (xe) WarvTW:

3 (x.9)

Pone — 22—

?{ (CHNY
)

\f (RN e % ‘o n KB o %\ (39\\




LocA
PENOLEL

€ CONOHACS QPPLICA TIONS W\I\W ORB- DOVGLAS,
- PIEAE QASFER TO TWE B0k TOR THE ECONOML RPPLICATONS -

- (A664)
(A662)

(466 2)

NECESSHRY CORNDATION LeMWB AR B0 (4,z0)

~
lex %Y e CND @ A LOLAL SOLOTION <O TWE
PROBLEN : max chg s g (N =b.
\F v%(g\ig TRER A p SCALAR

OfT\MLZATION

N eV S00N TWAT

v {zy - N g (2

LO GOANGE THESO REM (4350

et x e CND BE A LOCAL SOLOTION oF TRE OP~\ W2 ATION
PROBLEM . Mo % '?09 SV (9:‘5,1\

® VHRD £0 | wen R p scaie h R, CALED  LAGRANGE
HOLT PLier, sece Tabs the ead (2. X e @™ e p sthtionney
POINT 0Of TWE LAGAANGIAN  FONCTI\ON.



Integral Calculus

Proofs, Definitions and Theorems
(2024-2025)

These notes have been compiled by Luca Penouel as an additional resource to aid BIEM
and BIEF students of the Mathematics 2 course (30063).

You will find the proofs, definitions, and theorems listed in the official syllabus for the
academic year 2024-2025. The versions of the proofs/definitions/theorems contained herein
may differ from those found in the official course textbook; they are adaptations that
combine elements from multiple sources to enhance clarity and understanding, while
(hopefully) maintaining mathematical correctness.

Please note that this handout IS NOT intended to replace the official course materials. It is
provided merely as a supplementary tool to assist in your study and understanding of the
course content.

The notes are not in its final form; updates and corrections will be applied as needed. If you
notice any errors, kindly contact me privately so that I can make the necessary revisions.

For the most current version of these notes, always access the document via the shared drive
link. Avoid downloading the PDF directly, as updates will be posted periodically and
downloading may result in using outdated material.

Updated: March 6, 2025
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e PROOFES

1) RS LAT\ONEMP BET WEEN LOWER AND UPPER NTEGRAL.

(A943)

STAREMENY : ¢ /Y: Y_o.,\ﬂ — R+ 'S A BOUNDED FUNCTION , THEN
BO0TH TRE LOWER AND THE UPPER INTE GARAL EXIST AND AARE FINITE | wiTw

—=b
S\’QL’Q Jx ya S '?(xhlx

PROOF: g 'Y\s PosITIVE AND BOUNDED , 3 H>0 socy TwAT
oz oo e Yxe la,bl. => VY somownsion - CxA . we WAve:

O & \\¢ /?(x\ < Sup Rtxﬁ N Y- A,2...m WWIN BECOMES:

xe [xi, xid xe [xia, %

0 T M zcs(fa)e R(o-a) ¥reT™

5o T ao S X %) Aae Bounoed AnD BY THe LEAST UPPER BOUND
—b
pamciple 3 sop oF TUAM awo we or S 12,3 (oo de, (hote eRs
o al

WE PRONED EXISTANE, WOW WE PAONE \WEQLAL\TY.
SOPPOSE BY C€oNT CADICTION: S oo dx - S,Qm&x -~ € =0
-0
WE kuow! Tuet A A suBpwison W soca taet: T4 4) > SJ?N&X_%
- Q
-b

AND A SuBDWIson ¥ sach TwAT: S ('Q,‘“’") 4 §"?‘-*\ dx -\-%

b —b
TUESE TwO ‘/\et.of_\'.('?.“")—S(Q,ﬂ\"'\>S¢2mlx-%—(§ e iy -\'%:): €-¢=0
E We TAKE The sobDwision ¥ = T ot teen T (£a)=T(8 o)
ap S 2 S o), we ONCLODE TWAT:

TUOD-SWEND=z2TW-SRe") >0

TWAT \s T (2,‘(\‘\ > S («?,M LR S B CONTARADICTION \
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AL) COWTINUODLS FUNCTIONS RARE INTEGRABLE (1930

STATENENT. EERY (OWTINLOUS FONRCTION Jez[o.,\{j—ﬂo\
\S  \NWTEGRABLE

PROOF:. s J{\s owtnwoos on [, bl By welerstanss
}(\s BOUNDED AND BY HEINE - (ONTOR «Q\s ONMFORMLY  (OWTINY0AS
on [a,b]i2 (D3 §. 50 sx.| w-7\ 25 =>\doo-Yp) e Yugelab]

m
tev = { %, ., 8 A soeowision o [obl st \wl 2§,
Taen VY- 42..m BY (1) we vwAve: Hax gcx\\- Hmfm LE , WHRERE HNAY
%€ [xin, xs x& (xin, %3y
AND HIN EXIST BY WweleRSTAASS,

THEN: 4) Maw

Xe

gm wefen ze
,‘:_‘_.‘;\ X&[\t;.‘,*;\

) Mu-mue c¢

" " "
3) éﬂkmcg- 2’““““"* L é € A
kees Kas k=a

D Ufe)-LUw) ¢ e Co-a)

S) '? \S \NTEG NABLE.,
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AS) INTE GRABWITY OF PRODUCTS (,4qc)

STATEMNENT: ¢ 2 :[2,b) —>IR pee INTEGRABLE FumcTiOnS,
THEN THEIR PRODLVLCT J3~C3=[o.,\;-l—>lR 1S INTEG RABLE .

PROOF - »f3 CAN  BE ReWAITTEN RAS: j(“}ﬁ %[(Q&y\a-(«?~y\z}.

BY THE LINEA@ITY OF Twe \\.\webnm.,f?i-% AND ‘Q-y ARE |WTEGRABLE.
S0 BOTW (‘{h%Y' AND (?-%Y ARE ILTEGPABLE THEY ARE
CONTINUOOS  TEASFORMATIONS OF (?*33 AND (?-3«\.

NOW BY APPLYING THE LINeA\TY OF THE INTEGRAL WE WAVE TU T
2 L
(f+o) = (R-9)" 15 Ao wELrbRlE = «YZ S INTEGPABLE.

16) MONOTONCITY tmss

StThtTE \-\eM‘T-.LeTbQ,y : [Q,Bl g>lR BE TWO INTEGRARBLE FURCTIONS,
I ’?.‘:%/,T\-\GN §"?L~‘0Ax < é?cﬂix

PRODF : since /Qg% , \'T FOLLOWS TWAT KLR,M <1 (‘y,ﬂ\
FoR AL Y e TN.

b b
SO, S\nce g AND }. ARE IWTEGNABLE — > S’?(x)clx < \g%(x)clx
o
o
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H
J\‘-t) \NTEGABLS AND AB SOLUTE \RLLE ..

STATENENT LE‘V '?[Q bl -~ \R BE AN INTEGOLABLE FORCTION,THEN

\ ngl \ < § [ fenl dy

PROOF - 3w Jze\?\ AND -/Y /?\ ®Y THE Ho MoToKity
OF THE INTEGMPAL T FOLUOWS TWAT ?me 45 feol dy.

AND BY ne uonowomc\‘v‘/ P»\D LNEARTY (T FOLLOWS ‘V\-\QT

E’?Cx\ix —S ’YLx\ch Z S Ll dx . => \‘g‘?ml \ Sl'?cx\‘clx

)
A2) SANDWICH [ BOU NDED NESS (.00

STATERENT: (¢ 2 [aB1->R ge an IWTEGRABLE FURCTION, Then
BY SETTING m= m\= ?cx\ AND W o sovf?m WE WA\E:

m. (b-a) ¢ gkmc\x e W (b-a)

PROOF: we dave m ,?m < A Vxe.[a\:] AND BY

<
KoNOTONICIT Y => b&‘w"‘l“ = &ch\‘l, '3 SHJ* Y xe (abl.
b a,

S\wee Shwcix = m (b-a) pano SH dx= M (b-0) , (T HouDS,
o, o
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19) INTEGRAL WE AN VALIE (i

STATEHENT . (et /?: {Q,\;&—ﬂﬂ BE A BOUNDED AND \NIE GAABLE
FOBCTION . Teep sewvee m = WFfua  ano M-soe foa, 3 6 scaln
PN EM,\Q SUCW  TWAT: fa.\] ab]

b
§9m4x = N (b-a)

IN PAR T\CULAR € fls coNTINpOLS [, 3 ,cef_o. ‘\o‘l SO TRAT ?(Ah >\, S0

b
SJ(U),!,( - J((D (b-a)
a

b
PROOF: we kvow tuay  m (b-a) £ §?m.1x <2 H (b-a)
WHICR  \MPLIES m £ y‘*""‘ <M. AnND Lev >\-_§Qt~nlx‘
\)-Q. \3—&.
NOW, SINCE /?ls LONTINBO0S BY DARBOLX ,? ASSOMES AL ThHE
URLLES JucLubed Betwees m Ano W => 3 ce Labl st fioy= A
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10\ A" FONDAMWENTAL TWEOREM OF CALCULLS (A950)

STATEMENT: (ex P:[e,bl->R 8e A PRINTIVE FuncTIOL oF
f~.[q,£3-> R. f\s RIEHANN  |NTE GRABLE, TWEN:
b

S’?(%}Ax = Pny- P

PROOF: et N - (Lx;’g BE A SUBDWNISION ofF [a,bl, ¥ WE App
AND SUBTRACT P(‘L:\ V;:(’Z .. NE WANE:- P(b) P(o-\—é(?(%\ ?(xu\\

SINE P s A PRAIMTINE ©oF ? P \S DIEFERENTIABLE oM (%;... x:), AND
4N
oNTINU00s on [Xix, %:] S0 Y LAGRANGE Niina.m I %:e (%, x:)

SOCY ThAT: '
P (;Z,\ = P(X;) - P(%;-Q
\ﬁ’. - X;-,\

SiINe Pis p PaMiTIVNE Wwe HWANE:

Pay = Pl = _Pon - Py
X: — Xioa

so Pim)- vm_é,(\’m Pexed) = ﬁffm (v = J(u\ AY.

whiw weties: TR 2 Peoy-P ) 2 S (4 1)
New NYeTW

WY pobs ¥V e T so=> SOPI ()2 P)-Pra) 2 we S (£ 0)

e

AND  SINcE /Fls INTE GRABLE — > S?(%\Ax P -P (D
o
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24) 2"° FUNDAMENTAL TWEOREW OF CALCOLOS ooy

% TS JEROIOM OF THE PROOF 1S \UALD AND WAS TAKER FAROM PROFESSOR
FEIN NOTES, FOR THE SYLLABUS VERSION , (DNSULT THe Book.

STB“E“E“ Lex 2(53 WNTNV0VS an Y_o, \;._l TAEN -me INTEGRAL
FONCRION S L) 3 16 ONTINIOUSLY DERWABLE ARD T (v = Jo

PROOF - /Y WONTLNL0OS on [a,bl => ’Ye R (Lam).

BY THUE WMEAN JALLE TREOREWM OF |NTE (PAL CALCULLS We WANe:
et N [x, xs®le (_a,\;l 1 e L\A,x«-&\ S,
A xx
’?(L\: . S ‘?(t) e = F (ke -F (o
i S

NOW  We PfASS TO TWe uww\T AS IQ\,—>° , WE wAde £ —> XK.

’?(’Q = F(/x\

»
EXTRA -
IMAGE TO ULUBDERSTAND -
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22) MTE GRABLE  FUNCTIONS ARE L\P SCW\TZ (o4,

STRATERENT: uc e oral runction Filoa bl—lR o aw
INTE GRABLE FONCTION «?: la bl —1R 15 LPecwTz cowTinoos

PROOF - qnee Q\s poonoed , 3 K=o gt. |feal 2l Vxela,bl.
we swow |Foey-Fepl 2M) w9 Vg e Lokl

whsiper Y e [ab] win Xx>9. BY DEF. OF INTEGRAL FUNCTION,
WE HAVE -

Foo-Fosl-I§ Hersel & Cutolie o (e = Leos
4 Y )

so Ich\-chx\ c m\x-a)

¥
23) LRERARTY OF TWES \WTEGRAL (0,

STATEHENT . |1 ’?‘Z :L->R B TWO FUNCTIONS TWET AOWT
APl MTIVE . THEN Y «,PclR Twe TuMCTION ocQ«-P% 1R powts A

PAIRITIVE AND: S (o f+ p%\ dx = A& S’?u\ix + P S%Lxsc‘x rk, witukeR

PROOF: set Pt- (i ao © -Sz(x\ix SINCE ?,cX:'XZ-ﬂR
ADWT A P TINE  povw  Pp gno P‘a ARE DEFINED.

Thke a4 P’( x ’P\’% LY 2, Pel®, wriew \S OERWABLE AND:

1
Ka( P31« ?’Pqé\ = oL'?-k ?'3 Lok (e P{«-@PZ\ 1S THE  AWT) DE RWNATNE
oF oca?)rp'}{. So:

S (« Q*@"g\ odx = OL?J((A «-?’?Z(x\ x L :xS R(x\&x L) S 3(x\éx
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1L‘\ \NIE G YT\ON Y ?G(’\TS:«%O

STRTENENT - Le~ Q,y:'lo\@ BE TWO DIFFERSNTIABLE FONCTIONS,
THEN , For soMe kell we unave:

S ’?,u\ozm dx v § Yoo 3,(x\ dx = Qm.%m re
PROOF : BY The PRODUT ROLE (97\'-_ ?'%, x J(cz' od I{.) -P Py,
S0 - 'Qu\%(x\ = gH'm.cch\ X ’?(x\. %'(ﬂléx = S'?'(x\%/o‘\h I S?m%kﬂéx *Q

S
For SoMe ke IR, @Y RecARERANGING AND $e<TING = — &  WE ARE DONE.

*
26) INTE GRATION BY SOBST\TYT\ON (9643

% TS JEROWOM OF The PROOF 1S \UAL\D AND WAS TAKEN FTAROM PROFESSOR
FEIV NOTES, FOR THE SYLLABUS VERSION , (DNSULT THE Book.

STATENENT = consiver Q: la.bl—=R oceawpale wrw
52 e R([eb]). F g TCR—R 15 conTINNOES o8 THe InTEAWAL T
wtw f (et eT “rues (g=f). f'e R (Lob]) wiwn:

b «Q(b)

é%(&n\’?'méx = S y(%\&g

Ry
PROOF¥ PHINGE 15 (ONTINGOOS o T g AOWTS AN ANTIDE AWATINE
(3
G Awo (A):g oy ) dy = 6 (Re)d = G (R,

(LS}

WE  kNOW (5 \S DEPWRABLE HNE 1T1S AN ANTIDERINATIVE AND ALSO ,? \S
DEAWARLE BY WYPOTWESS,

¢ ; ’ ’
SO [(’, (Q(ﬂ\} = G K- ‘?(x\ =Y (?(x\)- /?(x\ QIR WERNS THET:

:6 ({15 an AvtidendTwE  of o (Joo) - L.
b LD W A

$O: \S %(ch\\.‘?;ﬂ Ax—i C(Q(b)\-(:('Q(m\—\—- § % (9) dy

o <oy
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26) COMPATMSON CRATERION (554

STATEMENT = et Q(Z [2a.40) >R Be TwO POSITINE  FURCKIONS
InTe crfple on every  (ab] clo,cm) waw ‘?e% , TRER:

* 0 v eo
S«zméxe[o,oo\ => S'ch\xe[o,oo\ AND -
o, Y

p0

%(x\éx =+ 00

-

s

+00
S‘P(x\éx = +0 =>
o\o

PROO F.5, BY THE WON OMILITY  oF TUE \MPROPER |NTEGRAL THEOREM WE
%00 pL
Have §fendu S %,(.x\é%. ANS WE Ao WAVE  § hndxe (o, ®)  AND
o
S%(x\ Jx 2 [O, 00\. i

o.
400 ')
THEREFORE S fmi& (oM VERGES  |F igmh CONVERGES
00 e 4 00
whiLe é?(x)c(x DWERGLES PoSITIVELY |F %’?(x)ix ONERLES POSITIVELY.

)
2‘*\ ASYMPTO T\C COMPARSON CRVTE R\ON (1939)

STATNEMENT . (ex /?: fa,+0)->R Be @ poSITINE FULLTION
INTEGRABLE  ON eveny watepuAl Lo, %) e (o, + o).

. + 00
\\ \3 4,’;’ ‘X AS X-=> % 00 ,'meu S 3“\‘1* CONVE RGES ko\\leaees Pom\\laﬂ
(=> ?w;Jx WNNE ALES kDNeP« a'es Posn\\lelh

(/]
g oo d« (ONE RGES, Twed

(7 Y

o

.

.‘.‘\w\f J(,OQ%\ AS  X-—> ¥00 QAND
< X)me LONNE RLES TOO,

0
f 00 dx perces fosmiNeLY,

Ny

o,
i‘\ﬁ \3 m’?eo(%\ AS X-> Y00 QANO
Then, § 3(,04»‘ DINERGES POSTINELY, Yoo,
o

o

PROOFT * NOT PROVUIDED IN TRE Book.
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18) ABSOLUTE ONVERGENCE CRATERON (.

STRATENENT . (ex /? fa,40)->R Be 8 FobCTION  |WTEGRABLE
oN eveny mteauAt Lobl c (o, +@).  ~ue werorer intEGRAL

S’?Lx\clx WNNE RGES & T WONMIERGES ABSOLUTELY, 13 TWS CASE -

X 00

c |‘?(*\| Au

o

PROOF : NOT PROVIDED IN TRE ook,

*
29) BARROW - TOARICE LLI (o5

STATEHENT:. 4 runction lab) >R wirw }(o.\ =0 15

O WTINUD OSLY DI FFE AEnTIABLE ¢=> 3 | wuTinesos Funerion

Y- [“-.‘o}-’\@ SO TWAT: (},(x\: SY(!’.\'“: Vxe LQ,,\;J

TNE (5\345(\-\\35 FONCTION  V: C: U.O»,\;J\ —> C U.Q.\;l\ TWAYT TO AN
% € Co (Labl) pssociares Ye € (Lad)) ¢ que owesenewtipl
OPER ATOR T(cp ';35'

1TSS WNNE RSE FUNC TIAON "\- . C ([a \::&\ - C U_a \:l\ W ey To

eacd Ye C ((ahl) assovhtes T iyye Co U& ‘o-_\\ 1S TNE

INTEGPAL oPERATOR
X

T.zy\ G = SQ.‘( Wt Yvelalk]

PROOF - RreFer 1o Tue Book /[ YOUR PROFESSOR \ERSION
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DEFINVTIONS

SUBDNISION [ PAATITION  DEFINITION (,909)

m
A seT - gx&;m OF POINTS \S P SUBDINISION /PARTITION OF @
wreauAl fa,bl.®: 0= Xe cXa... %Xm=o

THE SET oF ALL POSSIBLE SUBDOIIS\IONS oF AN INTEAUAL Y.ov,\:] \S
DenotEd Y M

LOWER INTEGCAAL SO\ DEFIN(TION

et o bell waw ach, LleT Y Be A SOBDINISION 0F TwE (WTeRVAL
Lo,b] ano serrose £: o bl —>R s BoonDeD.

m
THE LOWER SWW O 'Q ONER W 1S TWE NUMEER I(’?,’\\’) = g:‘m"k'ﬁxk

UPPER 'NTEGRAL SUWN DEFINTION

et abelR waw ach, et Y BE A SUEDINISION OF TWE INTERVAL
[u,\a] AND SUPPOSE {: lab] —>R \s BoonDeED.

m
TUe LPPER SOW oF { oven s voe MoneeR SUq) - éW«AM

REFINENENT DEFINVIVON ( s940)

{
GIWNEN TWO gaBomisions X Ao W of {a,\ﬂ ,WE SAY T
T ogerues ¥ ® YV, THAT)S, IF AW POINTS OF Y AAS ALSO POINTS

o .
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NESH DETINVT\ON (943

GWeR A SOBDWISION Y oF [a .\o—l ,WE DEEINE TRE Hesw 0OF <Y,
DeNOTED Y | Y , THE POSYTINE QUANTITY

|l = Max & x;

i=42..m

LOWER AND UPPER \WTEGRAL DETINTTION (4940
LleT ’?: [o bl =R, ®E A BOSNDED FONCTION.

b
THE \ALUE : g/?cx\ém sop L (1) s 5o O @E THE LoweRr
o, NWeT

INTE 6EAL oF «Q on La,bl.

INF S (’?(\\’) 1S SAMD TO BE THE UPPER

b
THE \HLUE : S/?cx\éx-.
o YeT

we oAt or { on Lo, bl

RIEHANN INTE GRABLE DEFINITION (4944

A DBOUNDED TUONCI\ON 'Q [Q.\A—>\Q+ \S SAWD TO RE  RIEMNANN
\NWTEGRABLE ¢ :

b —b
8 ’?(x\éx = g’?(x\éx

b
TRS  (OWMON NALQE, DENCTED g

{ GO dx , 1S CALLED THE REMANN
INTEGRAL  OF /?cm La bl T
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POSIINE | NEGATINE PRASS OF A DGF\L\\T\Q)A( I
A
Lex ?’» AcR--1R , TRE FONCT\ON «Q+ A cR —>\R“_\t> DEFINED Y-

&
’V (= = MAX% { ’?(x\, o'g Yxef , (ALLED TWE PONTINE PART

THE FORCIIWON /() AcB->R, s peswed BY:

J((,Q: — MIN %z?m, o'g ¥x € CALED TWE NEGATINE PART.

RIEVANN |\NTELRRBLE DEFINITION FOR EUNCIWONS
TUAT CHANGE S\6N (000

A BoLURDED FUNCT\ON J{= [o. b]—>R s saw o ee 1wie bmaele
W TWE SENSE OF QAIEMANN |\F Tue TONCTIONS {7" AND ,f' ARe

BHOTHR \NTEGRABLE. N\ TWs C(ASE THE REMANN  INTEGRABRLE OF /?
on [o bl & ceswmes ey

b b, bl
S?mé»u S'F(*\Ax —g'?("\(‘x

STEP FUNCT\ON DETINITION (,454)

A fonction 4 Lo ML= R 15 cAued A step FuncTon i 3
~m
A sopoision  ®={xk  ANO A sev § k., OF ONSTANTS ST

2(&3* L, Yxe (\(\-4,\('\\
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PAAMATIVE [ INDEFIMITE INTEGRAL DEFWNTION .

A Foucton P T =R 16 CALED A PRIMITIVE OR |INDEFINITE
INTEGRAL oF «?:'Y_—ﬂR \E \T\S DIEFERENTIABLE o L AND:

P'(x\ > ?(*\ VKG_X.

WE openote A PMMTIVE oF »Q BY S'?(x\ dx

INTEGCROL FUNCT\ON DEFTI\NIT\ON (4952)

LET {: [0.,(:1 =R B AN \NTEGARBLE FUNCTION, THE FORCIION
F:{aBl->R osven py:

F o = Sx ferydt Uxe okl

15 CALLED THE INTEGRAL TFUYMCI\ON  OF ?

\WPROPER RICHANN INTE GAABLE DEFINVTION ., o

le~ j(: [a, 4 0)=2IR BE 8 TUBTION INTEGAABLE 00 ENERY INTEAUAL
fa bl e Lo, +o) \»ma INTE GRAL Function © Lo Fe R,

X->400
c B
== S f(ﬂ dx = ﬁ,m F(x\

AND  Twne Funm\o» 1S SAW TO e»e INTEGMABLE 1IN THE (MPROPER SENSE
on [_o,,* oo) THE \NAWE 5 /f(x\dx 15 CALLED TWE MPROFER R\E KNANN

IWTE 6GRAL.
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MPROPER R\CHANN INTEGABLE 0N |R DEFINYTION (4949)

Le™ Q:R»IR e R F\mc:‘\”on m’veenagne ON ENERY GOMPACT INTERVAL
\© 3 TWE  INXEGRALS S‘jmu AND Swfu\éx,’me FTONCI\AN é?\s SA\D
10 BE wTe6rABLE on IR AND we sew-

+00 + 00 o
_.Sw ’()"‘\J*= §Vtx\ix x* §“£(x\4x

PROWDED WE DO WOT WAVE AN NDeTE RWINRTE €ORWM X 0 — (0.

THE \ALLE Swf(cx\u 18 CALLED TWE IWPROPER R\EHANN |NTE GNAL
o {on IR.

CAVCR Y  PRINCIPAL JALUE DEFINITION (A920Y

leT y:lﬁ-ﬂR BE B FUNCTION [NTEGRAGLE ON EVERY IntemiAL [o L]

TRE  CAUCWY PRINCIPAL VALUE , DENOIED BY AY SuJ(me,oe TuE
NTEGRAL Sn‘?cx\lx 1S G\NEN BY -

+0 K
PV Zgoo ‘?Lx\ dx - ﬁ,,M, S ’?(y\ dx

k->1r00 -k

WHENEVER THE (M1t EXIsTS e R

\WPROPER QABSOLOTELY (WONIE RGENT |IMEGRAL DEF. :
(A992

lev ,Q; Y_o.,'\-oo\~> (@ BEe A FUNCT\OR (NTEGRABLE ON EVERY 1NTERAVAL

<00
(a5} c [arm). The Werorer wrecrAL  § fnle wwverses &
T ON VERGES ABSOWTELY. W This CRSE:

‘ 5:‘?(%) Jx\ 3 S:;'?cv.\\ dx



Loch
PENOLEL

STIELTOES INTEGAL DEF\NIVTION (4009)

B  BounDED Fun CTion 2: fo ,\;5-7\9 \S SAD 10 BE  STIELTIERS
INTE GRABLE WITH RESPECT YO AN INCASASING FURCTION Oy: la bl->IR (&:

sop L K?,%,i\'\ = l:\z“g (23’\1’\

YeT

v
THE oMMoN NURAWE, DEND TED BY Sm RUQ 4 3(»0, \S CALLED TRE  STI\ELTHES
INIEGRAL oF Q WTW GesPee To g on R
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DE AMCWLET TUWCTION TUE OREN (A946)
Le™ Jet Y.Q,\;.l —R BE THE DemnLeT FUNRCION:
A € xe Qaoflab)
gcx) =
o ¢ xe (R-&)afa,b)

/?Lx) 1S NOT  INTEGCRBLE \» THE SENSE OoF RIEMANN.

INTEGRABLE TOMCTION THEOREWM (4994

b
A BOGNDED FONCTION Pla51=>IR s wicorase c=> § foodx =
AND oy dx | InTws  cAsE: i}
o

b b -b
é"?cx\ J$-. § Q(x\ &x = g{)(») dx

RIEHANN \WTE GRABLE AND SUBDINISION THEOREN (49,c)

A BOUNDED FONCTOWR @ la,b1->1R s RIEUANN |NTEGRABLE £=>
Ve>o, 3 A sipomision ¥ soew vanc: S (fa)-T (£ < €.

STABILKTY OF TAE INTEGRAL TWEOC REN (,99¢)

le™ {7: [a,b] BE AN WTEGRABLE EURCTION . cz'~(0..b-k—> R s eaquhL
To Excerv AT HosT B TWITE NOHBER oF POINTS, Twew % 16 INTEGRARLE

AND %*tx\Jx = S %(x\ &x
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INTEGRATION PRESE AUES (DNTINUOUS TRANSFOMATIONS
'TW*ECBFUE}\ (A923)

(hay {)‘ [0.,51 BE AN WTEGNABLE FTOMCTION  (y\\Tr m < yé‘-\ _\F
% 1[‘\'&, Wl—>R 15 (owT 10005 , TREN TWUC  (OWPOS\TE  TONCIIOD 3{ —?:
fa,bl->RB s wveseanE

STEP TUNCTI\ONS QARE REMANN INTEGRABLE (4929)

m
A STEP FUNCTION ’?: (Lb]-:(\@, DETTOMINED BY THe suBDNISION  §xlieo
AND  BY THE ONSTANTS §c3iia \S REHANN (NTEGRABLE  AND We WAVE:

b "
§'4kf\dx'= gg;

aCl M AX"
=4

COUNTABLE O\SW WTINOITIES AND INTE 6RABILI\TY THEOREN
(A922)

EVEQY BOUNDED tuNCx\oN Q: [_0-,\;3—>1R WITK @< MOST  eouNvTABLY
HAMNY DI\SWNTINOVTIES & INTE GRABLE

MONOTO N\C FUNCTIONS AND INTE G raSIL\TY T“GOGE'HLWM‘)

ENENY MONOTONE FuUNCTION /F; [o.,b] 1S IWTE GOABLE.

LINEARLITY OF THE INTEGRAL THEO REM (492¢)

LeT 4'7’ [‘L ,\:l — R ee Two W€ LRABLE FUNCTIONS .  Then
\) o, Pelr , THE FUNCTION o(P+ Py:f_m,\gl—>lﬂ 'S \NTE GAABLE, WITH :

b b b
S(vcp':py) D dx = wg «?me + \‘bSq‘(oAx
Q qQ a
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ADDITIV'TY WAT TWE INTEARUAL 0OF INTE GRA TION

TREO REN (4937)

le~ F: [Q,\)_S —> (R Ge A ®OUNDED AND INTEGRABLE FONCIION. \F Ow-f-dc,

THEN - s

b b
é‘?ﬁ*)i& = S ch) dx * S'Qcﬂ ix'

o L

VICE - VERSA, ® fﬂz (o, cd->R anp {’.‘: [.c,l:] ->IR pere Boonbed AND
INTEGRABLE  THEN J{z[m,\a] ~>R peFINED BY- f&m SLJZ“M ¢ xe (o.£
V5 QLs0 BOUNDED AND INTEGPABLE, WITW: fooan ® xe (e,b]

b AL S
Sovl?cv\c'x = g\,‘?ﬂ ) dx & S‘ ‘?.‘(33 dx

2ERD FONCTION (ASE THUEOREN (4949)

L%‘V 'Qtf_m.\:-S—ﬂR BE A ONTINGOUS AND POSITINE FUMC TION | \F
é’?(ﬂixeo JECTTONE P

CON STANT OF \NTE GRATION TREOREWN (4.7

Lev 2:1—>\G ane Po-T >R ee A ppnitive FunCTION OF 2
AoFomeTion  PrT—>R s denwimve v fon T ¢=> I p wnstanT

kelR Sow  TuAT:
Pg: PA'\‘k

\NTEGRAL TEST FOR (WONVERGENCE TRWEOREWN (,gac

Mmx A

LE'( ’?: L“(, Y wX _>l§° R“D Se’t Q,m= SM *?(x)&% \JMZ‘« -
\F THE \NWTEGRAL S&th\é)& WRNE RLEES, THEN THE SeES N%AQ'”‘
A >
WOMNERGES, WY - *9 r
Méﬂa"“ = 54 ’Q(x\ Jx

K=>
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LINEATY oF \WPROPER INTE GRALS TWEOREM (4934,

Lev ’?,"b/ :[0., x ) OE TWO FEURLTIONS |IOTEGRARLE oMb [_0.,{- 00).
Then VYo, elB, e Fumevion o f« €3 - [o,400)—>IR \s 1€ GrABLE
ov L.+ 0) ARD:

2o 0 400
é(d?‘\'??\ (x\Ax’: d&«?(x\éx + BS@%(‘\A*

PAOVIDED THE SEWBD Teatm 1S NOT AN INDEVEQMINATE TOMM + K- &

HWONOTONICITY oF HMPROPER (WTEGRALS T\-\EOP\EV\U‘,&\

et {)y o '*Df:)o B TWO FUNCTIONS INTEGRABLE on e, o)
\E ‘?23’ THEN SQPMJX = é}ma‘x

NECESSARY (ONDLITION FOR CoNVERGENCE THEOREW (435

LeT 'F'.V_a,*w\ ->[R ®e A FONCTION POSITIVE RAND INTEGRABLE o1

eveny wreawnl Lable [o, +00). vuen {is weonage on Loxo):
+00

Sy dt = sop Foa
f Xe[q,«-oo
)
) PAARTICOLAR &fmd’c WNNE RGES ONLY (F ﬁum. fQM=o (\\: (89 exts-ts\
X—-> %00

GAVSS INTEGRAL THEOREM (,q0¢

2
T opolps: § € dy . IW
2
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STIELTOES INTEGRABLE TWEOREM (,040)

A BOUNDED FUMCTION ?:[Q,Q—ﬂ@ ¢ STIELTIES INTEGCRABLE W\TwW
ResPectT TO fo,B)->R &, ¥ £50 3 A sep0oision e gucw TRAT

Sao ™ -T (g cc

EXISTANCE O THE SXIELTIES INTE GAAL THUEOREMWM

(2044)

b
THE INTEGRAL S’?J% EXISTS (F AT (EAST ONE OF THEE TWO ARE WETN:
o

1) 'Qt Labl->IR s womtinwoos

i) ’?'» fa, o] =R s wowotone pno ?:[o.,l:]-ﬂﬁ' (5 CONTI NUOUS

FINITE HANY OISW BNTINOITIES AND  STIELTIE S INTE 6 ABILTY
THEOREN (2042)

EVERY BOUMDED FURCTION 2 Lo, bl->R W FINTEY HANY DSWNTI=
NOVTIES 15 STIELTIES |WTECRABLE WITH RESPECT To g [a.b] —IR,
PROVIED g 15 COMTINUOUS AT SucH POINTS.

STIELTOES AS RIEWARN INTE GRAL TREOREW o
le~ «?., fa,bl—=1R ee A BooNDEDd Function O [, b] =R prrerentnere

{
AND % AMENAND \WTE GORB\E . TReN «?ls STIELT )ES N6 GARLE Wyt
Respect <O t}, (=> «Q%' 1S RIEHANR  INTEGRABLE, (N TWS CASS WE WAVE -

b b
é pcx’)tl?(x) = éX(x)%LxB Ax
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VARIATION OF THE PREVIDVS TWEOREW (40uy

LEX BE THE INTEGRAL FTOUNCTIWON  oOF Q ALEHMANN INTE 6RABLE
Fonction Y - La bl=>R | <wat 15 3(0 - Yy it V¥xe (bl

o,
IE 2~.[Q,\;1—>\R 15 ONTINUOUS WE HAVE:

b b
;J((x\ltgod = SO:Q(.x\ \r(x)&x

|TO’S TORHMULA TheogeM (2049

Lex Q‘[ﬂ'ﬂ”“} BE ONTINOOOSLY OIFFE RENTIABLE AND
%,’. Y_Q‘\D—& ->\R CONTINUNOOS W\t v % c {.C.al ,THeN

Q(?(A\- '?(%(M\ = Sx Ql(cgct\‘) 4 g ()

STIELTIES INTEGMRAL OF A STEP FUMCTION TREOREM
(20A7)

LET {); la,bl->IR BE CONTINGOOS AND %:[u,tﬂ ->|IR ee A swEP
FONCTION Wit DISW NTIRATIES AT The oy §4,d...du) oF
Tue nteryac [o.b]l. we wAve:

5“‘3 - :%Yu;\ [3(43\- ?(Jfﬂ

WTIE6MATION BY PAATS FOR STIECTYES INTEGCMALS
TREOREN (9049)

GINEN ANY TWO INCASASING AND ONTINUOBS FokeTloNS 2,«3'-[&,\;1-4(%

(v ROLDS:

b b
é“y-\- §3H = /?(\u\&(b)—?(a\g(m\
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