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VARIABLE DIFFERENCIAL CALCULS

DIFFEREUT QULUOTIEANT
given f:AcR—>R A

Xo INt&rior point of A
LOCRENE LT /VARIATION OF X |

h= inererment wikh s —> 3 :
(8%] nc v S\%M ' |

*hro => xo +h> %o | ]

. L Xo  Xoth
heo => xg+h ¢ xo P 4
h
INCRENELT [VARIATION OF F A

F(Xo*l") - F(Xo\= ivaorevnent wibh sigh —>

* >0 => F (Xo*h) > F(xo\ Fl’(o*l"\ L—=
‘o =>Ff (Xo*"\\ < flxo) it ———

] f-(xod)\' £lxo)

DIFFERENCE QUOTIENT oF F AT Xxo
Flxoth)-Flxo) _ AF AF
h W Ax

DERIVATIVE
consider f:ASR—>R
Xo inkexiov \oo’m(: for A
inoxement of x = h

nocement of F = Flxeth)- ([Xa)

diffexevk quotient of F ak xo = Flxot hQ-on\

(F E\’\e (.LYY\\t byy, F(xo"'h)“C(Xo\
h—>0 h

3 finike we say f has a dexivative ak xo

we call dexivabwe of fat xo Ehe value —7 F'[xo) = [im F(xodo)h-élxo)

=

LEIBNIZ'S NOTIOU (aUcexv\a!:xve_ nokion)
df dy
K ()(o) 1 dlx (Xo}

h->eo



af
GEOKETRICAL HEANILDG OF A

Af | Pk - bana = msecant
h fek I
v
;«(QpeoFBne
Secank live

GEOHETA\CAL HEALWG of F' (xo)

h=>0 => Xo+th —> x, A

P —> Py

secant line = tavgenk line ¢ (x,+h)

ak po
F(xe):#m ATF: ‘:a\nﬁ:m banae-nl: F(Xo)
->0
\"/ // Xo Xoth
slope of tne T
tangent live

L> when the lope 3 (anev\ the l:emgeﬂc live is not verb\ca\)

PROCEDURE TO URITE THE TANGEAT CUAE To £ AT Xo
Coben ik's ok vextical )

0 tangent line bo fak xo = skreight live passivg A~
(ShVoua)n \oo(xo,("(xo\) -> g-foo\‘-\m (x- x0) f
0} Yn= £ (Xo> i 3‘{()(0\:('(%0)()“)‘03 fo
— T — F(M\ L — __»
equakion of the tangemt line i
|
Xo

UOHAT (F /
- £ “quickly increasivg’ —> }
f (Ko" taw? :

T ‘ W
0Bz 5 => dose to 7

—> ys tavi x -

|
[}
> v

('(?\o) >0 and “la‘«ae"

=3



- f"s‘(,oul;,g’mcxeasma" —> A
F(Ko\’ \ZGY\F
0cBet = 'dose’ ko gt

- f “S(O\D(Ad ) 35'(08” Lo 1
(u()(o\: EQMP

1 BT = "doge’ o T
, y

Xo

W owee )
TRy

- F "q,l_uckbé d,ecxeas’ma"—> A

(l()(o) = EaY\ P L ‘I
%“F‘W=>dn$€veog- ; _>~&=El,i’:\mx: '
| T
: >, i |
f(xo) <o and “lanae" :

x-3
BOT WOHAT F:
Gh%& f;—F 3 bukis net ke |—>| cxhrels L \|/ a0 iskaf leetion
3: 30-’: N oo’mk withn
ak xz=0 — livn M _ /l‘ wexkieal Ea\naevt
W->o n =
lom %_’° sl Y L Noo
Y->0 " w->0 3%’1 L ﬁ{_—\(o)



@ i (AF _

h—=eo h ﬁ ==
~ RIGHT DERIVATIVE = F»( ) U . e Lk 3 Finike
- Asr —>w h—e

Xo Such bak T a right h&g%bum\nooc* B* (x°> A

F(xon ( * vight inorement of x= h [>o)
\}‘ / F()‘”"‘ H" : mgememb of £2F(xeth) - F(xo)

£xoth) -Flxa)
h

. (ze
“r* dAFFeVEV)Ce Q)J-Ob’\QY)é = f (Xo *17 )‘f(xo)
b

3
"ﬁseol

€ (Xo“'l’l\ - F{X°)~‘F the hm,f, Bz‘iwite

- LeFT DERWATIVE = L (xo)= h
F: A cp—>@ h=7
%o sudnbhak 3 a leFe neghbonrhood 6’(xQBsA

o

P

((xo-t\n\ ————— lj_/?“OESQA - RFL increment of x = h ()0\
=7 JFlroh)-Flx)  + inoremenk of €= F (xo+h)- £(x0)

] i o
HRE l * different guokient = Fxo th)-Flao)
hso 12
THEORE

F ASR—> R, Xo\\nbek‘\o‘(po&\ot
F'lxo) 3 <—> O f} (xo) F
©f [Xo).}
® &\qe% are equal

difh.

ExAXeE of @ -7
o xse ()= lim FloW ) gy oo

%: \X\ = {-)‘ X &0 e " r h—>°‘- 1
£!(o) = lim Flosh)-£e) _ th=e_ _,

h—>o" W h->o v

fo) §

L, 3&()@,35_‘ (ko) bk B‘ne%a»e_ + => x, = covrvner



y= OTxl - éU‘x X320

U-x x<o
ulfi’?,. f[o*h)h- el :»,(‘.12‘,* o\—c ) h(i:?:+ T B e i Felo) 3

> Un-Un - (0n)*

iy Floth)-F() | Gni UF o . lim — = -co=> F(o) &
h=>0" h hof

L

> |3 | vh F(xo«\n\-F(xo‘): tloel

h—o* h
3 ll\m_ Flxo+h)- F(xo) = -0, OF vice veksa
h=>o0 h

=> Xo 7 caspial PO'\\n&

COHPOTATIOL OF DERIVATES

© gwen y4-= Fx) (given the 8%%@( ey ior poivk x, Find £'(x) => tne
dexivative funclion ,a Fumction wich ak all poinks x will 8’\\/?_ the
derivakive of £(x), if we wank f/(xo), we gust swbskituke x=xo n
£'(xo)

EWEHELDTARY DVESRI\VATES

®8=k =>g\=o (Vcows(:a‘ﬁb kéR>

F[xg-u-h')-f:(xa)_ Liwn k__‘k = bwp £ |_ o
W " wso 0 h>o k =

proof Fl(x\ = h(f;”;

\ =<\

) %=><°‘ =>y' = ax®

:F' x\: I.MM f(xoi'l'\)’F(Xo‘) . Livia ()(4»\4)“_ x &
prof: £'( - x +h)"

lﬂ—)O h—>° lﬂ

\

\&W\ [*(‘*»—EBJf )\“: ULW\ x % ((—»2)“— & L kw\(uh?)d-i
W / ®

hW->o h w->o W->o0
<k xegth 7
lim == = ox™ 4 | W
\z*)o xa-\ —
%)
N =]=¢

(=3



@Lé—_e*=> y'=ex /%=a" =>a” \lna
@ \é'—lv\x =i B\: —1‘_{ /3= L‘)‘aax

® Lé’—sivxx=>tg‘=oosx

B y= =5x => y'- -sinx

\

@3'—-(:&\(\& > 4= okt /Eahlx—\-i
Lg-Eav»"x => gyl =

RULES OV DER\VATIVES

O mERIVATIVE OF A LIAEAR, OB 1LLATIOL
suppose f,g have a derivative Vxe (a,b)
suppese B ER

=f + Bg has a derivative vxe (a,b) and-
( xf+ 98\ xf' *{33

PROOF

b
Y:fié;s( W)= lm («mwm (a1 9) ()

G (af) (xih) (ﬁB) [x-l'\?B («f) (x) (@‘3) (x) -

h=>o h

[ f(X«\n) F[&) + p %(Xi-l'))-%(x)]:
2

Ir\~>o

o(hvn F(X’c\n) Flx) . (B(un %(x-em 9(x) _ () + Bg (x)

h->o

® perivaTik OF A PRODULCT

suppose f g have a derivakive Vxe (ab)
Bren fg hasa derivakive ¥xe (a,b)

(f%y : ('8 + tcg‘



® pERIVATILE OF A QUOT\ LT
sappose f.g have a derivakive ¥xe(a,b)
sppose %LXU $+o ¥xe (ab)
thewn “13 has 3 dexivakive ¥Yx e (a.b) and :
(%)‘: 9¢€'+ fg'

2

@ CHAV RULE (DER\VAT\\E OF A oo)-e?osc-no@)
suppose f: A= (3b) >R, Q- 8= (c.d)—>r, wikth F(A) < g(e)
suppose € has a decivakive ak xea, g has a derivative at F(x)eB

then the composition gof: A= (a,b) >R has a derivakive ak x avd -
(gof)'(x)= g'(FG) - €'(x)

® periwvaTI e OF THE WierSsE
se f:(aby—>n, ingeckive
seppose F has a derivative at xo & ('a.\oB with f'(x.:,s +0
then 3 Ehe ivverse Fumckion F7) ik has a derivakive ak go - £ ( xo)

(ET) (o) 4

('(xo)
EXAXPLES ] ! 1
-1 (lnx)'= Teop = YRR
- £ &eowev)(-.\a\,F : vityhwm => Unx) = (eY) e X\
-1 - -t \'2 } » ! o
* f:kan, F7: kan '('avcl:a\o) => (é,a\n ) = (ang)' ™ Tatawiq” 14s?
o 3”‘& = CIV»CX),? . e;’;\mx
-et T xlnx = x 'lnx
3‘=et E's -x"%lnx > x' 2
S ex\nx - e w
_ A _ \-vix
- x x 1'
Lok bk T
3" x X2
PLECE - WOISE DEFILED FOLCT|IO0LS
o _ I l— x X >0 —> '- | XR>0
4" T Z"" x ¢© F° 9-1 x<co




®5= x2 xe<O =b 3‘: 2x =<o
x x >0

I x>

3% (o) - ~m*k‘;°=
T - s
gile)= km 222-0@

@ x2 X< = é
34”1 x3 X330 & 3x* x>0

3'_,.(03 U‘O‘) 1‘1220 —@

h-s0+ /\4’ =7 ‘5téo) 3:0
g'_(")‘—h(i_:;_ “‘__—-——y;° =@

HO6HER ORDER TER\VATES
%: x4 => 8\ = 4)(3 => 8“: 12 x2 =>3“‘: ZU x (3"’0[ SOO"‘)

DERA\VARBIL(TH ALD CoOTI\OLIT

THEOREI : EX\STANCE OF DPERIVATIE —> CLOUTIOU ITY

suppose F: (a,b) =>r has a dexivative £'(xo) ak a point xo € (a,0)
then Fis continuous at e point x,

proof
pepse i

£ (xo40)- fxo) _ £ {xo))
h

reuwrike it wsing »
= xoth => W= x-xg

h—>0 = x—=>x,

bhexefore
U Flx)- Flxa) = [‘(Xo)
R ™>Xe X -Xo
then
xY-F(xe)
Ui LF(XB—F()(JJ-‘- ’(in;x ‘c[l — (x- Xo)]

= um F(X)-f[/(o\ 4 b:m (K-XO\

x > %o X - Xo < —>¥o



£'(xo) - ©

(o]

|\

(U

but also
G [FG) - Flxe) I = L £ (x) = i £lxe) = U £ (x)-F ()

and Bhexefore
L’\VQ .C(K)—on)= o => xli._»;n)(f()d? on)

meaving thak £ (x) s conkivmous gk xo
buk Fconbinuous ak %o F > £ has adexivab e ak xo

F DOES MOT HAUE A DER\VAT\\E

O £ is vok continuous 8k xo

® cormexs —> Fi (xo), £ (o) Finite and diffexemt
® cusps —> b&?o"' and &i“;no_mfm ke and diffevemtc

® Walf - asps —> onie limik is finite and tre otex infinite
® inFleckion points wit vextical Langent

DER\VATIE AT A BOLLDARU POVUT

it is possible ko define a dexivakive f'(xo) at a bourdary poivt (™
points a,b of a closed intexval [abl) requived gk f lias the one-sided
dexivakive anidn is veevant

A
EXARPLE o
y=x defined on [1.5], xo=4 => i/>
we say Hhat f has a dexivakive ak

xo=1 because Fy (2) 7 finike

bhe same ak x, = 5 because £l (2) 3 Fimke




DIFFELTIARILITY

f:AcR—>R , Xo Wkexior point for A

Fis diffexevtiable ab xo = fcan be approximated wibha straight line
na veiSMbou)o\’mA U (ko) of xo

FORYAL DEFIO\TIOL = F: ASR >R , Xo ivE@rior point for A

Fis diffexemtiavle at xo if: 3 a heigho\ourhacd, U (xe) of o sudn thiat
VX = x,+h e U (xo)

f(x)=‘f'(xo) vy (x—xo)l-\' o(x—xo\ as X —>xo

A2 v

now vertical straight negligible
live passing Bi\rou,g% fo  &crov

> T anaent Lve
THEOREN : D\FFEREATIARIL(TU ALD EXISTELCE OF A DERIVATILE
F: Acr =R, xo intexior poivt for A
Enen
O Fis diffexerkiable ak xo <> f s a derwvakwe ak xo
®wm-= f{(Xox
Prcor
swce f(x) s diffexenciable at xo , we have :
Flx) = F(xo\ > \m(x-xo) + e(x-xo) AS X —> Xg
Su.)oz(:’\bl.he X= xoth —>h-= X -Xg -
F(xoth)=Flx) tm-h+e(h) aswh-—>o
F(x«;*h\- F[Xo\: w-hxe (h) ash—o
Flxo+h)-F(xo) _ py + 2Lh)
BRI [
=m10o(\) as h—o

G(,‘n) - G(l) .

h is kyue for bre propexties o g]

we Eake the lumit on ootk sides When h->o and obkain -

L Elrotn)- Flre)
h—o h -
uhida means hat £(x) has a dexivakive f'(xg\) ak xo and:
£'(x0) =




e ——

swace F(x) has a dexivakive at xo, ue have:

Lim F(xo-l»\q\ Flxo) o £'(xo)

h->o

Bnis weans that i a neighloouhacd U(xo) of Xo, ¥x =xoth € U xo)we have-
/Xo “'b) F(KO) F(XO)"' e( as h—>o

L\na'eFore.~
F(xo+h) - Flxo) = F‘/xo)\ﬂ*e(l)-\n
= f'(x0)h+o(h) as h—-o

[G(n\-\n = e 01) is Evue For the propositions oFQ]

and
Fxoth)= Flxo) * F'lxa) h+ o(h)
swoskibube x=xoth —> x-xo =V
Flx\ = Flxo) « F'(x0) (x- xo) + & (x-xo)

boexefore F(x) is differeviiable at xo @iy m the number
wm = (: Xo\

DEF. OF DIFFEREMNTIAB(E = F(x) = f(xo) + F'[xo\ [)(‘Xo\ t o (x-xc,) as Xx —>xg
> differential dF (xo)

DIFFERE DTAL

df(xo) = £ (o) (x-x0)

= f'(xe) N

= {‘(Xo\ AX }%ﬂ&l wﬁ\li\‘f\as

E (! {XO) i '

—> () - 4‘9‘\:"’




ROLE OF THE DIFFERENTIAL

E(x) - Flxo) = {"(xo) (x-x)* © ()(\:)(o) => Af (xo\ = df&a)
negligible exvor

bre diffexential df( Ko) s a ﬁaao\ approximation of AF(xo) ak least uhen x—>xo
(wWnen Bre inorement x-xo is “verxy small")

REHARK
f has a dexivakive ak xo €=> £ is diffexembiable at xo

¥l kU

f is conkivwous ak xe

DISCOOTI DOITIES OF A DERIVAT\WE FLACTIOL
cousider 3 fundtion 3(X§ defined. on an ivkexval T &R and suppose SCX) is
Eve dexivative of ancbher fumckiow £(x) —> vk suxe 8[’<) is covEwvuLou S

THeEOREN

considex a Fumckion g(x) defived.onan intexrval I <R

suppse g(x) = F'lx) => g(x) is a dexivabive of the function £(x)

Ehen:

O g(x) hasve eliminable discontinuiby

® 9(.30 “'\35 o Fump

® g(x) may have essentia\ discavtinuities (at least ove of Hoe buo livmits
um 3()() and x(f;‘;o_g(x) j] ovis + o/-o0)

X=>Xo

==>

- cm(A\ = %F TASR—> R, dexwable wikh a conbivuous derivakive on ,«Z

= ("(AY- é f:Ace—> @, kwice- dexivable wikha conkivuous second
dexivakive on A

-l (R) = %F: A< r->R, n-kimes dexivable wibna conkinuous n-Bn
dexivable on A

- ¢ (a)= ff-‘ ALR—>R, ivme'&eba mavy times derivable with all iks
dexivakives bema conkituous oh A S



CO LTI DOITY
OF ace—>r, 1 €A
£ is covkivuouws ak xe €A if :
Veso 36=6(e) sudn bnak
VxeA, \X-xol ¢ o == | Flx)-F(x)\ ¢ &
®facr>r
f is conbivuuous on A if F is contivusus at alk poiviks xo €A
Unab’\s if :
VxeaA Yero 36 =o’(a<o,£) sudh thak
VreA, | x-xol €6 => | £ (x)-Flxo)) ¢

=

iF we dnang xo €A ahso O Inamges

somebwmes given € >0 ue can daose Bae samme = 8(e) for enexry poivt
Xo €A —>

fis LLIFORMLY COOTILUOWS on A =

fF:Acp—>r

fis umiformly covkinuous onA if Yeso 3G = S(&) sud, bhak:

Vx,xo €A, I x-xole ¢ => \Fx)- f(x0)] <€

3 umiFommb.A conbivuous on A 4;'; £ continuous on A
7 if £(x) is contivuous e A Yk it increases | decxeases boo skeeply
Eren it s yiok UmiFomeg conbiviuous , owener the buwo nokiovns axe
equivalent When Bne domain A SR is compack

THEORER
f.acr —>r , A compack
f is conbinuous on A ¢=> F & wn’\f-'omdg conkivuuous ov A

LesaA T2

a fumckion f: A cR—=>R is Lipsdhitz on A if 3 k>o such bnak:
VX.:IMGA,lF(K.\-F(K?_\l ¢ K| x, - x|

=>

Fk>o sudn Bask:

Yx,, %2 A, wikh x, *x,



F(x))- Flx2)

X~ Xz

Bis econdibion is linked 1w the Wehaviowr of bne diffevence quotievk of £

< k

THEOREN
Frace—>wr
(F F s Lipsdnitz on A => f is umiformly covtinuows on A

thexefore for a gemekak sek A< R avd a Funckion f:acr—>R
Lipschite 27 umiformly conbivuous 27 conkinuous

Hrexe are no gemexal impl cakions bekueew dexivaviliby and the Lipsdnitz
wwdition: Lipsdnita <> dexivaliliby

howenex

THeEORE JT

i€6:4a=Lapl—>Rr buen:

M) => Lipsamke (<)

WSES OF DIFFERELTIAL CALCOLLS: THE SEARH FOR LOCAL YAX[HID
4 /xo\ = Oibovizowtal anaew6]<=ﬁ> Xo local maximisex [minimisex

FERXAT's THEoREX (Necessary condibion For locak ma)(\miseks’/rn‘mimisas>
frace—>® ,if:

® xo s an mkexior poivk for A Lexchm),es boundary eo’mts}

® £ has a derivakive ak xo L exclides poivts ak whida 3('(&)]

® x 1sa local maximisoc/minimisex

then:

(l(Xo) = 0 => xo= skatiovary point

APPULCAT\OL EXAMPLE OF FERMAT'S THEOREN
Y= x3-3x > Find Wweak wax /v

O dovnain A=k —> vio Youmd a ry pomts
f Was a dexivakive in A > o poivts ak whidn B F'(x)



@ ‘dl:;x"—g —> sek 3\:0 => 3x%2.3:=o

=> 3x% =3

we stk Y'= o because all ibevior x2=\ —> x=(, x=-I
poiviks and sudnBnat 3F'(x) and wwe s vioBrivg oou
for uhidn we Viave f'(x) +0 bis poives

caoboT be (ocal max /van

Fexrmat's breorem says Bnak all sudn poiwks ave vob useful because ¢
Hney Lexe local max /ynin b\nelé uowld have y' =o = vecessary
condibion fov local masxiwnisers [wimmisers

ROUE'S THEOREXT A

(. AcR—>R, A= [a‘\o], if-

O Fis continuous in [ab] /\

® f has a olexivative in (ab)  FlR:)---F----

O ¢£(a) = F(b) : 'S
ben, Jee(ab): f'() = o P °

LAGRANGE 'S TREOREH (meav; value Breorem) ~>gereralisation o Rolle's
f:asr->Rr, A=[3ab], ¢

O fis contvuous in L3,b]

® f hes a dexivakive in(ab)
tnen, 3 c € (a,b): F'(c) = £(0)-El)
_ b-a

3 ok leak ove poik ce (a,0): e
(:awae,wb ko bre Qeaph of f(x)at c s
pavaliel bo e secant Envougho P (a,f(a)), & (b,€(b)
=>

i—(—b:;fa—(ﬂ is the average vate (ynean value) of variakion of F(x) in [a.‘ol,
3c: £'(): M;El means thhat Fc such hak bre wnskankt vabe of vaviakion

£'() of F(x) at c 1s equal ko the avexage vabe of variation Lb:'_—;(a—\ of £(x)




WERTIB(LITY TEST (conssquence of sbrick yovokoniciby besk)
f:Acr—>R if:

© A is aninkerval

®¢ has 3 dexivative iv A

Of(x always has ke same sign ina [a\wa:ds >0 or aluays <o]

=> £(x) is invex bible wn A (s’mce E(x) 1< Srictlg monokovne on inbesval a)

T SUFEICAEDT COOD\TION FOR LOCAL HAXHISERS /3 01 HASERS
f:AcR->®,f: .

O x, ic aw wkexior point of A [ = S‘;r"a}

® f has a dexivative in a veigh\oourhood B(xo) of xo

® '(x0)= 0 [ => xo passes Fermat's theovem

then: x

@ F'(x)20 in B (X0\ and F(x)20 in g*(xo) => Xo is @ local minimisex
® i ' (x)20 in 8 (ko) and f'[x)20 in 8" (x0) => xo isa locak maxi miser

O i f'(x) 0 inB (xo) and £'(x) <0 in B* (x0) => x0 is viok a local vax/ min

EXAXP e
Fiv’d (ocal maximisexs /m‘mimisex; of Y= x3-3x
=
@8‘: 3x2-3 |~ yl=0
x =1, x=-|
® studsy tre sign of g'

3‘ >0 —> 3x%-3>0

IXT>3
X2 >\
X <=l oy x> I [_té'co For ~k4x<l]
® we ¢ae1;
I J siga of y' /:_\‘_/ Y inareasing /cleoveesma
~| | )| 4
=% X=- isalocal maximiser (skrick) A

x=1 is 3 local wini misex (s{:rid:')

bt S{;o\oak wmax/min
b -2, EGye-a VN

N




DE L'HOPITAL'S THEORER => compukation of limiks

LUDETERIULATE FORNX o

suppose f.g are differevtiable on (a,b), with a,beR = RV {‘tco,—ooz
Suppose xo € [a,l:]

supgpose UM F(x) = Gm g(x) =0

suppose g'(x)Fo VYx e(ab)

Evev :

ol FAXY =
IF ,‘:.!:xoau(x) = L EeR

bam  FEO

=> Koy 8(&) =

[0 PETERMUNATE FONRH =

suppose £.g axe diffexremtiable on (3b), wih 3 p€R=RU é*a ) —oo}
pose Xe € La bl

e B8 el Lo, b, 37

suppose. g' (x) ¥o Vx e (a,b)

fﬂne}m F'(x) 7 €lx)

—_—

lFAb_;‘:(‘ 3'()\) S LER => X >x0 3()() =z

EXAHPLES
nokable livnits =

x
. = R & . ex_
@h\m e .l _—s Wm = - = IAWl tg‘
X=>0 x x=>0o | e 8

m WO+ _ | Ly 1< L e G b

A A e SO x=>0 '
® G (427 — lm  kO+x T ol (Y% X
x>0 x rero T o = X * x>0 x -

@ Um Binx __ lm @Sx _ 0 Gen  sinx
X=>0 X X=ro | X =>o S

= |

scales of inFinities <= ' &
O&Vn nx _ o lwm ﬁzo_ m \wx_o

RS>+ X X=>30 | T X=>4ep X

. X . x . x . > x
@UVM i. =>|4'V‘r\ —e = bwm [ = 40 = (,.W\ z = t<=0
K=>t00 x ¢ X=>rgd 2 X xX=>49 Z x>0 X



SOEFILAELT COODITION FOR TERIVABLLITY
frase—>r \ Xo nkerior poivt For A, suppose:
O fis conbivuuaus in 3 veiginkourhaod U (x0)
® { Was a dexivakive in T (xo) ~ EXO}

then: ‘
® if S F'(x) 3 bimite => FL(xo)= b o F(x)
® B g (x) T Finike => F! (xo) = %12, Flx)

O ifbe ¢ ()T Cimibe =>F'(xo) =50, F'/x)
TAYLOR'S EXPANSION [HACLAURLO'S EXPALSION
TAULOR'S THEOREH ( ORDER ?.3
F:AcrR—>R bren:
O xo wkexior powk of A
® f has a dexivative f'(x) avd, second dexvatie F(x) ina veigtn bowrhocd
U(xo) [is Ewice diFFOrew(:\a‘o\e]
they, - Taylor's expavsion of ovdex 2
Vx= xoth € ’(T[XQ)‘ L) A
f(X)=i(Xo)+ F'[xo\ (X-Xo) > _zﬁ‘i. (x’)(ej + & [x-xo ) 3 X —>xq
Eavgent pavable at xo negligible @xvor
Taglov's potgvaom‘;_a\ of degree 2 Peavio's vemindexr

- TG%L:N'S formula | expavnsiony, —> podﬂmomxa\*vemindex => use ovdex
" Taylor's polyromial = no remindex => use degree

HACLAORID'S ForsutA [ Exeassion (specal case of Taylov whew xo o)
\'/x (=} U[o),
£(x)= Elo) + F'(0) x + f%o) x* & o(xr) Bsx—>Xo

tangevt paravola negligiole evvor

Haclawxin's po(anow,\a\ Peano' g remindex

TAYLOR'S THEOREIT (otzben n)

f:acpn—>r, if:

O x, wkexior point of A

® fis n bines diffexevtiable in a veighlbourhood T (xo)
bnen:



VX s Xo4h év()(o)
‘F (x)= F(x0) + F'(x0) (x-x0) + f gx‘"\ (x-xo0)+

+ & (x-x0)" Taylors poLg.v\ovn'.al of d-eakea n

feavio*s vewminder

t( (Ko)

(x- x°)3 ( (XA (x- ng’

QS X—=>Xo

I—> HACLALRILD'S FORILLA => Xp=0



HACLAORIL'S EXPALSION OF ELEHELTARY FOUCTIOLUS

© Y= e* | xoz=o
2 B “
3":|+xa-_’“—+:—l-em+—;‘<—!+m x>0

® y = s’m(x\’ Xo=0

Sm(x\:x——;—(%-!-:—?«- -:—Tf...&(_\)"(;j:;!.‘....
0) g= cos (x), =0 o
Cos(,X)?-l- i—,'%-\'%’{—!-i-m-k(—t}“ﬂ(—i%l-\- X —>0
® %:lm(lf)()‘x.,=o
lh(t*x)w(-—”25‘3+—’3f—3-—’—2—«+-.~+(-1)m‘—§+m X—>o

] (3‘-‘- (l#)()d , Xo =©

o) o, 2(@=DGo2) o b)) (- (i) e,
2_\

(HKV: l+otx +

3! ni
X->0

TU SOEFI UEUT coMD\TIoL FoR COCAL RHAX\VISERS /3Ol M ISERS
f-AcR —>R, suppose bnat:
0 xo is an inkexior pownk of A
® f is v times differevtiable v a reighbourioad. U (xo)
® F'(XOB o
all tre higher -ordexr dexivates at xo are =o b\ 2 pxr2 suchbnat f "(x) 20
Bven:

. n .
W nis even ancl f( ) (x°)>0 => xo isa (0@l minimiser
R . (n)
® Fn s enen and l[ (Xo\ 40 => x, s a [ocah maximisexr
@1? nis cdd => X0 1s ok a locak maximiser /minimise,\r

tneoeex (weaker because cannok be applied 1F £ (<o) =03
f-acp—e, suppose boak:

O xo s av Inkexior poink of A

® f1s bwice diffevevtiable ima \rs&a%bouxhood 'O'Cxo)

O f'(xo0)=0

thew:

@ if " (ko) >0 => xo 15 3 locak wini iser

® ¢ (x0) €© => xo is a local maximiser



GEAERAL PROCEDURE FOR LOCAL HA X| MU | StLOoMwI
given f: Acr—>Rr
O - poinks x, €A that ave boumdary points —> deeck sepavately
~ pOWES Xo €A sudh tak Hf ' (xo) —> dn=ck sepavately
® 3l okher poinks —> Fexmat's vecessary conelition => f'(x) =o
® ov bhose poinkts Wnidn pass Fexrmal's condition —>
- T sufficient condition => ovly F'(x) bukinvolves ivequalities
oy

- 1 suFfigevk condibion => also higfex -ordex dexrvates buk vo
egqualibies involved

COMCAVITY [coDVE X\ YU

THEOREYe © CONDVE X\ TY AND TADLBGE AT

F:ace—>w

if A is avn opem ibexval and fis diffFexentiable on A, then:

Fis convex in A <=> Vx, ,xe A,
Fxo) +F'(xo\ (x-xo0) sF(x) [COUCAVE => Zf(x)J

THEOREN : COANVEXITU TEST FOR D\FFERELDTIABLE FLLLCTIONS
f:acr—>R

iE A is 3y open inkexval avd fis differentable on A, bhen

O Fis comvex i A ¢=> ['ig increasing in A [ corcave => a{eoreas\ma]
® fis sbrickly convex in A <=> F'is Sl:rid:l.% inaceasing in A

THEOREI: COMVEX |TY TEST FOR TUO\CE - D\FFERE VTIABUE FONCTIOMS
f-Acr->g

if A is an opev intexval and Fis twice- differemtiable on A, then:

© fis comvexinA ¢=> F30 in A |cowcae => F' o]

Of'so0ina => fis sbrickly convex in A [concare => F"<0]



GLOBAL HAXIHA [HIL\ A

GEAERAL HETHODS TO SEE |F GUOBAL MAXIMHA ULIHA EXIST

© dirow €ne graph

® uwse Werexstrass (or Tovmell) —> if bhe fumckion F(x) is conk iuwous on a
dowain ASR uhidnis @ compack sek A< R, Weierstrass's Eheorem
quarantees that both a global maximum and a global minivmwm 3
BOT it does viok say hows Eo Findl Ehemn

THEOREN 1 T SOFFIUELST COLO\TION , GLOBAL VERSIOWL

f-Acr—>Rr,if: <

O A'is an wkexval [ 2 gbr’\gt]

©xo is 3n intiov poink of A

®f has a finike derivakve in A

@ €' (Xox =0

(:heh: &

@',F ('(xx (o) VxeAl A& Xo and F‘(x}’i‘o V x EA , X > xo
Eren xo = global minimisex

®iff(x)20 V¥xea X< xo And f'lix)2o ¢PxeA, x>xo
Enen xo = global mivimiser

THEOREH : TL SUFE(ULE LT COODI\TIQL , GUBAL LERSIOU
{:Acr—>R iF- =
O A isan ivkerval [> s&vic\'/]
@ xo is an intoriov poink of A “
®f s bwice diffexentiable iv A
@f‘()‘o o)
then: <
® . f F'(X)20 in A then xo= Hobal minimiser
OUF ()20 in A Ben xo= global Wmaxivniser
> OF HIULIJTOX

THEOREN © LECESSARY ALD SUFEIUELDT HA X\ T CODITION TOR A
WAHCAE ALD PIFFERELTIAB LE FLLOCTIOL

L or COMVE X
f:Acr—>r ,if:
O 4 is an ivterval
® £ is concave (0\‘ oo\nvex) wn A



® F was 3 Finite dexivakive i A

® x, wtexior point of A

bhen:

f'(xo) =0 £=> x,is a local maximiser (ov m’m’wnisex-w &=> x, isa Sboba»(
maximisex [or mimmisev)

How) TO DROW A 6GRAPH

® downain A

® limits at the bawndang —> horizontal [vextical asgmptotes

O signof F(x) + inkexseckions wibn coordinake axes

©® Skudsy of €'(x)—> £ iwckeaS’lma,/deUreas’\ws + local max/min (T
sufficent co*ndl&!tov’)

&) sk:u.obd of F"(xX)—> € conyex /a:mcaue + local max fnin (]1: SUFFccievt
condition)

® graph+ study of exceptional poinks + global max/min

xr 42

EXAXPLE ~> g= —
RE-2

© dowmain
xt-2 to => x#¢ Uz -Uz
A= (-w,-0z) v (-Uz2,02) L [0z, + )

® livniks [ astpvmptokes

2
™ X1z =1 iy 27021 = <£*
lx-)-oo )(1"'2» g \)(.-).‘.” x?._z
horizovikal astpmpboke Viovizonta |l asymprobe
Y=l as x—>-w Y=1 as x >+ o0
G Xtdz _ L xt+2 . vertical
WM _ ,2_, = ~eo m 2 e’ a
x->gz T x-sUzt X*-Z Smplote
x= U2

- X2 = =
x>y T x—=>-Jat x7-2 Bsgmpoke

um PR UW\ X2«2 oo } \[Qrbica
= -0z



©) s'\%vo /iw(:,e)(sedcio\o wikt\h axes

+
Xt 42 N >o always S
>0 it l,
xt-2 Dso F xr-2>0 '
2 -Uz
=>x%>2
=> xz-Uz, x>Uz
intersection é 79 inteseckion %3 it
wibn Y-axes ar -} withh x- axes nexex
© £'(x)
| =g+t L (x2-2) 2x - (x242) 2x
['(x)- <t-2 | 7T % = (x2-2)2
= 2x3-ax-2x% - a*
(x2-2)?
. -%Xx
(n2-2)?
8'--0 —> —-¥Xx=0 => X=0
‘>o > -%K——>0
L (R-2)*
d>o (exduded x= -Uz, Uz whexe F(x) 1)
MN>0 -3x>0 => X220
f e
X =09 s loca) maximisexc ! |
-Uz (V] Uz
® F"(x) ok vequired
| 4 "
/ {
® geoph el N
.«-'// | | S
______ N i
[ |
; 4 >
-0z + 07
‘ \
-1 =y |
://, \‘ |
l/ \’
I L
1] 1




theorems and proofs for
differential calculus



Y= K => g'=0 (Voonsbawb k‘-R)

PrROOF
f:r—>r, E(x)=K, ¥xean, ¥V K#0:

F'(x\”- Gom F(X°+h3-F{x°)= (FE%
h->o W hW->o

k-%

—

w



= x* =
3 > g= oot

PROOF
( (X): hby;, f(xoi-"\)-F[X 3
->0 L
. b (x+W)%
Mhm [x(l*£3]¢ ):;) nw—>o *L))b- x* L
- - |
) h = lAVV\ x & (‘* ,‘1)‘*
h->o Al 27 ! r
(lW\ x99 b i \'\—Vro((*;)-i
t—=o = ox" =L - 2 \// @ !
< .
< ; |
O T g
™
~]=t



t:a—>R F(x\= a™,a>o
is ] !
isderivable ¥xer , F': R—>R given bg £'(x)- a"(oaa

iv partiadax
3 - eX => 3‘ =X

PROOF
F'(x)~ Lm Flx4h) - k i m
h=>o0 4 - ) : &L-? a3~ -3%_ lum a* (") i i
R e 2% lim @
W hW=>o 7y,

h

a"baaa



suppose f,g have a derivakive VYxe (a,b) fghaves der. ¥xe (a,b)

SUppoSe B er <« Penr

xF + Fa has a derivakive Vxe (3 b) and: *f+Bg hhas a der. Vx&(a@?}
(af+8g) "= xf'py' (af1pg) = < «Bg
PROOF *

Vxe (a, EB

(af 1 Bg) (x) = kim <«F*?93(x*»s- (xf#9) () _
Givm (af) (xsh) (Ps;) (x+h) - (of) (x) (8g)(x) .

h=>o I

Mc[ F(x«\n) Fl) , p 3lxeh]- 3&3]

2

QWF&MFM+@M%MW3MFXNOJgM

h->o h->e



g dnxi=s yhe T

feoof
f‘{xo)= liom on-tlo)-F[xo\: live Vo (x+h) - lnx

=9 h M->o v - h[t:’.:, o (:_:—h)
i s 2) < o (1)
lek =2 hebx ;=g t %
< G Ly () E 2 B W) ¥R - £ i (e
= i Infin (03] < 2 lhe, o 2



-3 2] given \,8 fly) =kany
w F'ir— [-3 ; %] is 8\ve\nb8 f7'(x)= avctan x

From the dexivakive of bne wnvexse fumckiow

dawr_ha\nx _ ) l
d = t+banly T 14 x?




supeose F: (a,b) =R has a dexivative f'(xo)aka pornt xo € (o)
then Fis continuous at te poivt x,

PrROOYT

suppose y,‘{:no F(xo-ﬂn:- f(xo) _ F‘(Xo)

rewwite it wsing
Xoth=x => h= x-x,

h—>0o = x—>x,
thexefore
lwm  Flx)- Flxs) = /‘(xo)
X —>Xo X - Xo
then
(x\-F()“'\)
lm LEG)-Flxe) = Ui | £ (k- xe) |

= lw F_/"_)‘_'L&\'blm (x-xe) = F'(x0)- 0 = o

* “>Xo X -Xo x —>¥o

but al
Ui [E(E Flal ] = Ui £(x) - lim Flxe) = o € (x)-£ (o)

amd Bherefove
Gm fla)-Flxo)= o => km é(x)=Flxo)

meavng thak £ (x) +s conkivous gk xo

but Fcontinuous ak xo F > £ has adexivakwe ak xo



F: Acr =R, xo intexior poivt for A

Eren

O Fis diffexerkiable ak x, <> f \nas a dexwakwe ak xo
® wm= f'(xo0)

PROOF
swice f(x) is diffexentiable at xo, we have :
£lx) = F(xo\ i \m(x-xo) t e(x-xo) AS X —> Xg
subostibke x = xoth —>h = x -xg :
F(xoth)= Flxo) tm-h+e(h) ashw—>o
Flxo4h)- F(xo)z w-x e (W) ash—o
Flxoth)-F(x) _ vy & e_f\lnl

h

=m+o(\) as h—o

e(,h) - 9(0

h is brue for bre propexties of g]

we Eake the lumit on ok sides When h->o and obkain

Livn Flxoth)- (xe)

h—>o h e

whidh meaps bhat £(x) has a dexivakive f'()«) at xo and:
f'(xo) =

L=

snce F(x) has a dexivative at Xo, ue have:
o Flxo+W-Fx0) _ £t
kg\) " F (Xo)
Bais wmeans thatin a me&g’n\ooux\mod\ ’U—(xo) of Xo, ¥x =xath € U'[;(.,) we have-
Flxo+h) - Elxo) . F'le)+ &) as h—>o
h

Enexefore -
F(xo0+h) - Flxo) = F'(xo)\n"'e(()-\n
= f'(x0)h+o(h) as h—o

[9(‘\'\0 = o (h) is brue for thne propositions ofe]



avnd
Flxoth)= Flxo) * F'lxo) ht ()
swoskibube x=xorh —> x-xo =l :

I = Elxo) * F'(x0) (x- x0) + & (x-x)

Brexefore F(x) is diffexentiable at xo alling w e number
m = (l( Xo)



f:acr—>r defived on a set AinR

C subsek of A

F differentiable ak an imkexior poink xo €
Xo Maxwriisex-/minimisex of fown c

ey F'(xo) =0 =>xo= skatiovary point

PROOF

lek xo€ ¢ intexior point and a local maximiser on ¢

1a w@g}nbmxbood B¢ (xo) sudh Bnat £ (xo)> Flxo) ¥x€ Be (x0) NeC
he(oe), xeth € Belxo) =>

F(xo+W)- F(xo) Za ‘v‘he[o,e)
h
liske F(xo+h)- Flxo) Z

ho' Y

L\e(-elo\, Xo*hé&;_(xg) =>
lrosh): Flxo) 20 Vhe (¢ 0)

bdm F(xo-&b\ £ (o) >0

‘> o

l:oaejc\a
. Um £ Lxash) - xo) Lm,uxm)w(x& lm Elxoxh)-Flo)
o< h~>0" h h=o h “h->ot "

Since Yoe wypoblesis £'(xo) exisks
E (xo)= [m, F(xo«h\ Flxo) _ o

hW=>0




f:acr—>n, A=L[ab],
0) Fis conti nuous in [a,b]

® f has a dexivative in (a,b)
OF(a) = £
ben, Ix.€ (a,p): F'G) = o

ProoF

accordj.w% to Weiexrskyass 3 x,, x, € [a,bl sucdh thak

Flx) = mwm xeLabl Flx)= wm

fFlx)=wmax xe La,bd F(x)=x

if W= bhe Fis covstant, F(x)=m =1 so F'lx)=0 Vxe (ab)

i€ mert bren ak least one bekween x, and x, ugkbe an interior poinkt
for (3)\9) .in fack B”e‘é @an't be ok boundaxy points since F(a) =F(b)

if x, € (a,b) for bhe Fermat's theorem F'(x,)) =0 ,same ivthe case of x,



lek F: [3,b] =R be conkiusass on [3,6) and diffexentiable on (a,b)
Bvien Brere exists % (a,b) such Bnak:

vy _FLB) - Fla)
PRy — o *
PROOF

let g [a 5] be bre awxili.axg fumction defined by :
g0 = Flx)- (£(a)+ % (x -a))

ik is Bre differemce, bekuseen F and Bre gxaigot Goe passing Birvougln Bre poinks (a,¢ (a))
avd (b, (1)

Byie fumckion g is conkivuaus on [3,b] and diffexertable on (a,b)

woreovex 3(3)=3(b§= o

by Rolle's Bveoren Bhexe exists %6 (,6) such Bnak gt (£) =0 , buk

g ()=Flr) - HOEE and brorefore p1(7)- LO-FE) o

theb is, X satisfies condibion %



lek £ [a,b] >R be wntiwaus on [2,b] and diffexemtiable on (a,b)
Bren £/(x) =0 Fore!-'etg )<.€.(3sz if and onbd if £ is constant , Baak is, if and only if bhexe
easts KER sadn Bnat £(x)=k Vxe[a,b)

PRCOF

“only i€" =>

“if" paxt, is Boe simple propexty of dexivakives o derivabiligy amd continuity
lek x e (a,b] and lek us apply the mean value Bresrem ontive interval [a,x]
it gields 3 point Qé(a,x) sudn Bnak .

0= F(2)= f/’i%(é‘_). Bhat is Flx)= F(a)

sine x is any poivk in (a,b] i€ follows Bagt Flx) = £(a) Forany x ¢ Ta,b]



lek £,9 - [ab] => R be conkiumars on [3:b] and differentiable on (a,b)

Bhen €(x) = g'(x) Vx€(a,b) iF avd onlyif Brexe exists kKeR sudn Brat Flx)= glxltk
vxe[3,b]

buo Funckions Bnak vave bhe same first dexivakive are Bhus 8qual up to an
addikive comstavk K

PrRoOT

singe "if "is doviaus ue prove “onlyif" =>

ek [a,\o] —>R be the awxiliaxy Femekion h(x) = F(x}-a(x]

ue bhave W' (x) = F'(x) -g' (x) = 0 ¥xe(a, o)

Bhexe fore ‘og Ghe haradexization of fumckions uibhn wul dexivakive b is constant
o [8,\3-_\

bhak is Brere exists keR sudabnak hix) = K ¥V xe[3,b] so Flx) =g (Xtk VYxela,b]



let f- (a,b) >R be a diffexentiabe function with a,b € R

Boen Fis (globally) incressiug on (a,b) if &nd only i ¢(x) 20 ¥xe (a)b)

because of bhe clause a,be Be inkexval (a,b) can be umbouwded for example
(ab)=r

3 dual vesult, uibh vegakivity of Bve derivakive on (a,b) kolds for the decreasiug

mov;obom'ci&g

PROCF

uowta i =>

suppose. bhak fis incxeasiug lek xe(a,b)

Y h>0 ue have Flx+h) > €(x) hewe Mv“ﬁ’d;o

it Follans Bnak :

' o Eleeh)- Elx) Flx+h) - Flx)
A B S R -~ I B e e
’(‘Flg =

let F'(x) =0 Vxe(a,b)

lek x., xq €(3,b) uith x,< x,

bg Boe mean value Beovem bheve exists K€ [ x., Xz] satch) bhat Fiz)= %
swace F'(R)20 amd x5-x, >0 Hhis shows bnak E(x,) 2 Flx,) '



et £: (a,b) ->r be adifferentiable fumckion , uith a,b &R
i Fllx) >0 Vxe(a.\ﬂ , ben Fis (globall.g) .st-,rw&;a incxeasiug on (ab)

PRCOF

let F'{K)N: Yxe (a b) awd (et x‘,xze(a‘\ﬂ wiby x, € x,

by tre. mean value Bworens Bnere exists celx,, xal sudn Bhak fﬁ)- Flxa)-F(x)
swee F'(c)>0 Y and Xa x‘>o’me ¥ it Follass tMak F/xL\>F(x, o



Bre Fumckion F: (<1, 00) => & given by FIx) = Log(1+X) is v bimes differembrable ak eadn
poiuk o iks downain, uibn
f(“‘(’() - (-‘)le (n- Yv =1

(tex)™

bhexefore Taylon's @pansion of oxdex v of Fak xo> -1 st

ey li) = Lo (1ex0)+ 20, (" 25T + 0Ll

a simple pobaupmial Brws Locslbé apgro Ximakes Be L.:aax-’\bhm Fumckion
in partiaslar Bve Kaclauxin's expansion of ovdex viof fis:

2 3
L%(lex): x-g-.‘._;‘_.;...,.,.‘_l)hh%" A Glx“) - é‘ﬂp\(‘\ "’"‘_);_“.,.o(x“)



covsidRx an intexior pank x, of Ehe domain A< R?

Xo ® ()(o' ) xoz) skarting point

h=(‘n. 1) nocevrent of x (veckorin ove of inFinikely mavy d.xv‘eck’\o\qs)

Kot h = (xo,+h,, Xoq +h,) €inal pownt

F(20) " F X0y, Xe)

F(xo+W)=f(x0,%N,, xop t412) = F (e, Xes) = AF imcxewent of f

=>

we only acepk bo move in & diveckion whidn is (| ko one of bhe axes

there e buw suda diveckions —>

O vnove Il ko x,- axis

T Xo = (xo‘ .on)

b= (1, 0) inaement of X waew wemove |\ to x,- axis

L> b is skill aveckov buk ks now enly dekexmined by one wumiber , iks
vov- ull T comgonenk b

- 2o+h = [xo‘*‘h” Koz\

- F(’.So)’ F(Xo.,xm\

F(’.{o"'b) = F(Xm"’lh ) on)

l‘(’jo’fh)‘ F(ﬁo)‘- f (xo‘*h‘ on) - F(xo\.xoz) = Af inecement of £ when

we move [l ko x,-axis

= _A_F: F(’So*b\‘é(&o\ j| F(;(Q'q-}),xcz\_f[xe“xez)
%)

~ partial dexivakive with vespeck ® x, (1( Hne inexerneve b s Il ko X,-axis)
f;( (&o): le'Vw ((&o.&%,)(oz)‘p()(c”xot') 3 (iV)ite

h->0 ],,

-

|

® vove |l ko x,-axis

- Xo= (KO\,X:@\

- hs(o,W

= ,Z(_o“’b = (Ko‘ , xb,b{-],,)

T F(x)= Flxe,, %or)

“ (x4 h) = F(%e,, Xonth)

= Flerb)- Flxe) = Flxay, Xazth) = Fxe, x02) = AF increnment of F when

we move (ko xz- axis
- 4F | FOrIV-E(x0) | Flxor, xapth) - F (xg, , X 0a)
h W h




~ partia| derivative with respeck to x,
o (27l P oD H 0 36

->o0 W

LOTIoMs of partial dexivatives of Ehe Fumckion F(X.:Xz)

Fr Cxox2), €k Onxa) =5 28 (xx) ) 3F (4, x2)
3% AX,

flx' is the dexivabive of £lx,,xz) uhev owbé X, vavies and x, reynains
wwstavk ; Fx, is bhe dexivative of €(x,, x2) uhen only x; varies and

X, Yemaws covnstank

Exare e \
F(x, %)= x‘zw(f => Fx‘ (x,,xz):- 2x, , F);L(x.,xz)= 3 X}

6GRAVIELT \ECTOR

W F( X, ,xz\ has fimke pavkial dexivakives f'x € ;z at xo brew, bhe veckor
Wnidn conkains Ere buo partial dexivakives isEne gradievk vedtor of
fat xo => %&AF(’.‘&) ¥ [(‘X‘ (’So), sz(éo\]VWV of iumbexs

with the gemexal point. x=(x,,x,)=> gradf (x,,x2) = L()‘(‘(x. X2, F,'(z (x, ] xz)]
veckovy of Fumckions
anokiex okion => VE (x6) => Y (x,, x.) L V= vavla]

f: AcrR"—> R

take av inkerior poivk X0 of A: xo= (xol Kb {onn ) xc,ﬂ)

take an varemenk b fon Whida only one cormpovevk is #Fo (ne wocemet
ovly involves ove variable x-,\): h=(o,..,0, hf’ox?.. ,o)

bhen: Xo+h = (xo,, X0z, Xog th Xe g4\, cmr) Xom
Bhew considex

(:().So) 8 F ()(o‘,..‘ ,ng‘)

F (’.‘o"’h\" F (XO‘ (IR XOB-‘ f Xoav’f"\ | ng.‘.‘ R X°h>

a :

F(’So*b)“F(&e): F(Xo., ey Xogar, X°J*)’1x°3*1 ey th) = F (Xo‘ r Xow) = A€
brew take the dliffexemce quotient:

_A_E —,-F(Xo.,..., Xog-1, Xoa«*)‘l,xoa.‘] o olmg xbh) - F[Xo, PR Xon)

i n




we can vow define the pactiak derivakive of Fab xo wih vespeck to the
vavrigble xz:
[::(‘()-(O) - “;‘LV‘N F(Xo., caly Xoa-\ ) Xoav"'}‘),)(ga* CY P I X°h> - F (Xo, 10 x“v‘l} 3 F\ﬂlbﬁ

V ->0 h

$=)%2,..,» SF o
we dafive - Fi, (50) .., Er (x0) [ 35 (xe), . S5 () ]
we appud it ko a taemexal \ooi\nb x= (x. , ...,xn) from, the Fumckion
Flx,, .., Xn) we gek 1 fumckions -

: 3€ &
Eer(xyy X ),y e, F,('\(x, e 26 ) g;'(x.,..., xn), dey %/X“ (X,,..., x,,)]
called bre v partial dexivakives of Lne fumckion £(x,,..., xv)

GRADIELT ECTOR

ak x.-

grad Flxo) = (F)'c, (’—‘o), i F,;” (50)) veckor of vuumbers
ab x=(x,,., x,):

gravd f (X1, .., xn) = (F',(’ (xi v x) ooy e (%, .., %)) veckor of Runckions

f.aca”—>e
considex av ivkerior poink Xo of A, thew: —> only skrong vickion
£ is diffexentiable ak %o
A A
s Uk
3 partial dexivakives |, Lo (s contimous ak xo
of Fak Xo

(ASE oF F:acR*—> R

considex av inbexior poink Xo of A

fis differentiable ak xo if:

Vxz=x,4h e T (),

F(é\ﬂﬁ(’-‘n) s (x- %) r e (llé - >_<e\‘)l as x> X
approx‘«vnal:‘\wa plave wea(lg&b\e &ror

wore explicitly :

f(x,, x2) < F{xo,,xn) + (m.,my) < ‘-Ko‘) + & (\l X -as.,\\)

X~ )(cz

‘:‘Fﬁ()<°\lx'2)"c m, (Xl ~Xa\3 * Y, (’(‘L’XG'%)’*‘Q(“ 2 éo“)' aAs 7> 2o

plave in 20- space negligivle paxt




GEAERAL CASE f-AcR”>Rr

wvsidr an intexior poink 2o of A

f diffexentiable at X, if:

Va= %0¢h ¢ 'U_(éo),

Fl)=fFleo)vm. (x-x0)+ o (N2 -xl) a5 e

approximakivig I-degee part megliglle exrvor

THEOREN : D\FFEREDOTIABILITY —> 3 PARTIAL DERIVATI\ES , COATIOUITY
f-acrR"—>r
tonsidex an inkterior poink X, of A
1€ f i difFexentiable at Xo, hew-
O f has all parkial dexivakives
e (x0), o, Fien () | avd = quead €(50) = (Fi, (30, Fie ()

['\’-7- => bhe approximativg plave is exad:bg the l:awaev)t plave at 5°]

® €15 conkiuous ab Xo

==

whew f is diffexentiavle ak xo . Bnen:

Va=%oth €U (x0),

Flx)= Flxe) vgrad f (x0) - (x-x) + o (s -5.1) a5 x> xe
differentiable df (xo) | negligible pavt

3pproximakiig :r.~d.e9>(ez part

REE exp(i(,ikhdt X'-,xon

af (%0) = grad (x0)- (x-20) = [F;, (’S\,..., EL, (?jc)] L( :xa J
= F'x‘(’.(o) (X,-)(ob'*.,,-f F;(h(’SaX(Xh'Xow) o
= Fx, (=) dx,+.. # Fxy (50) dxvy

EXANPLE

given Flx,,xs)= 2x2 45x, x5  weite the diffexentiable df ak pli,) =>
Fle, = bx,* x5, €, = lox, X,

Enexefore: F')‘,(l,\\'- T F):z(t,l\ =\o

df (l,l\ = 0 (x,-1) * 10 (xq-1) = Ndx, +10 dx,



THEOREH

fper"—>r

if A is open and F has continwous partial dexivatives on A
then f is differentiable on A

=>

given te sek Ak we will use the votion:
c N(A) = ?Fumd;‘.ows F: A £ R">R brat have covbiviwous partial devivatives Vx éA}

v v
DACOLSTRAILED COLST RA (LED
OPTIHAUSATION OPTHALISATIOL
look fov max/wmin look For max /vmin F /X.,.V, Xy)
f(x‘, ey X2) Subgeck to Some conskraints

URCONSTRAILED OPTHA LISATION
O vewsssavy condition => Fermat's Eheorem
| I—

® sufegient condition /
onsidex F: Ace"—> R i s

® xo 15 av intexior poink of A

® f has all partial dexivakives at x.

® x, is a local waximisex [minimisex foc F
thewn:

8)(ad F()io) =0

Enat 1s:

Fx,(%o) z0

__iF o is such brak gead f(20)=0
: =7 x, s called a stati onary poink o £ (x)

F;(y‘ (’.io) =0

—t

we ALLOT apply it wWhen

O xoica \oundary pont of A

® %, 15 2 point sk whida bhe partial dexivakives do ok exivk

® Fexmat's breorem is not ivvexrkible => if aka ok xo we kvow thak



grad Flxo)=2 (1:}’2 tavngevt plave is Yorizontal)

GELERAL PROCEDURE TO FLUID UNCONSTRAVLED LocAL HMAXIFASERS {ru 0\ red SERS
O fivd exceptional poivks —>

~ boundavy points

~ poinks at whidn fi,,...,fx, dovot alk 3
@ find all other poinks —>

= vecess ary condition (Ferwat's (:\nemem)

-~ sufficdevnt condution
£ may be that a point winidn passes e vecessarry condlikion gives neither
a local maxivuum vor a local minimusan

THECRE : LECESSARH AUD SUFFIGAELT HAxUwuse (sl O13eust ) CooDITIoU
FoR A conCALE (CoVEX) ALD DIFFERENLTIABLE FOOLTIQU
fiacer—>e :

® Aisa convex sek v R"

® £ s concave (convex) in A

® fis diffexentiable mA

® x, wkexior poivk of A

bren:

grad (x) =2 ¢=> x.is a local maximisex Cvn‘m\m)se)r) <=> Xo's a global
maximisex (m\wimisex“)



theorems and proofs for
n-variable differential
calculus



Lek F.ace >R be defined on 3 ek A v " and ¢ 2 subsek. F A
suppoe. ¢ is differentiable 8k an inkerior poink X of <
i€ 2is alocak extremal pownt (maxiviiaer [mivionizex) o Fon ¢ then VF(R)=0

Proor
it % is a locak extremum of f on ¢ Brexe exists ame;:a‘oborhcco\ Uec of R sudn bhat,

E(R)2 F(x) (maxemizex) or F(R) <E(x) (mivimizer) For 2L x €L

\'Xa bre M(E\'@n‘;talo\(’)ka & F ak ?(,Foravgdhrecb\on v, we \ave -

f(Retv) = G(;?) + tVf&) - ‘\-o(ﬂ where O(L‘) vaviishes faster bhant as t->0

ak a (sl extrevnum F(2+ Ev) 2 HRY(masimizen) or F(R+Ev) 2 F(£) (minimizoc) for small £
dividiug and Eakiug the umit as £ —> 0, bre direckional devivakive n any directionVis0:
vE(R)-v =0 Yv

sine foe gcadient is 0 wn &l divekions , VF(2) =0



supspace = V=R V #¢
Vs a veckor suhbspae of R" if :
O vVx,4eV => x+Uev
® V_z_ae\/,Vo«eR =>oxeV (Visdased ushth respeck bo x+y4_, "‘53

THeOREY

Ve Vi

Vis a veckor sospace o R™ 2=> fx 4 €V, Vo, B e R ax By eV
(Vis dosed usikn vespeck fo (ear combinakions A x +f4)

THEOREN: SURSPACES 10 R?
AcRrR®, At @
Ais 2 saospace of R* <=> ® A=pr? or
® A= §08 o
©O) A isa S(:ra‘\gbt live passivg Bnyou.a‘ﬂ 9, that is:
A= z(merz‘: ax +by =of

THEOREY * SOBSPACES 10 R”
AcRr” At
A s a sulospace of R"<=> QA =R" or
® a- ég} o
@ a- {(:;) eR": gl tve velatious ivwo(w’m% the
compovients X, .., xy can be uritten as T-degree
equalities wWith ro conskants *o
vecessavy condibion = i A1 a subspace ofF R" —> 4 musk contain bhe origin ©

THEOREX : (WOTER SECTIQY OF SUBSPACES
Ene witexrseckion of any colleckion of veckor swospaces of R” is aveckor swbspace
of ’"

PROOF
guppose { Vz,g is a colleckion of veckor subspaces of V"
since 2€ Vi Vi, 9€ NV ; khexrefore NVi%§



considex X 4 eNVi and o, Ber

siviece X, 4 eN\V; ,we have that x4 eVi Vi

since ewery Vi is aveckor sulspace of R™

bhis typlies that «x 484 € VL ¥ i

therefore 2 x 284 € NV, so NV s a vecka suwospace of RV

i Y— _

=T 1 -
Ey, ., B € R ace Linearly oependent  2i,..., xm €R” ave l(ivearly independent
if they ave ok liveary widepevndent i uhenener &, X, *... + Ay, x,,, =& =>
Bnak is € T o, ..., tum € R such Ehak: R= ... = Ky = O

UK, .. *m X, =2 avd a,,..,%n,

are nok all equal o zero

- X, .., Xn covtains 2 bnen X,,.., Xn, BYC Gneaxly depevdent =>
OX + 10X, ,YKQ =2 glgo when K*o
=~ ove singhe veckor x (anz|>—>
T 2290 = linearly ndependent
T x=2 = livearly dependent

THEORE N (m >,2)

Biyo) X €RY  with m22, then:

O =z, .2, !Jmeax&a independent = viove of Enewm cav be whkken as a Gvear
combivakion of thve obhnevs

O x,,.,xm lineaxrly dependent = at least ove of Evern can be uxitkew asa
lwneax combingkion of Ene obhess

(m=2)
® l).vueaxlé independent = iF vone of Ehe veckors is a vulkiple of the other
® Uneah«(y dependent = gk least one of thew, is a vulkiple of the obher

FUODAREANTAL \ECTORS OF R> =~ linearly independent

! o o
n=(i) e (8]0 ) e



FOLDARELTAL LECTORS OF R" => (ineaxy :ndependreut

' o S
§l=(f.’), §z’(..‘) Loy Bm= ’5) er”
° o )

remavrlk

Kireoy Bon eR” Ehen:

Oifm>n H\elat are lneaxly dependent

® iFmen we don't know (de\oewd.s onthe Ve:,tovs)

— considex a sek § of veckors in R”

= §pan S =intexrseckion NV of all veckor seospaces V¢ of R" waide conkains S

~ span ST AV{ is bne smallesk veckor subspace of R” wWaide contains S

~ it s Ehe veckor swbspace whidn is Spanned geverated by the sek s —> smallest
evlargement of S with Ene property of being a veckor space.

vemark

Eake x.,..., xm&R", Enen:

O ifmen ibisnot possivle that Ehey span all r®
© i€ m2n we doot kvow (depemdis on ke Yed:ovs}

gAasis oF A"

take X, ,..., XmER"

H‘Eﬁé are a basis of R iF:

0 l:\oeg ave lweaxly indspevdient (none of Enern is mﬁm}
® they spav alk R (enough ko span R*)

Fwe call S= 35,,.., 2m& , span S = R"

remaxk [\3

O m>n => brey cank e linearly independent <o thay arerot & basis oF R”
® men => Ehey cavn't span all R”, s they axre nok a basis of R"

= bne vumbex of vedors in a basis of R" musktbe M=n

vevnack (i)
~ suppose ko take exackly v veckors in Q"
~ ko Ahedk Blhey are a basisof RY, btwo facks ymugt be ¢ —



0} Evey axe (.ineax(# depevdent
® khey spaw all R”

- bhis propexty [5,,..., Xy ERV a)relinea)chd indeeendent, L=>E}7e.dcpawau\l"‘]
holds —> iF the veckors axe the correck vuwmber ovly the livear
independance needs to be dnecked

- ex. Ene fumdamentg| basis of R —>

X ° 2
..e_: = (:}) ] gt.:(;,’oj.> )t [ (Z:E:) € P\v’
o S i

] ).(\
the coefficents gudh Ehat = = (,w> can be uritien as 3 linear combinakion
=€ 4.ty &y are exackly the compovents x,, ..., X

D\»tession of RN

- the dimension of R” isn

~ it gives €2 number of veckors i any basis of AN avd ik corresponds ko Ene
gromekrical notion of dimevsion

Yemaxk

" ang kup vedors £, &k ERY win JHk are sudnthat gL e (g5 ex=0
=> bney axe ortfnogonal)

- all vedkors 2y ER" gre sudn thak legll=1 (_6_3 &g =1 =>umitary rarm )

~ bne buo properties are collecked bogabher and\condude Bhatany o veckovs
23, 2k eR" axe orthoviorma)

~ Ere funmdamenkal basis ¢, ..., €y is an orbhonormal basis

~ in bose situations n Whidn we cav't wse exackly the Fundamental basis
we will bry to use 3 Vasis contributed by orthogovnal veckors oy by orbhonord
veckors (better)

TREOREN * ORTHOGOUVAL \ECTORS ARE LI\VEARWM \ODEPELDEDT
consider k veckors X, ..., x, ER? with 2ck <y

iF bhese vertors are 2-by-2 orbhogova) and. they dovok indude the M
vedeor (if-trey ake orhonoraral ), Enew brey axe bneaxly idependent

THEORENH
onsidex an ortonormal basis X, .., x4y in R?
thern YveR”its:

V=X X+ +XyKy with oL, = \,/_~§,),,,’ Ky =Y -,



(€ % ,..., 5y is an orthonormal basis of R" Brexe s a quick way to write the
weffigenks a,, ..., «, (ecad:La as ks Forthe basis € ..., el

=>span S is @ swospace F R” smaller thavw rY

TREOREN
suppose V isa subspace of R, then Fasek S+ 2&.,...,&“3 suchn Bhat
V= span S
=> every suospace of R can be seen as the spans o some Fintke sek s

BAS\S OF 4 SUBSPACE

take a swibspace VsR"

take =,,.., x eV

t\’\ezts are a basis of Vif:

O they axe ineart Wndependent

® ’ebe;d Span A v

=>\f we call S=—§L<,, ey ’_<mg , pan S=V

THEOREH : PROPERTY OF OVIGLE WRITLLG
Eake 8 veckor srdbspace N e RY
take x,..., Xy, €V

Ehey axe a basis of V42> VxeV, = canbe watken ina uwiqpe way asalinear
wwmbination of x,..., 2,

THEORE 3¢
Eake g veckoe sdospace N <R
any two bases of v will contain the Same nuwmbex k of veckors
it will be:
Kepn ¢=> V="
kK<n ¢=> Ve g”

DAHELNSIOL OF A SORSPACE

- bake 8 veckor srdospace N e RY

- dimension of V = Bne viwmbexr F veckors in anyg basis of v
- appbed bo Y=R” => dumR"= 1



~ appled bo VC R => divnV = k<n

remack (1)

~ considex 3 suospace VERY wikh dimemsion keh

- bake k veckows =, ..., xx eV (sa)me numbexas divnv)

~ v ordex ko guavantes they are a basis of V only one of e bwo properties
veeds o be doecked

T 2, ., 2w axe Uneaxly indepemdent <=> they span L the Space v

remank (i)

iF V= {2}‘ bhen:

O basis of v: empty set ¢

® dimension o V:o

THEOREI : SUBSPACES 10 R?
take acr?, A
A is a2 stbspace of R* £=> @ A:=Rr? dimA=z2 or
® A=f{9} dimA=0 or
® Awsa straight line passing Ebvraughy o -
A= é(ﬁ)eﬂzz Qx—\-log =o§ ivn A =1

THEOREH : SUBSPACES (L0 R?
takeAc R’ A% ¢
Ais 3 &onS\oaceoFP\; L=>0A=R’ dimA=30r
@ a=%28 dimA=o0 o
@ Aisa plave passing Eroughh 2= ?,isgto):?s £
A= 5(;) :axtby +c2:08 dimA=2 or
@ A isa skvaight Give passing Ehvough 2+
5 g» passing through 5 i
2] ER 8, x+by* ¢, 2=0,2,xt02y+ (250
divmA=1 —> basis hag 1 vedcor



A-= [2 -3 ‘(J > vow => 2vows + 3 columns = 2x3 hakyvix
I 0o

=

v

columm

oer. kable wv\ba'm'\\aa numbexs ova‘aw«sed " rows and. colynwg
move eemex-a(ba :

iz, . m S iks elements have a dodble index whidh corvesponds
3= lL.om to doulole ordexs (Bam/bgmmw)

2 -3
A= [ :] => colleckion of colmmn veckors

2 -3 1
A= [ ] —3> colleckioy of row veckors

3 v 2
A= [-1 2 oJ =5 Square makrix of order n
1 3 5

G main, d}aoaowal

SETS OF HATRICES
* (mn) = %ali mxp mal:'ric:-s§

re(w) = %au squaxe akrices of ordex v’}

oreraTions W ¥ (m,n)
0Aare =>

/.}:7'-3'], g5l -t 2 —_>A+6=[4 -4 3
o 52 O Vv u © & 6



peF. YA = [aia] , B= [bla] S "((Vn,\n\, C=A+B & )t(\m,w) and is given lép
Cig=digt Io(a ; Yi= (PRI Va':\,..‘.,h

frofeR.
~ comwikakive = VA\B e nlmn), A+tB =B+A
- assoaakive= YA ,8,c € lmm), (A+8)1c=a+(8+) A+ +c
~ Fvudl makrix= Fo e ﬂ.(vn,n), 0= (:,D, sudn that ¥ae % (m,n),
A+o0=A
= Vwmakxix 3 opposite = YA : Laig] 3 ?((vn,vs) FB=-A-= l}aaaje n(vn.v\)
sudnbhat A+ (-A) =0

®xA =>

3-‘ 6’2.
A= (qo}/°(=2 => AA= |3 o]
L5 4 (o

DEE. Vn‘fta'cgj én(wm\,‘v‘a ER, B= xA & ) (mn) and ts gluen by
b‘\a:'(aéa' V(:l,...,m;va‘=l,‘..,\’)

PROPER .

- duiskribubive: Vo,Ber , Yae 1lm,n) (x+B)A= xA1BA

— digkribukive: Ve er, VA,8 ¢ e lm,n), x(A+@) = x A+ xB

- assocakive: Yol ,Be R ,¥acrn(mm), (aB)A= x(BA) = xPA
— viwmbex | is a umit for mabrices= VA e rc(vn,n), 1A= A

® A -2 (vow-column Pmd.udtx =*>
DeF. VAG)'((Vn,y;), Veek(h,p), C=A-8 é}((\m,p') and isa"venbat
cixs= (i-thow oFA)~ ( k-¥n column of 8)

bk
= (3 ig 3ip - Qih) - (b}k)
prk

zaitbik +3c2bygt -+ e buk

h
F azg‘a,;a\oak, VL':',.,,)W..‘ Vik=1,..,n



DEFECTS
= A:® is nokt an inkexva\ opexation =

Ae rmwy), geyeln, ) => c= A-g € 1tlm,p) [bu.hil: becowes inkernal
with square wakrices > A<t (n),8 erln) => c=Aa-8 ¢ 5(n) ]
- A- 8 is nok conmukak;ve =
" Yoo an define A.g buk not B-A
" You cav defive booth buk khey axe mabrices of diffexent kinds

" gou caw define bokh avd bhey axe bdbnof the same kind (owlg
squaxe wabrices) buk seill usually A8 * 8A

ProPer..

- associative= A e (mm), VB es(n,p), vce x(p.q), (a-8)-c=A- (&c)
=A-B-c
~ associakwe = Yaer(mm), Vet (np), YeER, (o&A\s-—a(AB\)%«AB
- disksibukive = Vae e (m,n), VB, cenln,p), A(Brc) AR+ AC
~ Fi-sided identity wakvices= Y¥m,n J\-sided identity matrices ©
Im= (;?) 3 )((Wl)\
Tn: (%) e v,
sudd bhat. VA €3¢ (vn 1)
ImA= A€ H.(vn.vD
Aln= Aert(m) ,
= 3 idenkiby matrix = ¥ I identily matrix of oder n, In = [are]ek (),
sudnbnat YAETt(n), AIn=InA=A

SQUARE HATR|CES
A*=4.A —> A= A....A T>n times | A=A, A1, [a":c]

® AT A travispose (defined ¥wmakvix) =>

2 -2 - 3 4
A= (q 3 0> - A-(-\ :\-)
PROPER. T
- (a)'=a

- (a+8)7= AT« 8T

(otAYr= xA"

= (AB}T: BTAT

iF A'sa square makrix 1S sgmmekric if: iz =agi Vi,J,oriF AT=A



® PARTICULAR, SOUARE HATRICES =>
~ wpper E\"langulav - [3 =t 2.] \{C>}-313=0

04 -t
O o0 2
_ . _ 3 00
Lowex hv\avagua\' A-* {.\z Q] Vieg,8ig=0
4 ©
- . - 30c¢°
O\;’a‘aov\&\‘ A= [o -0 Vizg,akaﬂb
0O o o

-

0w

- o ©
scalar = Az 53 of diagoval+aii=a
o 3

(o}

O tne sek P[x] of alk poligmovnials in ove varable x (opexations : p() *q(x)p(p(x))

® the sek S of all CO‘(NE')rseMt sequevkes ay, A—>RrR (Opexabions: Anitby, %3 ,,)

® bre sek c(x)/ M (2) [/ <N (L) of BM covkivuous | differevtiable wikn
contivuous derivative / -/ v- Limes diffexentiable with continuous 1t dberiakve
Fumckions on av intexval IR (opexations: f+q, of )

® the sek <(a)/c®(4) of all covtimous /differevtiable with contnmous partial
dexivakiveg Fumckions on a covvex sek A R (operations . €+g, «F)

a fumckion f: R"—>R is said ko be g near funckion if-
0 yx,u ean, flxau)=¢(x)F(4) [ad.dll;\v‘\bd]
® Va_(e&“, VYoeR, Floax) = & f(x) [%moaen&i(:g]

T QeoRER
a fumcbvon £: R""—>R is 3 liveax Fwncb’\o\q<.=>— Vgc_‘_‘l_e@"‘, Vo, BeR,
Elax +Pa) = o F(x) ~PF(4)

THeEoREH
if Fis 2 lneay Furckion F: RN => R | Enen:
O f(2)-0

@ \‘{5\, B S eRnl Va(,,...,o(m ep‘, (’(0(,5."\...* RAvn ’ﬁm\ =& F (’_‘J’(’* [ 4%% F(ﬁ\m.)



remavck
lineay fumckion ¢=> F(x,, ..., x,) = 3, x, X .. 48px., of the Idegirte and
wWikW no covistants +o

- Coeffidents a, .13y, dre exadly givem by F(e), ., t(ew)

- F affive (ccmc:ave -*covwex) <=> f‘(s» =8 - 2%b = ax,~... +3nXn +b

THEOREH . COOTIVUL ITY OF LWEAR FUNLCT oS
every lineay Funckion f: - -3 is conbinuous
thak is: Uwm f(x)= F(x) V¥xoemr

z= NG 4,
o

" oceasing = x 24 => E(x)2€(Y4) ¥x,4enn
- s(:romalpd ’\w:xeasin8= inoreasivig * x >>4 => \5(5.\> F(ﬁ'.)
= skrickly WorRasiag = 274 => £(2)> F(), Vx4 ern

=> Seriddy Woresing 4——%-: sbrongly inacedlsing = Woreasing

~ posibive= = 20 => F(x)30, Vx €R"

- sbmw?bd positive = \oos\l:’we X X>>0 => F(ﬁ\ >o lVé c "
- skridtly positive = x>0 => £(x)>0 , ¥z eR”

=% skrickly eosikive =» skeongly posiEive => posikive

THeowre

consider a linear Fumckion f: R® ->R thew:

© £ is wnereasing £¢=> f is posikive

O s stvongly inoreasing 2=> fis sbvongly positive
Of skcickly, woreasing (=> fis sbricky positive

THEOREH = RIESZ - rLOR KOV

g dee a3 Fumckion (R =R

f is Gyeay and inoreasivig €=> 3 a wnique posikive vecker 2 € R studo bhak:
E(x)=3.x , ¥xepn

W paxtiwdax :

© F steongly tncreasing (strongliy peitive) £=> 8 serickly posibive



® € sty ck,(ﬂ ivaove_as\v)a (s&rid:(g posil-:wex &=>3 s&mwgba positive

ex. (: X = (:;-)ER3 — F()}-\: (Xq“' 2x2 ) eRL

xg X“" X?_"'X;
a fumckion f: R" = R™ is said ko be a linear Furckion (linear operakor) i€
O Vx4 cr, F(x+8)= F(x)+ F(1) => adohibiviy
® ¥xer?, Vaer, F(xx)= o f (£)=> Yomegerity

THEOREN
a fumckion f: R™—> @™ is a3 Guear fundkion <=>V x 4 epn, Vx Ber,

s +89) = £(x) + BE(2)

THEOREHR
if Fis @ Wnedr Fumdkion f: &' —=>R™ bren:
Of(e)=2

® ¥Vx,,.. 2m€R" V. <nER, F(m.am—...nwsm) = ot F() %t oy, E(2m)

THEORE I CONTILDV ITH OF LAEAR OPERATIONS
every wear cpexator fr—> @™ (s corkvunons
Enatis: Sm f(x)= F(xo), Vxo e R

take a (inear Fumckion F: R"— R
then we can always assocake bo F buwo different seks:
0] image [1maqe space => F(R"‘): Imf
= fﬁ_ew‘:a zer” with 4 = F(ﬁ)} =R"
O kernel => kexf = 3 xe®. £(x) =9§ <Ry

pEFUS\TION => covsidex F:R1-> R™ [inegy, toen: vank F = dim Tuf

THeoneR
Kexr is always a veckor swospace of R

DEFWITIoN => considex f: A" >R™ lineax, bhen: wulliby of £ = divn kerf



THEORE I : RAMNK 40D LDLLLITY
take E.p-s @™ (iheav,(:hen: dum Kexf = - dim Tmf

THEORENH . SORBECT\VITY COMOD\T(OLS
take f:or->a™ linear, then: | swrgedive ¢=> Tmf = R ¢=> vank € = dim Tmf =m

THEOREH © INJECTIYITY COMDITIONS
take f: @ —> @™ livear, Ehen: f ingeckive c=>\keyf = {9_% <=>yullibep of F=
dimkerf =0 <=> ravK € =divn Imf =y

THEOREX . BIJECTIV\TY COND) TI\OVS
take (- p"—> @™ (ineay, thewn. F bigeckive ¢=> © m=n,
® vauk £ =m=n

pavtiadar cases —>
© Ahasorder| =>A=(3) => defa=3a

a,,
® 4 has odor 2 => A= a.,_)

d2, d22

ex. O A= C‘: —>dekA=2-S-41 =p £0 => bunea»rba wndependent

@ A= (L ;) —>deka-2.3-(.1l=0=> liveaxly depevdent
|

cawwexal case => dekA=a,- 825 ~ 34, "d2

au alz 3‘5
® A has ordex 2 => A (2, 2,, 2w

d3 332 2y

35
ex. Az (-\ “ -') —> dekaz 24 -(-)+3 (-)0+5(-)1=-luto

o ( -l

(_) 2 3sS\2 3
- 4 - -\ q
o =1/ o



SOBHATRICES
O swomakvix of a ymakvix = givena wakrix Aes(mm) we call swomakrixd
A any makrix Wnidn is dokained From A canceling ask evkire raws and Jox cowng

&.A:('z-: |’ Az(z.-(,g)x
2 24

all ] «
® complement subwmakrix = given 8 squace makrix: A= < o a’:,,
we call comPl%?e/né, subvrakvix of Ene element aig the \aw, au; -.. Elvi
squaxe swemakrix of A Whida we cotain by cavceling ouk the vouws ¢ and bne
columh 7 on Whidh the element aiz ckands and) ue dencke tk as Az

LAPLACE'S DEFHL ITI0A
kake a square makriy A of ordex v, bhev
© i€ v=(,khakis A=(a), tnen dekA:=a

® ifFas) —
300 -2
ex. A= (i_"é ‘{) we ncemkyake ov e Firek vouw aed defive:
12 oS

\+2

dek A - dy ("’\Y“O\&A"* 3\2( ‘3 OthA\z* 3 (“B(“D!»PkA\‘ﬁ t 3y, (“)‘*QO(EJCAM*
..t am(‘l)‘*hObEkAw\

DEF. HWAOR = consider a mabrix A ;. covisidex 2 Squave submakrix B of A; Enen
dek e is called amivior of Bne makrix A

DEF. CONPLESELT 3ULN0R = WS\AEX a Squsre wabrix A; we <all complemzert. wminor
of e elemment aiy e determinant dek Aig o the complement swomakeixaiy

of the ebemnem(: 3{.3 3y Qz-+ 3 1n
A= [
ay, Anz--- Avin

DEF . COFACTOR (a!.ae)ar’\c complevnent) = (-n)uadehmg => bre complermert mivor
dek Acy is ultiplied oy +1 /-1 accovdling to whether the sum of the indices
i+7 1S evenfodd

=>

O n A= (a), dekA =a

® w o\ebA 2 2.3 (—\ dek A, 5 /detA=a, (cofackor of 3,) * a\s
(cofackor of 812) *...+ a@,y,(cofackor o am)



2
) —> d-a/\ =32 dﬁk'(-‘lg(;>"2-(“‘3 dﬁk'(i -"l ?):

4
2

2 \ 2 0
c o5

=3.q+2-(-1%) = - * 4o

FIRST LAPLACE'S THEOREX
" <
O Ve, 2 aig det agg () Bodeta Lwecanuse plog o \

v i&a
®V3'£2~.,a"‘3 O\;etALg(’\) =det A [wec.awuseemaw\w”«mar]
=7 W exexcises use Bne one with yrovre 2exos ivik

THEORE ¢
wwsidex X, ..., X, eR", build the squaxe makrix with x,,.., %y, 3s cSmns
Az (%, pzn) , Soen-

T2, X axe U.neaybj ndependent <=> olet A ro

T 2y 5n ore LGvearly depemdent ¢=> dek A =0

BEHAVIO0R OF delk A WITH RESPECT TO OPERATIOVS
O dek (av) = deka

® dek (a-)=deta - dek @

® dek(are) + dekatdeks

® (if A has oxder ) olek (o(a): « dek A

consider a Puare wakvix of ordex v

we say that:

A is invertible oy A lhgs avinverse ©

iF da sgake makrix B of ordexr n such that
AR = BA =1,

THEOREHM © EXISTALCE ALD UDIGUELESS
cosidRY 3 squaxe nakrix A of odex v
O A has an inverse B &=> dek A 2o

® if Ahas an wverse. & bnen 8 is wwique
=> g invexse ofA (B= A")



ADZO\OT mATRAX

take a square maktrix A

its adroint makrix adgA is Bne makrix we dotaivn with Kis eroceduue :
A —> A= makrix of the (ofadors F A —> adg A= (AT

THEORE f¢

uppoR. A'sa sQuare of ordel v
suppse dekA 1o, Even:

wi P L I

A= Ta 34

PROPERTIES

OYa squaye, with dek A ¥o —> (A“)"=A

@Ya square, with dek A #o0 —> (A7) = (A-‘)T

® VA,B squave, with dek A ¥0,dek 8 fo —> (Ag)": g 'A™

® VA,E square, with dek A #o0 dek & $0 —> (A t8) 'z Al
®Va square, with dek A 20 , Y& 0 —> (x4) = xA”

OYa square, with dek A o —> dek (F\“‘ = ;b'e_!:-A

THEOREX

considex a bvear fumckion f: RV—> R"

call A ks veprasevkatioy makrix «wnidn S a Square wakyix of ovdieie v, Enen:

O¢ inerkible £<=> A invextib\e

® uheo Fis wvertivle , bre vepresentation wmakrix o f~ R7—=>R" is bve squave
wmakrix A™

PADK B4 CoLue LS

given & mxw mabrix A

tre vank bé colwmns of Ene makrix A is Ene waxivuum nummbex of (imea)rl%
independent coluwrmvs 1n A

RAN K BY Rows

give a mxv wmatrix A,

the vank bg vows of Bre vakrix A s the maximwwn vumbex of Ume,ax(s
ndepevndent rows m A



we have:

THEOVER

given a mxv Makrix A,

Ene vank by columvs of A is alwags coincidenkt with tre vank by rows of A
Brevefore, from vow on, we will 31.&& ca\l ik tne ravk o A- it gives botn the
maxivuun wuvmber of livearly independent cowmns avd the maxiwwm
numbex of U.\near(g widependevic vows in A

THEOREH. * COHPLTATION OF PAOK
s tdec 8 Mixn mabkrix A, Enen:
rank A = K <=> K 15 tne maxivuun ordex fov whidh in A we have a vion-nuh wivoy

KROMNECKER'S THEORIC

considexr 4 man makrix A

if 3 a vion- vk minor oF A of odex «k, avd all Ehe miviovs of A of ordelr K\
wWndn contains Biis non -yl vaor are vweh, bhem vank A=k

remark . THEOREX

considex a lneay- Fumckion £:rh—> @

considen ks pepresemtation makeix A Bren:

O vark F=K 2=> vank A=k

® 3 swirgedkive £=> yank A=wm Cb.oF\'o.us)
Finaec&:’\ve <=> vank A=n (vof co(A/mwS)
l[\g\‘&ﬂb\\lﬁ <=>m=n, rankA=n
[det A+o]

How 7O WRITE IT
- expliak uxiting =
T ove equabtion —> Q,x,+...+ Bn Xy =h
* m equakions —>
3.‘)('-(- 311"1 T FBiy Xy, = b|

a:"‘ x"'alzz"'l-r... +3inxn = by [3‘3 . L= equakion wdex, 7= Vaxiable iwd;ex]

TR P R 3mn:xh = bw



~ wakrix UJ(\E(Y%?- Ax:=b =>
A (8') vedeoy of vaviavles

*n

o a.,,....a!n P o
[«,: : )VecboroFa:mskawb texwns == ~~~~ai )( ) = ( \)
% };V‘ awm n [ \ Xn \’V\

A Ay,
A= ( : : ) ymabrix of coefficents

A B

" lumn Lxibing = 3, X ¢ By Xoh . ¥ BpXa =k =>
3:uxl*3\z"l*...*3\n’<h=})n
A2 X2 429, X2+ + AznXy, = by,

Xyt Ama X9 4.4 A xp = l:m

DISCUSS\O U - dekerwmivake
> possible /cohsaske,wb / ( 1\ solukion)
ax=b 7 (3 solukions) —
.1 wdebexminake

impossible (no SQLuhiows) (z infivitely mavy solukions)

THEOREH : DISTIOCTIOL BETUEED DETERIULATE [ LODETERIULSTE CASES

given alivear gystern Ax:b wikh m equakions and v variables, Een-

O if vanka < vankK (A l\_o_) => iympossible

® if vank A = vank (alk)=v => detexminate (3‘. solitk o )

® if yank A = rank (A\b_\ = ken =>indekexrminate , with n-k degrees of
Eveedom ( 3 infivitely many So‘«ui:(ows)

TUPES OF SUSTEtES
ODax=0 = \novmoaevxeous (inear systewms always possible ( the solutionis
always == 93
® Ax:b ,b#9 => yon- homogeneaous linear systems Cmaa be possible ornck
possivle)

Yewmark

looking for x: Ax = b % looking for x: F(x)=



STRUCTURE OF SOLUTIOLS
© homogeneous lineay systewns, A x =2 =>
- alwass possible * one solubion s always x=o
~ considrr bne sek of all solukioys - V= §>_‘ew‘ aAa=9.z = KexF =>
* bBre sek of 3l sclukions \/isab.uaas 2 swospace of RV
" dimension: dimV= n-vank A [by the vavk vallity Eheocem |
" brerefore: = if rauk A=n , one soukion x=2, V= 228 aud dim Y=o
iF vank A= kCh‘ivfmi‘:e(/d vnavy solukions whick Form a
suwospace V of RN wikh dim V= k-k
® novi- hovnogemecws (inear syskesms, A x :b bro =>
~ possible orinpossivle. —> dneck f rank A = vank (Alb) t x =0 is peNer a
soluktion
~ covnsider bne sek of all solutiovs : W= Zsi er"-Ax=b, _b.¢o§ , we have
brat w= ?’.‘. erm:f(x)=b, b *-0} [wis never a subspace of R, c4wl
~ THEOREJL ' STROCTURE OF SOLUTIOLS 1L THE LOL- HORO GELEBUS CASE
considex a (ineax systemr Ax=9 b +o
suppose tis possible (vavk A = vank (A\\a)\, Ehen :
iF oo call x the gemeral solukbion of Ax= b and you call x* ove partiadar
solukbioy) of AX =k You. have x=x% 2
uhere 2 is khe geveral solukiown of Ehe homoaemeuo.t.-s lineay sysbom A x= b
Ehe task of solwing a vion-VWovngemeauss linear system Ax =k can be
reduced to (’\vadi\n% ove solukion of Ax = and Salusing Be \Oomoaeweou.s
lineay cygskevn A x =2 instead

SoLoT\OL

gven Ax = h,sappos‘e we necked thak A x=b is possible, we can find the
solukiong using Cravnex —>

A%=b uwldy A squave wmatyix of ordex w and dek A to

CPAHE'S RULE

covsidRxr Ax:=b, wth A square o order v

' det A
£ agtato, then: x= (1), and x = G, xns RN

uhexe every wakrix Ak is the mabrix we obkaiv Frowm makrix A, S%Sbibuhivws
e columm k wibw bre veckoy b



A viot squave or A squaxe,dekA=o0 =>
CRANER'S HETHOD (example of te geme,val procedwre)
consider a livear system A = =b uhexe A is any mom ynaktrix

3 21
A=[ro-1), b=
45 -1
25 -3

O vank A= vank

dek e = o+2 =2%0

3 2|
dﬁb -to -l =0 Mc=Ic-Te

L s
3 2 |

det [-1 o —l);o Mc=Tc-Ic
25 -3

|

L -\
vavnk (alb) = venk i -6)
25 -3-3

=>Yank A =2 >8
-1
-1

procedivg Enis way,since Tc = Lc- 2Tc,we gek bnat also vavk (Aalp) =2
Ehevefore:
Ax:b is possible, indekerminake, with 3.z =1 degree of freecom

® cancel ouk alk bne vouws Whidn have. o inkerseckion with tre square
SWomskrix B gou find when compuking the rank, bhak is-
>B

! -1
D) b (3) vt

=1
) s

3

—

@ wertel Bne. s:%«bem &p(i.ci.!;bd : {3)(‘ + 2X2 £ X3 = -\
=X, - X3 = -1
we wiove 3l ke @lumus Whida have vo ivker seckion with the squave
swomakew B Lo Chae v’tg(nb-\namcl Side of Bre eguakion
%%x. 42 =K

2 3 2 -1 - X2
=X = -\ +Xq &'3’{7‘5" &= (-( o>‘ b= < )

-\ ¥xq



@ ov the left we have a square makrix B with debB #0 so we use Cramer's rule
X = (:'_') , with .

-

(-l-)(3 Z)
X ol debg: _ dekb \-tuxy o/ _ 2-2x3 g

deb g 2 <+
3 TI-x3
xo - dekBe _ dekb (b -t4x3) _ -3e3x5-l-xs _ 2y
dekg 2 2 =

we Find k=2 vawviableg (kr-v'av\kA\ in bexyms of h-k =\ free parameker

(degkee oFFveeAO\oa)t

X,z l-x3
X21= -2%tX3
Xc;: X3

PROBLES OF LEAST SQULARES

covsidex a lwear system = Ax=b with Aert(mn)

suppose Ehat it has vo solukions (often the case whemn vn>w) Ehatis uben you
have wore equations thawn vaviables

if foe linear Systewn has vio solukions ik wmeans that.

'ﬂ& € R sudnthat ax:=b [eqmva\ewh: Ax-b= 2]

7 Ix* ¢ R" such bhak x* miyimises be exvor (([Ax-b (| 7 = distance. bekween
Bne veckor b of Ehe constanks and the ivnage T(x) =4 x of bhe linear operator
T:R"~> 2™ that is wndividuated by the matrix A

tiis error is vl whexe x* solwes Ere liveay sgstem Ax=b, bubw general we
have: lax-bll >0 |
X* ynivimises &ne exvor A x- bl iF and, only if it mivimises its square dlAé'h\l)

DEF. a veckor x*€ " is said to be a least squares solukion of the lineax system
Ax=b ,if x*is a solukiow of the optimisation problevy : 5"2\&(“”\5—.‘2.“)‘
bhat is iF x*is the best veckor 2 bhat we an find in R™, in ordex to
minimise e qp_awbibﬁ (n A x -b_“y

name comes From the fack that | Ax-bl* is 5 st oFf squares

if tne linear system Ax- 2 has a solukion X, it is also a least squaves solukion
buk a leask squaves sdlukions x* ynay exist also whev the lineax systomn
Ax=b hag vio solution =



THEORE

ohsidex tne [mea:r sasl:em A)_(:h, with A€ H-(mm\

Suppose v 2n

Enev if rank A =w [’\F A has maxivmumm \rank] ,Ene optimalisation prob\em:
,_!"(:;‘\., (llf\z.‘-b”)" has a solukion and, this solukion is Whigue



theorems and proofs for
linear algebra



Bre wkexseckion of any colledkion of veckor subspaces of v 18 3 veckor sulospace

feco®

et 3vc} be any colledtion of veckor sulkspaces of »"

sine 0 Vi vi, wehave NV £ ¢

lek x,4€ NV and o, BER

since x, g€V ¥i aud thexefore o« x Py eVl V¢ since €adn Ve is a vectov subspace of R
hence ocx +py € NiVi and so NiVi is a veckor subspace of R*



S suosek of R®
X € Span S £=> X is a linear comboination of vedkors of s
=>dx,,.,2me€S, IxX,.., Ame R sudn thal = =ot, x| +... txxp 2w

=, .

YR.00F
=p only \F

\ = sek of all veckors x &R thak can be uritten as a lineay combunakion of veckors of S
WEx YeV hen 2,4 are lLweay comomations of veckors of s and Bhexefore alse x+4 is
a linear combination of veckors of S whidn also implies x +4 €V

Vis a veckor subspace of RY conkaing S so't mast be oat span Sc\, khat is:

eadn & € span S can be welkken as a near combivation & Verkors of S

= 0F

suppose xR (inear combimation of verkors oF S X =&, X, *. 4 &mXm for SOme

N,y %m and X, xmES

smee x,,x, €S they beloog bo span S

swice span S is 3 veckor spae also #, X, 4oty 54 Mugt belong ko span s

since %3€S 1t also belongs ko spans

since spans is a veckor space also &, X, £, X *ouy 55 Lelongs ko span S

proceding in Enis wary v the end we gek thak also 2= &, 2, ... + ety Zum belongs to span S

as a consequence of tne Bheovern if: s= f)j,)...,émék“ E then,
spa\n5=%56R":3d.,...,o&mékmc)ntha X = X, +...4«m5m§



Eake x., ..., xm €R"

Evey axe a basis of A" £=> Vxe R, = canbe uxiden in @ Wnigue way as a lirear
ombingtion & X, ,..., Xy,

PRooF

= Onlg €

SUpPPOSe X, ..., X Are a basis of RV

bg definition oF basis evexy 2 e Q" ¢can be uxibdoen as a linear combvination of x., .., Xy,
X = ot R o+ + A 2o

X=f X 4.+ BPmEm

tnis vmeaws thak- (0‘. -ﬁ.) Xttt (“m‘&m) Xm=2

buk since x,,..., xm are lineak(y independent | this means that it yneust be

% B, 0, ., %m-Bm=0o

thak is- oA,= B sey %vm =Bm

Whdn proves bhe umique possible writing

L=€

suppose thak ¥ x€RY, x canbe writkeu v a umique way asa lneax
combination of %,,..., xu,

Enic implies thak spaw S=Q"

we have to prove tnak =,.., xm are lweaxly independent

buk iF we swppose Enat I o2, ... kv Shdathab: o X .4 Kpnixy, =0

iEis emaugh bo Yernark thak gso O, x..+ 0xp= 0

since 2 Can ovnly Yrunithen W a unique way as 3 llneax comlownatioy; of
Xy, Zm this implies Hoak : R, z0,..., Am=O

thak s« =, 2 axe lineaxdy independent



onsidex an oronormal basis X, ..y X» MR

e for e»oexg Yo%, d t, B, wibh o,z VxR T VX,

meaning Bnak if X, ..., 2 is an orthonormak basis iF /Y, bhexe is 8 quidk way to wxite dhe
wetficents &, ..., %n

ROOF

let Ex,, x;,...,x»& be an ordrovormal basis of R"

for any vedior Ve " ik can be expressed as a ivear combination of Bve basis vectors :
VIR, X+, Xz +...+ oy, xu Where x,, &g .., dn e bhe coefficients ve want to dekexwmire
\mé bhe ordnovormality of bhe basis :

p \ iFi=3
CTIE 0 0 ifisg

take e dot prodiuck of b sides of V = 2‘:‘-.; Aixi W xx where kei\,z,...,\«g:
VR = (Z"iu Rixi): Xy
usiug e liveaxity of Gre dot produck:
Voxwk= St (xiexi)
F\'omis\)ecorb\qonomauba propexby -
ViF ik
e éo Witk
Bhrerefore Bl bexms wn tee sum vewish excepk when =K :
V- Xk =oty (xw-x1) = %) B 'S
bhus the coefficient %Xy 15 gglven by :
dy T V- Xy
bhe coefricient «,, oty ..., %n of Bre veckor v uith vespedt ke Bhe orBnovormal basis fx.,xz‘..., x.,}
an be quikly determived as-

dgzv-xg, For K=1,2,...,n



a Fumckion f: R"=> R is livear if aud only if Bhere exists a wuique veckor X €R™ sauch bhak .
t(x)= 2 x Vxer"

Pogor

(= \‘,‘Fll

assume flx) = X - x forsome x ean

ue Saay Bngh fis lineax

Forx,g e’ F()\‘l-g): X.»[x«-g)’» XX %y = F[)()fg(g)
for wch amd xeR", € (ax)= %-(wx) = & (7 x) = ocfx)
since £ sabiskies Bne additivity aud Lowageveity , ¢ is linear

=‘>“av|ﬂ,5 ‘\F“

assume F: R —> R s livear

ue shaw bhab biere exisbs a uique X €R” such Bisk Flx) = z-x

definex as x;=F(€) foxr ¢=1,..,m uhexe €; is Bne i-Hn standaxd basi veckor of R*
for ang X = (x,,x;,..., x“>é’0\" , X = ﬁ‘;:\ xiei .

amd lag (fmea)cibé of £, Elx) = F[é?‘:, x;e,;) = é\?.,‘wf(e'«) E 2‘\:‘ Ky we = o - x{

it F/x)=g*'>< for amobner- vectar g* then 7 - = 2gR-x (xern

c’l\oosiuﬁ xze;/ugaqk A =gt le\u_gyozg*



O 3 Fumckion F: R" = & is lineax <=> bnexe exists a mabrix Ae 1lm,n) called e
representation mabrix of F suchtnak vx = (’:
we have . F(x)=Ax i
Wnem ik exists bhis wakrix A is uuigue

\e rRY

Roov

¢= g

suppose. FA€ Jelmn) such bhat:

F(x)=Ax V¥xerr, Gren:

O Vxuepn, F(x«s) = A (x+4) = Ax+Aau=Flx)+ £(Y)
® vx ER", Vocelz,F(«xa) ‘-A(o(&) = (A x) = Fx)

=> oulg if*
we ug Boe fack Enak:
Vx= (:) ERY we can uxibe Xz X,€ 4.+ xnen
suppoce. F is liveax | V¥ x e R" ue have:
”l‘)"f(*'g‘*...*xns.b
= F(".g,)*...i-f(xngn)
=x, (&) +...t xnFl(en)
S, X, t.tEkyx, TAX
if ue wnsider Bne mabrix A= (a,,..,8n) = (€(e),..., F(,)) Whose colums axe given by Bne
veckors : &, = F(€,),.., 21, = Flen)

® luwgpess =>

suppase. brexe, exist A, A € 1m0 sudnbiak Vx er™, F(x)=Ax = A'x
ifuetake x=€. up Find:

F(S:)’A .=,

Fle)=ne= o

where o, is bhe First colummn of A aud &' is bhe First column of A
HBrexefore 2, = &

{Tak'\u.g x=2, ueprowe bhak ks 222 <, aud 5o ov, bhexefore A=A



O f(r*) = %mf is alwans 4 vecker suhpspace of "™
® a spaaning seb For Immf is always : Fle),..., Flen)

PROOF

O consider ¥, 4, € Fmf, ., «, €R

bhen Ix, ept: 4 = F(x), T rz6Rn 1 Y, = F(55)

sine Fis Gnear, F(a, %, t oty 23 = o, F(2,) + 0ty E(%2) = o, 4, +o¢, 4,
tais weavs bhak o, 4, + o, 4, & Tumf

bhexefoce, Bmf is & vediox subspace oF W

® cosider 4 € nk

bhen Fxerh: 4 = f(x)

considexiug Boe fuudamental basis €. ,..e.w of R”, ue hiaue thak 2= x, 8, +...+ xpen
sinee Fis livear ve have 4 = F(x) = F(x,&, *...* xpey) = x, F(€) *... + x,, Flen)
Bis weans Baak ¢ is a lineax combinabion of F(€), ..., Flen)

Brexe fore P(S),.../F(gm) isaspam‘mgae)c for Bmf



W T:@" = R™ is linear bliem KexT is a veckor sudospace of g"
PACOF
lek x,x'ekexrT,i.e. T(x) =0 aud T(x)=0

forwvéo\.?eawehwea T(ax+Bx) = x T+ fT(x')= 20+ B0 =0

Blus, ax +Bx' € kex T aud Bais proves bhak kexT is @ vedor subspae ot R®



for awy mve)d:ibl.e sQpare makrix A, Bhe debexminavt of ibs nverse satisFies :
dek(a )— ulnexe det (4) 20

PRCOF

log definition of Bne inverse makrix, A- A7 = I wWhexe I is Ghe idemki 63 vafeix
Eaking bne determinamt of bobh sides, we have dek (4-4) = dek (1)

usiug boe deberminaud properby det(ae)= dek (4)- dek (&), Buis becommes -

det (A)- det(A)= dek (1)

sivice e debexminant of Bre idemti iy makrix 1S 1 (dek(1) ,¢3 it Follauws Hnak:
dek () det (a) = 4

reaxamgiug e find . deb (a-) = o\eb(k)
Bais vesulk Wolds 3s loug as A is wavextible. , whid implies dek(a) $o



given a (Lnear system AX = b uibhh m equations and v variables,
Ax=b is possible ¢=> vank A =vank (Al k)

PRooF

Ax>Y s gossible ¢=>

Fx=(3)ear. ax=b 2=

F X,,.., Xu €R: b can be uxibken as a liveax wombivakion b= x, ® +...+ xnx, of the
wlmps of A <=>

ks Llheaxbéd.epemdenl:,on e cclumns of A <=>

Yank A = vank (Atk)



considex Boe system Ax=b uhexe A is a squarce makwx of ordx n-
O Bre systew Ax= b is debervnivable (it Wias a tuuigue solubion) if and only if dek(a)eo
© if dek (A) +0 Hhoen Boe solukion is gven by == A7k

PROOF

O if dek (a) o bie makrix A is mvextible Yy defivition of bne ddbex minank
the ivverbibility of A ensures bhe exiskemee of A”, bhe wverse of 4

for Boe systom Ax = b, mulkiplyiug \obh sides by A, wegek: A (Ax) Ak
ustug Bne propexby ATA =3 bhis dmplifies bo 5= Atk

since A" exisks bhis is bhe wuiqua solution

® if dek (a) =0, Bae makrix A is wok ivvextible, which implies A is SPYWEYS

for a singular makvix, bne system Ax=b may haue wo solukion (i b lies sutside
Bhe column space of A) or Wfinitely many solukions iF b Ues in Bne coluwmv space
of A buk A does wot have full vank

in eibher cages Bne wyskom is uok uuiquely solvavle (it is wak debexm ivakle)

Bne syskem Ax: b is uuiqudy solvable if aud. ouly if dek () 20 inwlich case he
solukion is x= A"'b
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