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VARIABLEDIFFERENCIALCALCULS

DIFFERENT QUOTIENT

given F : AGR-= R -

F
To interior pointof A

INCREMENT/VARIATIONOF X

h = increment with sign
-

! !
·

h = 0
= = xo + h xo

X

· ho = x + haxo
to tot h

-

h

INCREMENT/VARIATIONOF F -

f(x+ h) - f(x) = increment with sign - f
·

zo = = f(xo+ h) = f(x)
·

co = = f(xo+ h) < f(x)

DIFFERENCE QUOTIENT OF FAT XO

M
Athl-f(xd= to

oth

h

DERIVATIVE

consider F : AIR-= R

To interior point for A

increment of x = h

incrementof f = f(xo+ h) - f(x)

different quotientof fatxoth-f(xd

if the limit :Limoth-fx

= finite we say has a derivative at to

we call derivative of fat xo the value --f(x)
=im oh-Fx

LELBNIZ's Nation (alternativenation)

(xo) , (x



GEOMETRICAL MEANINGOF 1

* ==
tand = insect

secant line

H

thslope of the I
secant line

Y

·

h
GEOMETRICALMEANING OF F'(xd

h -x0 =X to + h -= Xo
1

secant line
p - Po

at Po

↑ko)
=httage

↓ B

-
Y

slope of the I

Langent line

↳
when the slope 7 (when the tangentline is not vertical

PROCEDURE TOWRITE THE TANGENTLIVE TO FAT XO

(when it's not vertical

O
tangent line to fat xo

= streight line passing -

F

through Po(xo ,

f(xd) -

=y
- f(x) = m(x- x0)

F(xd)---- tangent
&

m = f(x)

-entline "
line

X

To
1

WHAT IF :

- F "quickly increasing"
->

↑ (x) = tauB -

y
= tanx :

·
<B = "close"to .

pi
H

i
:Xo

f'(xd) = 0 and "large"
~ 3



-

-"slowly increasing"- n

↑ (xo)= tand

<B< = "Close" to o
-= y

= tanx : i
&

& " ↓
B

x "fld -o and"small"

-F"slowly decreasing" -- -

↑ '(x) = taub

#B
< T == "Close" to It

-= y
= tanx : i
↓

-

Mos andsma
-f "quickly decreasing"- 1

↑ (xo) = tanB

<
== "Close" to

↑
-= y

= tanx : "
& ↓
7

T

floo and"large
~ - 3

BUT WHAT IF :

BMbunit=
↓ x =o is inflection

point with

vertical tangent
n-= 0

h

im-o

n -= p

n

=Min
r =*
= +(d)



②  im =

-

RIGHT Derivative-Fixd)
=amoth-f(x) ite limitfinite

F : ACR -= R

To such that 7 a right neighbourhood BT (xo) - A

-

·

right increment of x = h(zd)
-

th both to · increment of f = f(xoth) - f(x)
(0)

10th
· differencequotientoth

need

-

LEFT DERIVATIVE = F(xo)
=hmoth-f(x) if the limitfinite

f : A = R -= R

To such thatI a left neighbourhood B- (x0) - A

-

=
notsed

· left increment of x = h(0)

thfkothl-f(x) incrementoffthe

10
to xo +h

h = 0

· differentquotientoth)-fxdm

THEORER

F : AIR-= R
, to interior point

f(x) =c= 0fy(x)7

② F: (xo) 7

③ they are equal

diff
.

EXAMPE Of Q

8 (x) = [ =
(d
=

f (d)
=m
(0 +

h)
- +(0)
=-=1

= f' (d) #

↳If(xd)
,

If'(e) but they are F = = xo = corner



y
=v

=

-fo) =
m

+ o =l

mh(d ==

=
- En .

- En = - ((h)= - (h) = h

↳
Jim

-himthl-F(x = -o
,

or vice versa

=> to =

caspial point

COMPUTATION OF DERIVATES

=

given y
= f(x)

, given
the general interior points,

find f'(x) == the

derivative function
,

a function which at all pointsa will give the

derivative of f(x)
;

if we want f'(xo)
,

we just substitute x = xo in

f' (xo)

RENDERTStantker)

proof : '(x)
=lim -F(xim k = 0

②y = x = =

y
= 2xx

- 1

proof : F'(x)=m f(x

=
Um D

=

xc -

] = t

&



By = ex = +
y

= e
+ /y = a = - a

T

Ina

⑨
y

= (nx ==

y
= /y = logax

⑤
y

= sinx ==
y = cosx

⑧
y

= cosx = =

y
= - sinx

⑦
y

= tanx
= =

y
=x/tanx + 2

⑧
y

= tanx = =

y
=

RULES ON DERIVATIVES

O
DERIVATIVE OF A LINEAR COMBINATION

suppose fig have a derivative Vx (a
,
b)

suppose
a

,
B E R

af + Bg has a derivativex (a
,
b) and :

(cf+ Bg) = af' +Bg

PROOF :

↓+ (a
,
b)

,

(af + Bg)'(x)
=m

+ + Bg)(x+4)

-

(xf + Bg)(x)
=

-
-

f(x)
+Bim

- g(x)
= cf(x) + Bg(x)

② DERIVATIVE OF A PRODUCT

suppose fig have a derivative Exe (a
,
b)

then fg has a derivative Vxe (a
,
b)

(fg)' = f'g + fg



③ DERIVATIVE OF A QUOTIENT

suppose fig have a derivative Fxt(a
,
b)

suppose g(x) + 0 Xx = (a
,
b)

then flg has a derivativex (a
,
b) and:

(g)=

&
CHAIN Ruce (Derivative of a composition

suppose F : A = (a
,
b) -XR

, g
: B = (

,
d) -+R

,

with f(A) = g(B)

suppose t has a derivative at xEA
, q

has a derivative at F(x) =B

then the composition gof : A = (a
,
b) -= R has a derivative at x and :

(gof)'(x) = g'(f(x)) . f'(x)

⑤ DERIVATIVE OF THE INVERSE

suppose
F : (a

,
b)= R

, injective

suppose f has a derivative at to e (a
,
b) with f'(xo) +o

then 7 the
inverse

function +" it has a derivative at
go

: f(x)

(F-)' (yo)=
xd

EXAMPLES

·eponentgri
·

y
= xk = = g(n(x)k = e

= (nx

y
= et t = = (nx = x

-

'Inx

1
= et t = -x

-

2(nx =+x
Y
= etinx

=
x

*

=

PIECE-WISE DEFINED FUNCTIONS

Py = (x) =

2-
= =

j = [i

y + (a) = yim
=8 = =

y
. (d)

I (0)
=im =



·
y==

=
gl

= ===5

y
(d)
=

=

= =

y(d)7 = 0

y (d)=lim

HIGHER ORDER DERIVATES

y
= x4 = =

y
= 4x3

= =

y"
= 12x2 = =

y
= 24x (and soon)

DERIVABILITY AND CONTINUIT

THEORER : EXISTANCE OF DERIVATIVE -Y
CONTINUITY

suppose F : (a
,
b) - R has a derivative f'(xo)at a point to t (a ,

b)

then f is continuous at the pointXo

Proof

supposemoth-f(xd = f(x

rewrite it using
:

x = xo + h = = n = x -

xo

h -=0
= x -

xxo

therefore

d)
= f'(x)

then

X -XXo

im



= f(x) · 0

= D

but also

im [f(x) - f(xd)]
=

f(x)
-

f(x)= f(x)- f(x0)
x -yxo

and therefore

Limflxl-flxd = o = = Lim f(x) = f(x)
x =xp x -xo

meaning
that f(x) is continuous ato

but f continuous at to #
+ + has a derivativeat Xo

F DOES NOT HAVE A DERIVATIVE

① f is not continuous atxo

① corners-Fi(x)
,

f'(xd) finite and different

③
cusps
-him andim

infinite and differenta

⑨
half-cusps -- one limit is finite and the other infinite

⑤ inflection points with vertical tangent

DERIVATILE ATA BOUNDARY POINT

it is possible to define a derivative f(x) at a boundary point (ex.

points a
,
b of a closed interval [a

,
b]) requiredthat I has the one-sided

derivative which is relevant

EXAMPLE

y
= x defined on [1 .

5)
,
xo-1=

we say that has a derivative at

xo = 1 because Fi (1) I finite

the same at xo
= 5 because f (5) 7 finite



DIFFENTIABILITY

F AGR-XR
,
to interior point for A

F is differentiable at xo
= f can be approximatedwith a straight line

in a neighbourhood(xd) of to

FORMAL DEFINITION = F : AER-XR
, to interior point for A

F is differentiableat to if : 7 a neighbourhead(xo) of to such that

(x =

xo
+ he f(x)

((x d
+

m(x-xd+
asx

-

=xo

non vertical straight negligible

line passing through Po error

- =

tangent line

THEOREM : DIFFERENTIABILITY AND EXISTENCE OF A DERIVATIVE

F : AER-XR
,
to interior point for A

then

① F is differentiable at xo *f has a derivative at xo

② m = f'(xd)

PROOF

since f(x) is differentiableat to
,
we have :

f(x) = f(x) + m(x - x0) + o(x -xo) asx -= xo

substitute x = xoth-l=
x - xo :

f(xo+h) = f(x) + m -h + o(h) ash -= o

f(xo +h) - f(x) =
m . h + o(h) ash - o

10th)-f(x) = m
+

=
m + o(i) ash-+o

jo = ol)
is true for the properties of of

we take the limit on both sides when h-=o and obtain :

lim-F(x

which means that f(x) has a derivative f'(x) at xo and :

f'(x) = m



[

since f(x) has a derivative at xo
,

we have :

moth-f(xd = f'x

this means that in a neighbourhoodU(x) of Xo
,

Ex = xoth = V(xo)we have :

K-f(xd= F(xd + di as ho

therefore:

f(xo +h) - f(x) = f'(xdh + a(1) : h

= f(xd)h+ o(h) ash-= 0

[a(i) · h = o (h) is true for the propositions ofa)

and

f(xo+ h) = f(x) + f(x)h + o(h)

substitute x =
xo +h -= x - xo

= hi

f(x) = f(x) + f'(xd)(x- xx) + 0(x - x0)

therefore f(x) is differentiable at to calling
i

the number

m = f'(x0)

DEF
. OF DIFFERENTIABLE

= F(x) =F(x)xd + a(x -x0)asx -x

L differential df(x0)

DIFFERENTIAL

df(x) = f'(xd)(x- x0)

= f'(xd) h

= f'(xo) 1x I eaurd writings

#f'(xd)dx/

= f(x)=



ROLE OF THE DIFFERENTIAL

f(x) - f(x) = f'(xd(x- x0)
+

xd) == 1 f(xd) = df(x0)

t

negligible error

the differential af(xo) is a good approximationof Af(x))at least when x-=xo

When the increment x-to is "very small")

REMARK

Fhasa derivative atx.* F is differentiableatxo

# #

F is continuousat xo

DISCONTINUITIES OF A DERIVATIVE FUNCTION

Consider a function g(x) definedon an interval IER and suppose g(x) is

the derivative of another function f(x) --not sure g(x) is continuous

THEOREM

Consider a function g(x) definedon an interval IIR

suppose g(x) = f'(x) = g(x) is a derivative of the functionf(x)

then :

① g(x) has no eliminable discontinuity
② g(x) has no jemp

③ g(x) may have essential discontinuities (at least one of the two limits

+ g(x) andg(x)oris+-d

=

- (A) = Ef : AER-= R
,
derivable with a continuous derivative on

13

- <(A) = St : AGR-= R
,

twice-derivable with a continuous second

derivative on a 3
- ((u)(A) = Ef : ACR-7R

,
n-times derivable with a continuous n-th

derivable on a3

- ((b)(1) = Ef : AIR -= R
, infinitely many times derivable with all its

derivatives being continuous on 13



CONTINUITY

①f : AIR-XR
,
XoEA

F is continuous at xotA if :

VE = o Fo = (2) such that

VXEA
,

(x-x/ = = (f(x) -f(x))

② f : A = R -+ R

F is continuous on A if f is continuous at all points Xo EA

that is if :

*xA
,

Exo Jo =G(x
,

) such that

ExtA
,
Ix-x/8= /f(x) - F(xd/E

-

If we chang Xo EA alsoOchanges

sometimes given E to we can choose the same u = (2) for every point

XotA
-T

Fis UNIFORMLY CONTIMOUS On A =

f : A CR -= R

↑ is uniformly continuous on A if Ve = o Fo = 0(2) auch that :

Ex
,
A

,
Ix-xode Ifx)-f(x)/E

f uniformlycontinuous onA f continuous onA

↳
=

If f(x) is continuous on a but it increases/decreases too steeply

then it is not uniformly continuous
,

however the two notions are

equivalent when the domain AER is compact

THEOREM

F : AER-FR
,

A compact

F is continuous onA < == f is uniformly continuouson A

LPSCHITZ

a function f : AER-= R is Lipschitz on A if 7 ko such that :

* x
,, xzEA

,
(f(x

,
) - f(x2)) = k(x ,

- x2)

=

7 ko such that :

* x
, , XzEA ,

with x
,

+ xz



k

this condition is linked with the behaviour of the differencequotient of A

THEOREM

F: ACR-= R

If f is Lipschitzon A = F is uniformly continuous on A

therefore
,
for a general set A[K and a function F : AGR-= R

Lipschitz uniformlycontinuous I continuous

there are no general implications between derivabilityand the Lipschitz

condition : Lipschitz#* derivability
however

THEORER

if f : A = [a
,
b]-= R

,
then :

c'"(A) = Lipschitz (*)

USES OF DIFFERENTIAL CALCULUS: THE SEARCH FOR LOCAL MAX/MIN

f'(xo) = o [horizontal tangent]#*
xo localmaximiser/minimiser

FERRAT'S THEORER (necessary condition for localmaximisers/minimisers)
F : AIR-= R

,
if :

①
to is an interior point foraexcludes boundary points)

② f has a derivative at to [excludespoints at which If'(o)]
③

xo is a local maximiser/minimiser]

then :

↑ (xd) = 0 = =
xo

= stationary point

APPLICATION EXAMPLE OF FERMAT'S THEOREM

y
= x3 -

3x
- find local max/min

① domain A = R-=
no boundary points

↑ has a derivative in a
-=

no points at which #F'(x)



P
y

= zx - 3 -= set
y

= 0
= = 3x2- 3 = 0

= 3x2 = 3

we set y'
= o because all interior x2 = 1 - x = 1

,
x = 1

-

points and such that If'(x)and
we know nothing about

for which we have f(x) +x this points

cannot be local max/min

Format's theorem says that all such points are not useful because if

they were local max/min they would have
y

= o
=

necessary

condition for local maximisers/minimisers

ROLE'S THEOREM
M J( : f()= 0

= =

f : Ar - = R
,

A = [a
,
b]

,
if : · horizontal tangent

① fis continuous in [a
,
b)

② fas a derivative in (a
,
b) Halb) · ·

③ f(a) = f(b)
T

then
,
Jc= (a ,

b) : +(c) = o
a - b

LAGRANGE'S THEOREM (mean value theorem) -"

generalisation of Rolle's

F : AER -= R
,

A = [a
,
b]

,
if : M

① f is continuous in [a
,
b] f(b) · a

-"

② f has a derivative in (a
,
b) o

F(b) - f(a)

then
,
7c(a

,
b) : f ()
=

l
F(a) ·

p
-

= 7d 79
T

7. at least one point ce (a
,
b) : the

acb

-

tangent to the graph of f(x)at < is
b - a

parallel to the secant through pla ,
fall

,

a (b
,
f(b))

=X

verratemanvaufrarationofkinbanation
↑ '(d) of f(x) at c is equal to the average rate of variation

al
off



INVERTIBILITY TEST (consequenceof strict monotonicitytest)

1 : AIR-XR
,
if :

O A is an interval

② f has a derivative in A

③ f'(x) always has the same sign in a [always to or alwayso]
=> f(x) is invertible inA /since f(x) is strictlymonotone on intervala)

I SUFFICIENT CONDITION FOR LOCAL MAXIMISERS/MINIMUSERS

F : ACR-XR
,
if :

O
to is an interior point ofA [② f has a derivative in a neighbourhood B(xd) of x

*

>Strict)
③ +'(x0) = 0 [ ==

xo passes Fermat's theorem]

then:

& if f'(x)zo in B /x) and f(x)0 in B
+ (xo) =*

Xo is a local minimiser

⑥ if f'(x)=0 in Bko)and F'() =0 in BT(xo)=* Xo is a local maximises

⑨ if f'(x) <o in B (xo) and f'() co in B
+ (xo)== to is not a local max/min

EXAMPLE

find local maximisers/minimisersof
y

= x3 - 3x

=

Dy = 3xz - 3
-=
y = 0

x = 1
,

x = -

② study the sign of y

y
= 0 - 3x2 - 3 + 0

3x2 = 3

x2 = 1

+ 1 - 1 or x = 1 [yc for - xc]

③ we get

signofy y increasing/decreasing

= x = -1 is a local maximiser (strict) M

x = 1 is a local minimiser (strict)

f(- 1) = 2
,
f(i) = -

z

·

not global max/min

--



DE L'HOPITAL'STHEOREM = computation of limits

INDETERMINATE FORM

suppose Fig are differentiable on (a
,
b)

,
with aber = ru5 + 0

,
-d)

suppose xot [a
,

b]

supposef(x) = Mg(x) = 0

suppose g'(x) + 0 =xt(a
,
b)

then :

if== =

In DETERMINATE Forr

suppose 7,g are differentiable on (a
,
b)

,
with aber = ru E + =

,
-03

suppose xot [2 ,
b]

supposeof(x) = + ol-0
,

g(x) = +1)- 0

suppose g'(x) + 0 Vxz(a
,
b)

===

EXAMPLES

notable limits

=1= = 1

m = 1=
= 1

③m=

im

Kalesofinfiniti①
Lim

①Mo =+ o = im = + 0

x
-= +x



SUFFICIENT CONDITION FOR DERIVABILITY

F : AGR-XR
,
to interior point forA

,
suppose :

① f is continuous in a neighbourhood&(xd

⑦ f has a derivative in G(x0)-Exo

then :

③ ifExf'()7 finiteFt(xd=xo
(()

&

③
ifit'(x) I finite = F(xol = Exof(x)

O IfEx'()7 finite =* F'(xd)=xof(x)

TAYLOR'SEXPANSION IMACLAURIN'SEXPANSION

TAYLOR'STHEOREM(ORDER2)

F : AIR -= R
,

then :

①
to interior point of A

② f has a derivative f'(x) and second derivativef"(x) in a neighbourhood
&(d) [is twicedifferentiable]
then : Taylor'sexpansion oforder 2

Vx = xo + h = V(xo)
,

+
f(d)(x - xd) + )(x-xd + o(x-x2]Tax-=x

-

tangentparable atxo negligible error

-
=

Taylor'spolynomial ofdegree z Peano's reminder

-

Taylor'sformula/expansion-- polynomial+ reminder= use order
-

Taylor'spolynomial-= no reminder = use degree

MACLAURIN'S FORMULA/Expansion(special case of Taylorwhen to =0)

Vx cF(0)
,

F (d
+ f'(d)x + (0x2 + 0(x) asx -Xo

-

tangent parabola negligibleerror

raclaurin'spolynomial
Peanoisreminder

TAYLOR'STHEORER CORDER n)

F : ACR-FR
,

if :

O
to interior point of A

⑦ fis n times differentiable in a neighbourhood(xd

then :



Vx = xo +htV(x0)

&

f(x)= +(x0) + + '(xd)(x-xd)+ (x -x)+ (x -x3+...+ (x -

xd

my(x
- xo)h Taylor'spolynomial of degree n

2Sx == xo

Peano's reminder

L MACLAURIN's FORMULA = Xo = 0



MACCAURIN'S EXPANSION OF ELEMENTARY FUNCTIONS

Dy = 2x
,

xo = 0

e = 1 + x
++...

x -> P

②
y

= sin(x)
,
x = 0

sin(x) = x
-( +...

③
y

= cos(x)
, x = 0

ask) =1-

&
y

= (n(1+x)
,
x = 0

(n(1+x) = x
-+- + ... + ()h+ + ... x-

③
y

= (1 + x)d
,
x

= 0

(l +x( = 1 + ax+
-2)x+.)( -

2)(-(n-
x - 30

# SUFFICIENT CONDITION For LOCAL MAXIMISERS/MNIMISERS

F : AER-XR
, suppose that :

①
to is an interior point of A

② f isn times differentiable in a neighbourhaad&(xd

③ f(x) = 0

⑨ all the higher-orderderivates at to are =o till 7 nzz such that f'h(x) + p

then :

⑤ if his even and f) (xo) = o =
xo is a local minimiser

O if h is even and f'"(xo) 10 ==
xo is a local maximises

② if is odd ==
Xo is not a local maximiser/minimiser

THEOREM (weaker because cannot be applied if f"(xd) =o

F : A ER-XR
, suppose that :

O
to is an interior point of A

① fis twice differentiable in a neighbourhead& (xd)

③ f'(xo) = o

then :

③ if !"(xd) =o == xo is a local minimiser

① iff"(xo) 10 =
Xo is a local maximiser



GENERAL PROCEDURE FOR LOCAL MAXIMUR/RIVIMUR

given
F : ACR-= R

①- points xo EA that are boundary points -" check separately
-

pointsXoA such that If'(o)-- check separately
② all other points -- Fermat's necessary condition == f(x) = 0

③ on those points which pass Fermat's condition -

-

I sufficient condition =

only f(x) but involves inequalities

or

-

I sufficient condition = also higher-order derivates but no

inequalitiesinvolved

CONCAVITY/CONVEXITY

THEORER : CONVEXITY AND TANGENT

F : ACR -= R

If A is an open interval and is differentiable on A
,
then :

f is convex in A== XXo
,
x A

,

f(x) + f'(xd)(x -xd)[f(x) [concave = = = f(x)]

THEOREM : CONVEXITY TEST FOR DIFFERENTIABLE FUNCTIONS

f : ACR -= R

if A is an open interval and is differentiable on a
,
then :

① fis convex in A =* F is increasing in a [Concave= decreasing]
② f is strictly convex in A= F' is strictly increasing in A

THEOREM : CONVEXITY TEST FOR TWICE-DIFFERENTABLE FUNCTIONS

f : A = R -= R

If a is an open interval and f is twice-differentiable on a
,
then :

O fis convex in a%"to in a [concave = +" 20]

① f" =o in a == f is strictly convex inaconcave == +"co]



Global Maxima/rinira

GENERAL METHODS TO SEE IF GLOBAL MAXIMA/MINIMA EXIST

① drow the graph
②

use Weierstrass(orTonell i)- If the function f(x) is continuous on a

domain AER which is a compact set A & M
,

Weierstrass'stheorem

guarantees that both a global maximum and a globalminimum I

But it does not
say

how to find them

THEOREM : I SUFFICIENT CONDITION
,

GLOBAL VERSION

1 : 1 ? R-XR
,
if :

① A is an interval

*

[ I strictI②
to is an interior point of A

③ I has a finite derivative in A

④ f(x) = o

then : I

⑧ if f'(x)0 VxA
,
XXo and F'(x)eo Fxea

, x = xo

then xo= global minimiser

⑧ if f'ep FxEA
,
xxo and'(x)[o VXEA

,
xxo

then to globalminimiser

THEOREM : II SUFFICIENT CONDITION
,

GLOBAL VERSION

F : ACR-XR
,
if :

O A is an interval
*

Estrict]
②

to is an interior point of A
[

③ f is twice differentiablein A

④ f'(xd) = 0

then : S

② iff"(x) =0 in a then xo-globalminimiser

⑥ if (" (x) 10 in a then xo-globalmaximiser

sor minimum

THEOREM : NECESSARY AND SUFFICIENT MAXIMUR CONDITION FOR A

CONCALE AND DIFFERENTIABLE FUNCTION

↳
or CONVEX

FiAER-XR
,
if :

① A is an interval

If is concave (orconvex) in A



③ f has a finite derivative in A

⑨
to interior point of A

then :

F'(xo) = 0 7 xo is a local maximiser (orminimiser)= 7 Xo is a global

maximiser (orminimiser)

HOW TO DROW A GRAPH

① domain A

② limits at the boundary- horizontal/verticalasymptotes
②
sign

of f(x) + intersections with coordinate axes

&
study of f'(x)--f increasing/decreasing + local max/min (I

sufficient condition)

⑤
study of f" (x) -= +convex/concave + local max/min (I sufficient

condition)
⑥
graph-studyof exceptionalpoints + global max/min

Example-y=

① domain

x2 - 2 + 0
== x + 52

,

- V

A = ( - 0
.

- (2) v(- Ez
,
(z) u(52

,

+0

② limits/asymptotes

↓
im

+

=
1

+

-
horizontal asymptote horizontal asymptote

y = 1aSx -x - y y = 1aSx -x + 8

tim = -

x

vertical

x -
v + o

Jasmite

=+0 = -o

Jere



③ sign/intersection with axes

+ &

o

N =o always
------

D = 0 if x2 - 2 +0

-Vi z
= x2 = 2

= = x - E2
,

x = We

intersection
X = 0

intersection y = 0

E E
with

y-axes
Y = -1

with x-axes neuer

⑨ f'(x)

=
=

22

y
= 0 -= - 8x = 0 =7 x = 0

y
= 0

-

x
= 0

D = 0 (excluded x = - Vz
,

52 where f(x)()

N = 0 -

8x = 0 = = x0

'
X = 0 is local maximiser ------

- jz o
z

⑤ F"(x) not required

M

⑥ graph I
in

in
---

= =

-- y
- -- - -

-------

+
E

>

-
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DERIVATIVE OF A CONSTANT

y
= k = =

y
= 0 (constant KER)

PROOF

f : r == r
,
f(x) = k

,
fxer

,
Yk + 0 :

↑ (x)
=im h-F(x) =Lim- = 0



DERIVATIVE OF y
= XC

y
= x = =

y
= xxx

- 1

PROOF

f(x)=mf(x)

=
↓

=
=

Um D
=

xc -

] = t

&



DERIVATIVE OF y = ex

f : r
- = R

,
f(x) = at

,

a + 0

is derivableXER
,

F' : R-= R given by F'(x) = a"laga
in particular:

y
= ex ==

y
= ex

PROOF

f(x)
=

F(x)
:

a
*

Loga



DERIVATIVE OF A LINEAR COMBINATION

suppose fig have a derivativex (a
,
b) Aghareader. Axe (a

,
b)

suppose
a

,
B E R C

,

BER

af + Bg has a derivativex (a
,
b) and : Aftghasader. Vxe(a ,

b)

(cf+ Bg) = af' +Bg (f + Bg) = Cf' + Bg

PROOF :

↓+ (a
,
b)

,

n
-

f(x)
+Bim

- g(x)
= cf(x) + Bg(x)



DERIVATIVE OF
Y

= InX

y
= (nx = =

y
=

t

x

PROOF

Pxd=Fo_im-

= nin(1 + * ) = n(n(1 +E)

lett=; h = +x
; n=x
;

=n(it)
*

= n[( + t)]
*

= (n(1 + t)

=

=



DERIVATIVE OF
y

= arctanx

↑. [-] -= R
given by fly)

= tany

then
,

F" : R -= [-; ] is givenbyf"(x) = arctanx

PROOF

from the derivative of the inverse function

actant

(xo)



RELATIONSHIP BETWEEN DERIVABILITY AND CONTINUITY

suppose F : (a
,
b) - R has a derivative f'(xo)at a point to t (a ,

b)

then f is continuous at the pointXo

PROOF

supposemoth-f(xd = f(x

rewrite it using
:

xo + h = x
= = 4 = x -

xo

h -=0
= x -

xxo

therefore

d)
= f'(x)

then

im [f(x) - f(x)]
=
(x-xd)]

X -XXo

o
-d = f(x) = 0

but also

im [f(x) - f(xd)]
=mf(x)-f(x) = M f(x)- f(x0)

x -yxo

and therefore

Limflxl-flxd = o = = Lim f(x) = f(x)
x =xp x -xo

meaning
that f(x) is continuous ato

but f continuous at to #
+ + has a derivativeat Xo



RELATIONSHIP BETWEEN DERIVABILITY AND DIFFERENTIABILITY

F : AER-XR
,
to interior point for A

then

① F is differentiable at xo *f has a derivative at xo

② m = f'(xd)

PROOF

since f(x) is differentiableat to
,
we have :

f(x) = f(x) + m(x - x0) + o(x -xo) asx -= xo

substitute x = xoth-l=
x - xo :

f(xo+h) = f(x) + m -h + o(h) ash -= o

f(xo +h) - f(x) =
m . h + o(h) ash - o

10th)-f(x) = m
+

=
m + o(i) ash-+o

jo = ol)
is true for the properties of of

we take the limit on both sides when h-=o and obtain :

lim-F(x

which means that f(x) has a derivative f'(x) at xo and :

f'(x) = m

[

since f(x) has a derivative at xo
,

we have :

moth-f(xd = f'x

this means that in a neighbourhoodU(x) of Xo
,

Ex = xoth = V(xo)we have :

K-f(xd= F(xd + di as ho

therefore:

f(xo +h) - f(x) = f'(xdh + a(1) : h

= f(xd)h+ o(h) ash-= 0

[a(i) · h = o (h) is true for the propositions ofa)

and

f(xo+ h) = f(x) + f(x)h + o(h)

substitute x =
xo +h -= x - xo

= hi

f(x) = f(x) + f'(xd)(x- xx) + 0(x - x0)

therefore f(x) is differentiable at to calling
i

the number

m = f'(x0)



and

f(xo+ h) = f(x) + f(x)h + o(h)

substitute x = xoth -= x - xo
= hi

f(x) = f(x) + f'(xd)(x- xx) + 0(x - x0)

therefore f(x) is differentiable at to calling
i

the number

m = f'(x0)



FERMAT'S THEORER

7 : A = R-= R defined on a set A in R

C subset of A

F differentiable at an interior point xo C

To maximiser/minimiseroff on C

then F'(xo) = 0 == xo = stationary point

PROOF

Let xo EC interior point and a local maximiser on C

7 a neighbourhead By(xd) such that F(xd)= F(xo) XxBa(xo)nc

he (0
,

a)
,
xothBa(xo)=

the
he(- 2

,
0)

,
xo + htBz(x0) =

-oth)
- f(x)

= 0 fhe(- s
,
0)

N.oth)
- F(xd)

= o

together :

zimh
- f(x)
=+h)

+ f(x)
=lim-f

Since the hypothesisf'(xo)exists :

↑ '(x0) =yumx0th)
- f(x)



ROLLE'S THEOREM

% : AER -= R
,

A = [a
,
b]

,
if :

① fis continuous in [a
,
b)

② f has a derivative in (a
,
b)

③ f(a) = f(b)

then
,
Jxe (a ,

b) : f(x) = o

PROOF

according to Weierstrass7x
,, xz [a ,

b] such that :

f(x,) = minxe[a
,
b]

,

f(x) = m

((x2) = maxxe[a
,
b]

,
f(x) = r

If m = r the F is constant
,
f(x)=

m = r so f'(x) = 0 vxc(a ,
b)

If mar then at least one between x
,
and xz must be an interior point

for (a
,
b)

,
in fact they can't be both boundary points since F(a) = f (b)

if x
,

< (a
,
b) for the Fermat's theorem f'(x

,
) = 0

,
same in the case of x2



LAGRANGE'S VALUE THEORER

let 7 : [a
,
b] --R be continuous on [a ,

b) and differentiableon (a
,
b)

thenthereestab
suchto

PROOF

let
g

: [a
,
b) -R be the auxiliary function defined by :

g(x) = f(x)- (f(a)+ ( -a)

it is the difference between f and the straightline passing throughthe points (a ,
fla)

and (b
,
f(b)

the functionais continuous on [a
,
b) and differentiable on (a

,
b)

moreover g(a) = g(b) = 0

byRolletermherstsuch-

that is
,

satisfies condition *



CHARACTERIZATION OF FUNCTIONS WITHNULL DERIVATIVE

Let F : [a
,
b] - R be continuous on [a

,
b) and differentiable on (a

,
b)

then f'(x) = 0 for
every e

(a
,
b) if and only

if f is constant
,

that is
,

if and only if there

exists KER such that f(x) = kxc [a
,
b)

PROOF

"Only if" =

"If "part is the simple property of derivatives of derivability and continuity
let xe (a

,

b) and let us apply the mean value theorem on the interval [a
,
x]

it yields a point * (a
,
x) such that :

O = (*)=
fa) that is f(x) = fl

since x is any point in (a
, bJ it follows that f(x) = F(a) For

any
x = [a ,

b]



CHARACTERIZATION OF FUNCTIONS WITH THE SAME DERIVATIVE

Let f
, g : [a

,
b) -> R be continuals on

[a
, b] and differentiable on (a

,
b)

then f'(x) = g'(x) Xxe (a
,
b) if and only if there exists Ker such that f(x) = g(x) + k

vx = [a , b]

to functions that have the same first derivative are thus equal up to an

additive constant K

PROOF

since "if "is obvious he prove "onlyif"

let h : [a ,b]> -be the auxiliary function h(x) = f(x) - g(x)

we have h'(x) = f(x) - g((x) = 0 fx (a
,
b)

therefore by the characterization of functions with hull derivative his constant

on [a
,
b]

that is there exists KER such that h(x) = k =x [a , b] so f(x) = g(x)+ kVx + [a , b]



MONOTONICITY TEST ON INTERVAL

Let f : (a
,
b) -r be a differentiable function with a

,
b R

then Fis (globally) increasing on (a
,
b) if and only if f(x) = 0 Xx(a

,
b)

because of the clause aber the interval (a ,
b) can be unbounded for example

(a
,
b) = R

a deal result with negativityof the derivative on (a
,
b) holds for the decreasing

monotonicity

PROOF

"Only if"

suppose thatfis increasing ,
let xe(a

, b)

Vhso we have f(x+h) f(x) hance Ftf()
it follows that :

F'(x) =imf(x)=

"if" =

let f'(x) = 0vxc(a
,
b)

Let x
, x2t(a

, b) with x, x2

by the mean value theorem there exists *[x
,

+2) such that F()(- f(x)
xz - x

,

since F'(E ) =0 and x2-X ,
>o

,
this shows that f(x)= f(x

,
)



STRICT MONOTONICITY TEST ON AN INTERVAL

Let f : (a
,
b) -

-r be a differentiablefunction
,
with abe

if F'(xko Exe(a
,

b)
,
then t is (globally)strictly increasing on (a

,
b)

PROOF

let f'(x) > o Vxe(a
,
b) and let xi , xze(a,

b) with x, 2 *

by the mean value theorem there exists ce[x
,
x2] such that f)=f(x)

sincef' (c)> o Xc and x2-x
, so ,

from it Follows that f(x2) = f(x)
* - *



MACLAURIN FORMULA FOR log(1+X)

the function f : (-1
,
0) - > R given by f(x) = log(1+ x) is n times differentiable at each

point of its domain
,

with

f((x) = ( ,)
+(! (n =

(1 +x)n

therefore
, Taylor'sexpansionof order n off at xot-1 is :

log(i+x) = log(1+ +) + [ 1(-1) + v((x- xdY

a simple polynomial this locally approximates the logarithmic function

in particles the Maclaurin's expansion of order n off is :

lag(1+ x) = x
-+

+... + ()+ + o(x2) = [= (- 1)k* + o(x)



N-VARIABLE DIFFERENTIALCALCULUS

INTRODUCTION TO PARTIALDERIVATILES

Consider an interior point to of the domain A-R

10
= (xo

, ,
xozl startingpoint

h = Ch
,

had increment of I (rectorin one of infinitelymany
directions)

1o + h = (Xo
,

+ hi
, xo2

+ ha) final point

F(o) = F(xp
,
xozl

f(ko+ 1) = f(xa ,
+ h

,, x02 +h) - f(a
,
x02) = Af increment of f

=>

we only accept tomove in a direction which is 11 to one of the axes

there are two such directions -

①
move Il to x

,
- axis

10 = (xo
,,
xoel

-

h = (h
,
d) increment of 1 when we move Il to x

,
- axis

↳I is still a vector but it is now only determined by one number
,

its

non-well I component h

-

10 + 1 = (x
,

+ h
,,
x02)

-

f(x) = ((x0
,, x0a)

-

f(xo + h) = f(x
,

+ h
,,
x02)

-

F(oth) = F(ed) = f(xath
,
x02)-f(x

,
xa) = Af increment off when

we move /I to X
,
- axis

h

--partial derivative with respect to x
,
(if the increment his 11 to x

,
-axis)

& move 11 to xz-axis

-

10 = (x0
,
x02)

- k = (0
,

h)

-

10 + h = (x0
,, x02 +4)

-

f(x) = f(x0
,,
x02)

-

f(ko+ b) = f(x0 ,,
x02 + 4)

-

F(oth)-F(zo) = Flx
,
xo2th)- f(xa

,
x02) = If increment off when

we move Il to xz-axis

-
Fa, xouth)

-

f(x0
,
x02)



-

partial derivative with respect to x2

F(d)=maxoth)-f(xoxoz) I finite

notions of partial derivatives of the function f(x
,
x2)

F
,

(x
,,
x2)

,
f(x,,

xa) =

= (x, x2)
,

(x

↑ x
,

is the derivative of f(x
,,
x2) when only x

,
varies and x remains

constant
; Fre is the derivative of f(x

,, x2) when only2
varies and

X
,
remains constant

EXAMPLE

f(x,,
+2) = x , +x

= = fx
,

(x
,,
xz) = 2x

,, f(x ,,
x2) = 3x2

GRADIENT LECTOR

if F(x
,
x2) has finite partial derivatives fix

,
it at to then the rector

which contains the two partial derivatives is the gradient rector of

fato
= gradf(ko) = [fx

,
(10)

,
fx(*d)]vector of numbers

with the general point 1=(
,, xelzgradf(x,, x2) = (f

,

(x
,, x2)

,
fa(x

,
xa)]

vector of functions

another notion == Pf(x0) -= Vf(x
,
x2) [V = nabla]

FORMAL DEFINITION

F : A = R" -= R

take an interior point 10 of A:o
= (x0

,, xoz , ...,
xon)

take an incrementfor which only one component is to (the increment

only involves one variableXt) : h = Co
, ...,

0
,
h

..,

d

then : oth = (xo
,,..., tog , Kogth , xogt , .....

xon)

then consider :

f(x) = F(x0
,,...,

xon)

flo+ 1) = F(xo
,,..., Koge , topth , togts , ....

xon)
and :

Fo + b) - f(z)= F(xo
,,..., xogen , Kogth, kozta ..... xon) - F(xo

, ,...,
ton) = Af

then take the difference quotient:

Flo .... Kogai , Kogthikozta..... xon)-f(xo, ...,
tonl

n



we can now define the partialderivative of fatso with respect to the

variable Xy :

F
,

(o=Lmo .... Koge , Kogth,ogt ..... xon)-f(x, , , ton I finite

n

Vy = 1
,

2, ...,
h

we define : F
,
(10)

,...,
Fan Ced [0)

, .... Eno)]
we apply it to a general point 1 = (x , ,...,

xn) from the function

f(x
, , ...,

xn) we get n functions :

#
,

x
,,...,
xn).....,..... xn)[ ...,n)

, ...
n

(x
, ...,
xn)]

called the n partial derivatives of the function f(x
,,..., xn)

GRADIENT LECTOR

at 10 :

gradf(x) = (FX
,

(d)
, ...,
fin (10) vector of numbers

at = (x
, ...,

Xu) :

grandf (X .....,
xn) = Cfk

,

(x
......

xn)
,...,
En (x

....,
xn)) vectorof functions

INTRODUCTION TO DIFFERENTIABILITY

F : A = R-= R

consider an interior point1o of A
,

then :

~ only strong notion

F is differentiableato

↓ ↓

7 partial derivatives1 f is continuous at to

of fat to

CASE OF F : AER2-- R

Consider an interior point to of A

F is differentiable at to if :

V = 10 + 1 T(zo)
,

/-Ed-Foll) as 1
-

**o

approximatingplane negligibleerror

more explicitly:

f(x
,,

x2) = f(x0
,, x02) + (m

.,mz)
X

,
-

Xol

& + 0 (l) = - koll)
x2 - Toz

x)+ M
, (x

,
- xa) + ma(x2 -x02)

- Fol) as - = 10

plane in 3D-space negligible part



GENERAL CASE F : A R" - R

consider an interiorpoint10 of A

F differentiable at to if :

Vx = 10 + ht V(o)
,

F
+ m . -Kolt-Foll) asx-exo

approximating I-degreepart negligible error

THEORER : DIFFERENTIABILITY -Y I PARTIAL DERIVATIVES
,
CONTINUITY

F : A = Rn -= R

Consider an interior point10 of A

iff is differentiable at to
,

then :

Of has all partial derivatives

Ex
,

(o)
..... Find

,
and,= gradf() = (f

,

(10)
.....
fxn(d)

In = 2 == the approximatingplane is exactly the tangent plane at to]

② fis continuous at 10

=

when is differentiableat to ,
then :

Vx = 10 +htt(0) ,

f(z) =f(z)adf(x) - (x - 10)+
ol)asx- = xo

differentiabledf (Eo) negligiblepart

approximating I-degreepart

more explicitly:

af(d = gradf(o) · (10) = [
,

(d)
,
....]

=

Fx
,

(d)(x
,
-

x0
,
) + ... + fxn(0)(xn - xou)

=

+x
,
(d)dx

,
+... + fxn(z0)dxn

EXAMPLE

given ((x,,
x) = 3x ? + 5x

,
x2

,

write the differentiable df at p(1
,
1) =

↑x
,

= 6x , +x
, fx

= 10x
,
xz

therefore: Ex
,

(1
,
11:11

, Falsil = 10

df (1
,

1) = 1(x
,
-1) + 10 /12-1) = 11dx

,
+ 10dxz



THEOREM

F : ACR" -= R

If A is open and f has continuous partial derivatives on a

then f is differentiableon A

=

given the set AR" we will use the notion :

C"(A) = (functions F : A R"--R that have continuous partial derivatives FEA)

Maxima/rinira For F : AIR-= R

-↓
UNCONSTRAINED CONSTRACLED

OPTIMALISATION OPTIMALISATION

look for max/min lookfor max/min flx
,...,

x2)

f(x
, ...,

x2) subject to some constraints

UNCONSTRALLED OPTIMALISATION

①
necessary condition = Fermat's theorem

② sufficient condition
-

I
Consider F : AGR"--R

,
if :

① to is an interior point of A

② has all partial derivatives at 10

③ to is a local maximiser/minimiserfor f

then :

gradf(x) = Q

that is :

fx
,

(10) = 0

If to is such that grad (10) = a

Ei = x

To is called a stationarypointof f(x)

FXn(d)= o

-

We cannot apply it when

O
Io is a bandary point of A

&So is a point at which the partialderivatives do not exist

③ Fermat's theorem is not invertible= if at a point to we know that



gradf(kd = e (thetangent plane is horizontal)

GENERAL PROCEDURE TO FIND UNCONSTRAINED LOCAL MAXIMISERS/MINIMISERS
① find exceptionalpoints - -

-

boundary points
-

points at which Fx
,,...,
fin do not all 5

① find all other points-

-

necessary condition (Fermat's theorem)
-

sufficient condition

it
may be that a point which passes the necessary condition gives neither

a local maximum nor a local minimum

THEORER : NECESSARY AND SUFFICIENT MAXIMUR(MINIMUM)CONDITION

FOR A CONCALE(CONVEX)And Differentiable FUNCTION

F : AIR"-* R
,
if :

O A is a convex set in R

⑦ f is concave (convex) in A

① fis differentiable in A

⑨
to interior point ofA

then :

gradf (10) = e* Zo is a local maximiser (minimiser)* Ko is a global

maximiser (minimiser)



theorems and proofs for 
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FERRAT'S THEOREM IN RY

Let F : AER"--R be defined on a set A in Rh and c a subset of A

suppose f is differentiable at an interior point of c

ifis a local extremalpoint (maximizer/minimizer)of fonc then Uf(*)= 0

PROOF

if is a local extremum off on C there exists a neighborhood UC of such that

↑ ( *) = f(x) (maximizer)or F(*)f(x) (minimizer) for all xeu

by the differentiabilityoff at 1
,
for

any
direction w

,
we have :

f(x + tz) = f(x) + tvf() - v + o(t) where ot) vanishes faster than tast-o

at a local extremum f(x+ tu) = f(x) (maximizer)or/ * + to) = f(*) (minimizer)for small t

dividing and taking the limit as -o
,
the directional derivative in

any
directionViso :

Pf() . 0 = 0 fu

Since the gradient is 0 in all directions
,
1f(*) = 0



LINEAR ALGEBRA

LECTORS

subspace = V = r"
,

V + d

V is a vector subspace of R if :

①XX
,
&Ev = =

x + Ev

& FXEV
,
FER == C * EV (Visclosed with respect to + 1 , <1)

THEORER

V = R
,

V = d

Visa vector subspace of R"== V1
,
1 EV

,

Fa
,
BER

,

a + By Ev

(V is closedwith respect to linear combinations (1 +B1)

THEORER : SUBSPACES IN RE

AER"
,

A + P

A is a subspace of R2 = = 0 A = R
=

or

② A = 523 a

③
A is a straight line

passing through I
,

that is :

A = G() + R=: ax + by = 03

THEORER : SUBSPACES IN RY

=R
,

A + d

A is a subspace of R" <== DA = R" or

② A = 523 or

③ A =

E(I) ER" : all the relations involving the

components X
, .... xn can be written as I-degree

equalities with no constants Fo

necessary condition = if A is a subspace of Rh -* A must contain the origin ?

THEOREM : INTERSECTION OF SUBSPACES

the intersection of
any collection of vector subspaces of Rh is a vector subspace

of Ru

PROOF

suppose EVi) is a collection of rector subspacesof n

since &E Vi Vi
,

&E nVi ; therefore Vi + d



consider 1 , 1 E1Vi and
,

BER

Since 1
,
4 tVi

,
we have that

, 1tVi Fi

Since every
Vi is a vector subspace of Rh

this implies that + Bu E Vi Vi

Therefore G + B1E1Vi
,

so 1 Vi is a vector subspace of Rn

LINEARLY DEPENDENT/INDEPENDENTVECTORS

- - ==V

F
...... Em ER" are linearlydependent, ...,

XmER" are linearly independent

If they are not linearlyindependent if whenever, + ... CmEm
=

e
=

that is if 7 C
,...,

CmER such that : C =... =
Cm = 0

G , t... + m = m
= & and a,

...,
Im

are not all equal to zero

-

if E
, ...,

Em Contains &
,

then E
, ..., Im are linearly dependent =

&
, +... + Om- + ke = & also when K +o

-

one single vector (Fm= i)-

· + & = Linearly independent
·

X = c = Linearly dependent

THEORER (m =2)

=.....,mERh
, with m=2

,
then :

① E
., ... Em linearly independent

= none of them can be written as a linear

combination of the others

& E
, ..., Im linearly dependent = at least one of them can be written as a

linear combination of the others

(m =2)

① Linearly independent- if hone of the vectors is a multiple of the other

O
linearly dependent = at least one of them is a multiple of the other

FUNDAMENTAL LECTORS OF R3 =

Linearly independent

e .

= (b) , 2 = (j) . es() = r



ETFRneary
independis

remark

E
....., Im ER"

,

then :

O if m = n they are linearly dependent
② if me n we don't know (depends on the vectors)

SPAN S

-

consider a set of vectors in R

-

spans = intersection 1 Vi of all vector subspaces
Vi of R which contains s

-

spans = 1Vi is the smallest rector subspace of R which contains s

-

it is the vector subspace which is spanned generated by the sets -" smallest

enlargement of s with the property of being a vector space

remark

take 1 , , ...,
EmER"

,

then :

& if man it is not possible that they span
all Rn

② if men we don't know (dependson the rectors

BASIS OF RY

take
, ,

. ..,m ERN

they are a basis of Rh if :

O
they are linearly independent (noneof them is superflous)

②
they span all R2 (enough to Span

R2)

if we call s = &E
,

. . ..m3
, span S = Rh

remark (1)

& m = n = they can't be linearly independentso they are not a basis ofRh

②
man == they can't span all R

,
so they are not a basis of R

- the number of rectors in a basis of R must be m = n

remark (11)
-

suppose to take exactly n vectors in Rh
-

to check they are a basis of R
,

two facts must be checked --



① they are linearly dependent
②
they span all Rn

- this property [A, ...,
En ER" are linearly independenttheyspan all RL]

holds -- if the vectors are the correct number only the linear

independanceneeds to be checked

-

Ex
.

the fundamentalbasis of Rh -

= (b), = () ..... en() em

the coefficients such that = (ii) can be written as a linearcombination

1 = X
, Ei +... + In En are exactlythe components, .... In

DIMENSION OF RY

- the dimension of Rh is n

-

it gives the number of rectors in any basis of Rh andit corresponds to the

geometrical notion of dimension

remark

-

any two vectors If ,
EKER with 7 k are such that Efter (e2 . ek = 0

=>

they are orthogonal)
- all vectors EyER" are such that : 11 2211 = 1 (2) .

Ef
= 1 =

unitary norm)
-

the two properties are collected togetherandconclude thatany two vectors

Eg ,
Ek ER" are orthonormal

- the fundamental basis e , , ...,
In is an orthonormal basis

-in those situations in which we can't use exactly the fundamental basis

we will try to use a basis contributed by orthogonal vectors or by orthonormal

rectors (better)

THEOREM : ORTHOGONAL LECTORS ARE LINEARLY INDEPENDENT

consider k vectors 1
, , ...,

FkER" with 22kIh

If these vectors are 2-by-2 orthogonal and they do not include the mul

rector (ifthey are orthonormall
,
then they are linearly independent

THEOREM

consider an orthonormal basis [1
,

..

., En in Rh

then UVER" it is :

V = x
, 1 ,

+... + knEn with d = K.*,..., an = 1 ·

En

ficients a
, , ..., an exactlyas it is for the basis &

, ....
En



if E
, , ..., In is an orthonormal basis of Rh there is a quick way to write the

officients a
, ...,
anexactlyas it is for the basis?

, ....
En

S = E, ..., Em3 ,
Spans

=> Span is a subspace of Rh smaller than RY

THEOREM

suppose v is a subspaceof Rh
,

then J a set s = Ex, ...,m3 such that :

V = spans

=>

every subspace
of Rh can be seen as the spans of some finite jets

BASIS OF A SUBSPACE

take a subspace VIR"

take
, ..., meV

they are a basis of Vif :

O
they are linearly independent

② they span all v

= if we call S = &E, .... Em3 , spans = v

THEORER : PROPERTY OF UNIQUE WRITING

take a vector subspace VERY

take
, , ..., Em Ev

they are a basis of VE- VI EV
,
I can be written in a unique way as a lineat

combination of 1
, ....,

Im

- HEORER

take a vector subspace VERY

any two bases of v will contain the same numberof vectors

it will be :

k = n== V = Rh

k(n== VcRY

DIMENSION OF A SUBSPACE

- take a vector subspace VERY

- dimension of v = the number of vectors in any
basis of v

-

applied to V = R" = -dimR"= n



-

applied to VCR" == dimV = kn

remark (1)
-

consider a subspace VIR" with dimension ken

- take k vectors
, ,

. .

.,
Ek EV (same numberas dimv)

-

in order to guarantee they are a basis of V only one of the two properties

needs to be checked

-

E
, ...,

Ek are lineatly independent
=* they span all the space v

remark(1)

if v= Ge3
,

then :

① basis of v : empty set o
② dimension of V : 0

THEOREM : SUBSPACES IN R2

take AIR2
,

A + &

A is a subspaceof R2(= P = = R2 dimA= z or

② A = 503 dima = o or

③ A is a straight line passing through2 :

A = G() +R2 : ax + by = 03 dima= 1

THEOREM : SUBSPACES IN R3

takeA[R
,

A + &

A is a subspaceof R=X0A = R dima = 3 or

② A = 523 dimt=
o or

basis has z
③ A is a planepassing through I : /Vectors

A = E() : ex + by + cz =03dimA = 2 or

④ A is a straight line passing throughI :

A = ((z) = R : a
,
x + b

, y
+ c

,
z = 0

,
axx + bzy+ (z

=0)
dimA = 1 -= basis has I vector



MATRICES

A = [2 -37 row = 2 rows + 3 columns = 2x3 matrix

I
#

column

DEF
.

table containing numbers organised in rows and columns

more generally :

2 ........ din

a = T :
am

,
.......

an]

=

Ta i j ]m
its elements havea double index which correspondas

to double orders (by row/ by column)

also :

= [23 = collection of column vectoras

A = [23 = collection of row vector a

if m = n :

A =[ square matrix of oda

↳
main diagonal

SETS OF MATRICES

r(min) = Gallmanmatrices?

r(n) = Gall square matrices of ordern)
Operations in r(m

,
n)

DA + B =x

A =

2 - 31

&j052
.

B = [i) = = A + B = [-9)



Def
.
Fa = [aie]

,
B = [bij]er(m

,

n)
,

c = A +Ber(m
,
n) and is given by :

cij
=

dif
+ big ,

Fi = 1
.....,

m;g
= 1, ....,

4

PROPER

-

commutative = FA
,
BeM(m

,
n)

,

A + B = B + A

-

associative = Va
,
B

,

CER(m
,
n)

,
(a + B) + c = 1 + (B + c) = A + B + c

-

J null matrix = Jor(m
,
n)

,

0 = (:)
,

such that Vaer(m
,

n),

A + 0 = A

-

Fmatrix Jopposite= FA = Laig]er(m
,
n)7B = -A =

k- aiz] = r(m
,
n)

such that A + ( - 1) = 0

② A ==

A = [ , = 2 == a

=

Def . Va = [aij]er(m
,
n)

,
der

,
B = cer(m

,
n) and is given by

bij= aif ,
Fi = 1

,...,
m

; Fg = 1, ...,
M

PROPER

-

distributive= Va
,
Per

,
Faer(m

,n) ,
(x + B)a = A + Ba

- distributive= Exer
,

VA
,
BEr(m

,
n)

,
x(A+ B) = xA + aB

-

associative: Fa
,
Ber

,
Faer(min)

,
(aB)A = x (BA) = CBA

- numberI is a unit for matrices = FAEr(m
,
n)

,
la = A

③ A . B (now-column product)=

Def
.
Faer(m

,
n)

,
Ber(n

,
p) , = A . Ber(m

, p) and is givenby :

Cir = (i-th row ofA) . (k-th column of B)

= (aizai2 .... ain) . (B &
buk

= ai+ bik + aizbekt ... + ainbnk

-bak ,i ..mik,.



DEFECTS

- A . B is not an internal operation =

AEM(m
,n) ,
Ber(n

,
p) == c= A -BEr(m

,p)
[but it becomes internal

with square matrices -- Atr(n)
,
Ber(n) == c = A -Btr(n)]

-

A . B is not commutative =

·

Youcan define A . B but not B . A

·

you can define both but they are matrices of different kinds

·

you can define both and they are both of the same kind (only
square matrices) but still usually ABBA

PROPER

-

associative = FazM(m
,
n)

,
VBer(n

,
p)

,
Xcer(p, 9)

,
(t - B) .

c = 1 - (B . c)
= A - B . C

-

associative = Faer(min)
,
FBER(n

, p) .

Ver
,
(A) .

B = C (A .B) =

CAB

- distributive= VAer(m
,
n)

,

VB
,
<zr(n

, p) , A(b+ c) = AB + Ac

-

J I-sided identitymatrices = Vm
,
n Fl-sided identitymatrices :

Im = (i) =r(m)
,

In = (b) =r(n)
,

such that FAEr(m
,
n) :

ImA = Acr(m,n)

AIn = AtM(m
,
n)

- 7 identitymatrix = Un 7 identitymatrix of order n
.
In = [

..]er(n)
,

such that VAEr(n)
,

AIn = InA = A

SQUARE MATRICES

A2 = A - A
- = A = A

..... AJ= n times
,

A = A
,

1 = In [20= 1)

⑨A A transpose (definedmatrix)=

v = (=) - - A=(&
PROPER

- (AT)" = A

- (A +B) = AT + BT

- (xA)"= aAT

- (AB)T= BTAT

-

if A is a square matrix it is symmetric if: dij
= agi Vi

, j ,
or if AT = A



⑤ PARTICULARSQUARE MATRICES =

-

upper triangular =

A Vizai[

-

lauer triangeal =

a = [00] viz , aiz

-

diagonal-a =[ Vita

-

scalar =

a = [08] diagonal+aia

LECTOR SPACES : EXAMPLES

O the set P[X) of all polynomials in one variable x (operations: p(x) + g(x),
ap(x))

② the sets of all convergentsequences an : N-= R (operations: antn ,
can)

③ the set <(1)/c'"(1)/ .... /c)(I) of all continuous/differentiablewith

continuous derivative/... /n-times differentiable with continuous 4th derivative

functions on an interval IIR(operations: Fig ,

of

& the set <(1)/c"(1) of all continuous/differentiablewith continuous partial

derivatives functions on a convex setA [R" (operations: F +

g ,

(f)

LINEAR FUNCTIONS

a function F : R"-*R is said to be a linear function if.

&
Y =, 2 ERh

,
f(x +1) = +(1) + f(u) [additivity)

②
VER"

,
Ver

,
f(d) = Cf(z) [homogeneity]

THEOREM

a function F : R"-R is a linear function= =
, 1 ERY

,
VC

,
BER

,

f(ax +By) = cf(z) + Bf(y)

THEOREM

If f is a linear function F : Rh-*R
,

then :

Of(q)= 0

② VE
, ...

EmERV
,
VC

,,...,
dmER

,
f(6, , +... + am =m) = G

,
f(

,
) +... + amf(m)



remark

-

linear function= f(X
, ...,

xn) = a
,

x
,

+... + antn
of the Idegree and

with no constants to

-

coefficients a , , ... an are exactly given by
+(e

,
)

, .... f (en)
-

faffine(concave + convex== f(z) = a - 1 + b = a
,

x
, +... + an xn + b

THEOREM : CONTINUITY OF LINEAR FUNCTIONS

every linear function F : R"-R is continuous

that is :
Lime f() = F(1o) VEoER

=

- numbers

INCREASING FUNCTIONS F : R" -- R

-

increasing
= = =G = = f(x) = f(q)

,
XX

,
1 ERY

-

strongly increasing
=

increasing+ 1 = = 1 = = f(z) = +(a)
-

strictly increasing
= = + 1 == +(1) = +(1)

,
V=, 2 = Rh

=> strictly increasing strongly increasing increasing

POSITIVE FUNCTIONS F : R" -FR

-

positive-eq= +(e) =0
,
Vern

-

strongly positive= positive + 1= q == f() +o
,
Verh

-

strictly positive = 1 = & == f(x)+ o
,
Fern

= strictly positive strongly positive positive

THEOREM

Consider a linear function f : R"-R
,

then :

Of is increasing
= f is positive

② f is strongly increasing(I f is strongly positive
③ f is strictlyincreasing(Ifis strictly positive

THEOREM : RIESZ-MORKOV

Consider a function f:R" - R

F is linear and increasing
= 7 a unique positive vector at Rh such that :

((z) = 2 . 1
,
VERN

in particular :

① f strongly increasing (stronglypositive)= I strictly positive



② f strictly increasing(strictlypositive)
+ a strongly positive

FUNCTIONS F : R" -= RM

a f:=
er

-= f) = ( ) = ra

a function F : R" -> Rm is said to be a linear function (linear operator) if :

OV, ER"
,
((+ 1) = f() + f(2) == additivity

O VIER"
,
VER

,
f(x) = a f(x) = =

homogeneity

THEOREM

a function F: R"-- Rh is a linear functionXVX
,
1 ER"

,
Va

,
BER,

f(x + B1) = c f(x) + Bf(1)

THEOREM

If f is a linear functionF : R"-= R*,then :

①F(q)= Q

② VE
, , . . .

,
EmER"

,

Yc
, , ...,

CmER , f(c ,
z

,
+... + <m =m) = c

,
f(z) +... + cmf(zm)

THEORER : CONTINUITY OF CLEAR OPERATIONS

every linear operator F: R"-= R is continuous

that is:Mof(z) = f(x)
,

VERY

IMAGE
,

KERMEL

take a linear function F : R" -= Rm

then we can always associateof two different sets :

① image/image space
= f(Rh) = Imf

= [IERm : JER" with = f(z)3 = Rm

⑦ Kerne= Kerf = [xERh : f(z) =23r

DEFINITION = Consider F : R" -> Rm Linear
,
then : rankf = dim Inf

THEORER

Kerf is always a vector subspaceof R

DEFINITION = Consider F : R"-= Rh linear
,

then : nullity off-dim Kerf

take F : RV-= rm Linear
,

then : dim Kerf : n-dim Inf



THEORER : RANK AND NULLITY

take F : RV-= rm Linear
,

then : dim Kerf : n-dim Inf

THEOREM : SURJECTIVITY CONDITIONS

take f : R" -= Rm Linear
,

then : / surfective* Imf = R= rankf = dim Imf= m

THEOREM : INJECTIVITY CONDITIONS

take f : rh-= Rh linear
,

then : finfectiveKerf = [23= nullity of f =

dimkerf =o= rankf = dim Imf = n

THEORER : BIJECTIVITY CONDITIONS

take f: r"-= Rm linear
,

then : /bijective ① m = n

② rankf = m = n

DETERMINANT OF A SQUARE MATRIX

particular cases -

① A has order 1 = A = (a) = defA = a

② A has order z = = a = (an
a ,

2)
221a22

ex
. Da = (?) -= det A = 2 . 5-4 . 1 = 60 = = linearly independent

② A = (?6)
-= det A = 2 . 3-6 . 1 = 0 == linearly dependent

general case = det A = 2
, 1

:

222-212 · %2

③ has order 3 = A =(in
231232 au

S

x =() -= deta = 2 . a . (-) + 3 . ( 1) - 0 + 5 . (-1) . 1 = - 1 + 0

↳
(2



SUBMATRICES

① submatrix of a matrix =

given a matrix Atr(m
,
n) we call submatrixof

A
any matrix which is obtained fromA cancelingout entire rows and /orcolums

a
. A = (i) r A =

1
② complement submatrix-given a square matrix : =an a( Swe call complement submatrix of the element dif the an

, anz ... ann

square submatrix of a which we obtain by cancelingout the row : and the

column I on which the element a if stands and we denote it as Aid

LAPLACE'S DEFINITION

take a square matrix A of order n
,
then :

① if n = 1
,
that is A = (a)

,

then deta = a

iF we concentrate on the first row and define :

deta = a (-il"detai+ air (i)
*

detAiztai3(-1)
'*

det Ais + ain (1)det A
, u

+

... +ain(-i)'"detain

DEF
.

MUNOR = consider a matrix A
;

consider a square submatrix B of A
;

then

det B is called a minor of the matrix A

DEF .
COMPLEMENT MINOR = Consider a square matrix A

; we call complementminor

of the element aig
the determinant detAid of the complement submatrixAif

of the element
did

A =

Can

DEF
.
COFACTOR (algebriccomplement) = (-1)" To

dettig =" the complementminor

dettij is multiplied by + 1/1 according to whether the sum of the indices

it z is even/odd

= x

① n = 1 : A = (a)
,

deta = a

② n = 1 : deta= a
,( deta

, /deta = (cofactorofa

(cofactor of a
,
2) +... + ain(cofactorof a in)



↑ z = () -dett =det)-( det
=

3 . 9 + 2 . ( - 17) =
- 7 + 0

FIRST LAPLACE'S THEOREM

① Vi
, sig det tiz (-1)"

+
&

= deta [we
can use any row

it

②
VI, aij

detAig(-1)"
+
T

= deta [we can use
any coung)

=

in exercises use the one with more zeros in it

THEOREM

Consider 1
, ...., EnER", build the square matrix with 1

, , ..., En as columns

A = (1
, ....,
n)

,

then :

-

F
,..., In are linearly independentdetA +o

E
,,..., In are linearly dependent= det A = 0

BEHAVIOUR OF det A WITH RESPECT TO OPERATIONS

① det (AT) = detA

② det (1 . B) = detA . det B

③ det (A+ B) + det A + det B

& lifa has order n) det (CA) = detA

INVERSE OF A SQUARE MATRIX

Consider a square matrix of order n

we say that :

A is invertible or A has an inverse

if 5 a square matrixB of ordern such that

AB = BA = In

THEOREM : EXISTANCE AND UNIQUELESS

Consider a squarematrix A of order n

① A has an inverse B=X det A + 0

②if A has an inverse is then B is unique

= Binverse of A (B = A-1)



ADJOINT MATRIX

take a square matrix A

its adjointmatrix adfA is the matrix we obtain with this procedure :

A ->A
*

= matrix of the cofactors of A --adyA= (A*)T

THEORER

suppose A is a square of order n

suppose detA to
,

then :

A = data adza

PROPERTIES

① VAsquare, with det A +0
-= (A + ) "= A

② VA square, with det A +0 -= (AT)" = (A+) T
③ VA

,
B square ,

with det A +o
,
det B + o -= (AB)" = BA

+

② VA
,
B square ,

with det A +0
,
det B70-= (A + B)" = A + B-

⑤ VAsquare, with deta to
,
VCO-(ca)"= A

+

⑧ VAsquare, with det A +0 -* det (1 + )=etz

THEOREM

consider a linear function fir"- R

call A its representationmatrix which is a square matrix of order n
,

then :

O finvertible=A invertible

②When t is invertible
,

the representationmatrix of FR-XR" is the square

matrix A
- 1

RANK OF A MATRIX

RANK BY COLUMNS

given a man matrix A

the rank by columns of the matrix A is the maximum number of linearly
independentcolumns in A

RANK BY ROWS

give a man matrix A
,

the rank by rows of the matrix a is the maximum number of linearly

independent rows in A



we have :

T HEOREM

given a man matrixa,

the rank by columns of A is always coincident with the rank by rows ofA

therefore
,

from now on , we will just call it the rank of A : it gives both the

maximum number of linearly independent columns and the maximum

number of linearly independent rows in A

THEOREM : COMPUTATION OF RANK

consider a man matrix A
,

then :

rankA = k <== k is the maximum order for which in A we have a non-mull minor

KRONECKER'S THEORR

consider a man matrix A

ifJ a non-null minor ofa of order K
,
and all the minors of A of order k + 1

which contains this non-mell minor aremell ,
then rank A = k

remark: THEOREM

consider a linear function f : Rh -= Rm

Consider its representationmatrix A
,

then :

① rank f = k<= * rank A = k

② f surfective== vanka= m (n . of raus)

F injectiverank A = n (n - of columns)

f bifectivem = n
,
ranka = n

[detA +0]

LINEAR SUSTER

HOU TO WRITE IT

-

explicitwriting =

·

one equation
-> a

,
x

,
+... + anxn = b

·

m equations
-

2
,, x

,
+ 212x2 +... + anxn = bi

S↓ :

3 2x
, +

222+
... bintn = b2 [dig :

i = equation index
,

8 = variable index]

amix
,
+ amz +... +

amrixu = bu



-

matrix writing = Ax = 1 =

= (i) rector of variables

b =( vector of constantterms=(
A =) matrix of coefficientas

-

column writing
= 2 ,

x
,

+ &2x2+... + &nxn = b = =

a,,x ,
+ a

, 2xz +... + dinxn = bi

221x2 + 222x2 +... + 22nxu = bzS : :
amix + amz +

2 +... + amnxn = bm

DISCUSSION

possible/consistent
determinatea

= k = b
- (7 solutions)

Y indeterminate

impossible (no solutions) (7 infinitelymany solutions)

THEOREM : DISTINCTION BETWEEN DETERMINATE/INDETERMINATE CASES

given a linear systemA = b with m equations and n variables
,
then :

① if rank a <rank (11k) =- impossible
② if rank A = rank (1(k) = n == determinate(7 ! solution)

③ if rank A = rank (a(d) = Kan =* indeterminate
,
with n-K degrees of

Freedom (7 infinitelymany solutions)

TYPES Of SUSTERS

① Ax = 2 = homogeneous linear systems always possible (thesolution is

always = = 2)

② A = b
,
672 =* non-homogeneous linear systems (may be possible or not

possible)

remark

looking for: Ax =b looking for: f(x) = b



STRUCTURE OF SOLUTIONS

① homogeneous linear systems, Ax = a ==

-

always possible +
one solution is always 1 = 0

-consider the set of all solutions : V = EFERV : A = 23 = kerf =

·

the set of all solutions Visalways a subspace of Rh

·

dimension: dimV= n-rank A [by the rank nullity theorem]
·

therefore: -if rankt=n
,
one solution = e

,

V= E23 and dim V= o

if rank A = kn
, infinitelymany

solutions which form a

subspaceV of Rh with dim V = K-K

⑦
non-homogeneous linear systems ,

1x = 6
,

b + 1
==

-

possible or impossible -" check if rank A = rank(Alb)+
= = e is never a

solution

-

consider the set of all solutions : W = EFER : Ax = 1
,

1 +0}
,
we have

that W = YEERn : f(z) = E
,

b + 03 [W is never a subspace of R
,
eW]

-

THEORER : STRUCTURE OF SOLUTIONS IN THE NON-HOROGENEOUS CASE

consider a linear systemx = E
,
b + e

suppose it is possible (ranka = rank (11b))
,

then :

If you call I thegeneral solution of Ax = b and
you

call
*

one particular

solution of A = 1
, you have 1 = 1

*
+

whereI is the general solution of the homogeneous linearsystem Ax = b

the task of solving a non-homogeneous linear system - = b can be

reduced to finding one solution of Ax = b and solving the homogeneous
Linear systemA = & instead

SOLUTION

given A = 1
, suppose we checked that A1 = 1 is possible

,
we can find the

solutions using Cramer -

A = b
,
with A square matrix of order n and det A +0

CRAMER'S RULE

Consider A = b
,
with A square of order n

detAn

If detato
,
then: = (i) ,

and x,=ne

where every matrix Ak is the matrix we obtain from matrix A
, substituting

the column k with the vector &

CRAMER'S RULE

Consider A = b
,
with A square of order n

detAn

If detato
,
then: = (i) ,

and x,=ne

where every matrix Ak is the matrix we obtain from matrix A
, substituting

the column k with the vector &



A not square or A square ,
deta = 0 =

CRAMER'S METHOD (example of the general procedure)
Consider a linear system A = b where A is any man matrix

A =

(b=

① rankt-rank
det B = 0 + 2 = 2 + 0

det=0

det
=

= x rank A = 2

rank(lb) = rank(D
proceding this

way ,
since #C = IL-2 Ic

,
we get that also rank (t(p) = 2

therefore :

A = b is possible,
indeterminate

,
with 3-2 = 1 degreeof freedom

& cancel out all the vows which have no intersection with the square

submatrix B you
find when computing the rank

,
that is :

= dependent useless

② write the system explicitly : (3x
,

+ 2x2 + x3 = - 1

- X
,

- x3 = - 1

we move all the columns which have no intersection with the square

submatrix B to the right-hand side of the equation

S
3x

, + 2x2 = - 1 -

x3

that is : B = (,) ,
b = ()-x

,
= - 1 + x3



⑨ on the left we have a square matrix B with det B to so we use Gramer's rule

= = () ,
with :

=
2

we find k = 2 variables (k = ranka) in terms of n-k = 1 free parameter

(degree of Freedom) :

x
,

= 1 -

x3

x2 = - 2 + x3Exa
=
+

PROBLEM OF LEAST SQUARES

consider a linear system : Ax = b with AEr(m
,
n)

suppose that it has no solutions (often the case when man) that is when you

have more equations than variables

If the linear system has no solutions it means that :

# ER" such that Az = & Lequivalent: Ax - k = &]

↑ F
*

ER" such that*
minimises the error 111-111 ? = distance between

the vector b of the constants and the image +(1) = A1 of the linear operator

T : R"--Rm that is individuated by the matrix A

this error is mull where * solves the linear system A * = b
,

but in generalwe

have : Il -Ellen

** minimises the error 11AX-b11 if and only if it minimises its square (1A* -211)

DEF
.

a Vector
*

ER" is said to be a least squares solution of the linearsystem :

Ak = b
,
if

*

is a solution of the optimisationproblem
:i
(l*-111)

that is if I *
is the best vector = that we can find in R"

,
in order to

minimise the quantity (1111-111)
the name comes from the fact that 111-1112 is a sum of squares

if the linear systemA = b has a solutionI
,
it is also a least squares solution

but a least squares solutions **
may exist also when the linear system

A = E has no solution



THEORER

consider the linear system A = b
,

with Aer(m
,n)

suppose min

then if rank A = n [ifa has maximum rank)
,
the optimalisation problem :

min (11AX-b11)" has a solution and this solution is unique
E RY



theorems and proofs for 

linear algebra 



THE INTERSECTION OF VECTOR SUBSPACES

the intersection of
any collection of vector subspaces of Rh is a vector subspace

PROOF

Let [vi3 be
any

collection of vector subspaces of R

since OEVIVi
,
we have livi + &

let x
, ye 1:Vi and

,
BER

since X
, yeVi Fi and thereforex + ByeVi Vi since each Vi is a vector subspace of Rh

hence < x + By E viVi and so 1 : Vi is a vector subspace of R



CHARACTERIZATION WITH LINEAR COMBINATIONS

S subset of R

* ESpans <= 1 is a linear combination of vectors of s

=> J
,

.
..,mES

,
79

, , ...,
[mER such that = = C, , +... + xmEm

PROOF

=>

only if

V = set of all vectorsER" that can be written as a linear combination of rectors of s

if
,
1 Ev then 1

,
I are linear combinations of rectors of s and therefore also 1 + 1 is

a linear combination of vectors of s which also implies 1 + 1 = V

V is a vector subspace of R containg s so it must be that Span SEV
,
that is :

each t Espans can be written as a linear combination of rectors of s

= if

suppose IER" linearcombination of vectors ofs : 1 = <
,
1 ,

+... + mem for some

↓
....., Em and E

.. ..., AmES

Since 1
, x2 Es they belong to spans

since spans is a vector space also < ,
+

Cz : must belong to spans

since EstS it also belongs to spans

since spans is a vector space also X
,
E

,
+ 9212 +

23 Es belongs to spans

proceding in this way in the end we get that also * = X
,

X
,

+... + <mEm belongs to spans

as a consequence of the theorem if : s = Ex
, ...,mer23 then,

Span S = SERV : FC
, ...,

<mER such that I = <
,
1

, +... + am Em3



S subset of R

PROPERTY OF UNIQUE WRITING FOR A BASIS

take ,
, ...,m ERh

... Xm E m

they are a basis of R" * VIER"
,
I can be written in a unique way as a linear

combination of 1
, ...., Im

bination of rectors of s
PROOF

=

only if nd therefore also 1 + 1 is

Suppose E
, , ..., Em area basis of Ru 4)

by definition of basis
every

ER" can be written as a linear combination of 11
, .... Im

t spanSeV
,
that is :

1 = 4,, +... + <m Im
ctors of S

X = B,, +... + Bmm

this means that : (a
, -B

,
) =

,
+... + (xm - Bm) =m = 2 1 +... + [mIm for some

but since E
,...,

Em are linearly independent ,
this means that itmust be :

C
,
-B ,

=
0, ...,

<m-Bm = o

that is : d
,

= B
, ,...,

<m = Bm to spans

which proves the unique possible writing

Lif ngs
to spans

suppose
that FIER"

,
I can be written in a unique way as a linear +... + <m Em belongs to spans

combination of E
, ...,

Im

this implies that span s = rh

we have to prove that
, ...,

Em are linearly independent

but if we suppose that 7x
, , ...,

Im such that : <
,
1

,
+... + cm1m

= Q R23 then,

it is enough to remark that also 0x
,
+... + 01m = 2

.
+ amm3

Since I can only be written in a unique way as a linear combination of

#
, , ...,

Im this implies that : C
,

= 0
, ...,

<m = 0

that is : E
, ,..., Im are linearly independent



DETERMINATION OF COEFFICIENTS OF A VECTOR IN RY WITH RESPECT TO AN

ORTHONORMAL BASIS

Consider an orthonormal basis X , ,
. . . In in Rh

the for
every

!
= C

,
+ ... &En with d = V .E, .... In E . In

meaning that if I
, ....,

In is an orthonormal basis if Rh
,
there is a quick way

to write the

coefficients -....., an

PROOF

Let Ex, x2 , ...,
xn3 be an orthonormal basis of Rh

for
any vector VERY it can be expressed as a linear combination of the basis vectors :

V = <
,

x
,

+ 92x2 +... + Chxn Where <
, a2 , .... In are the coefficients we want to determine

by the orthonormalityof the basis :

x . x =E

take the dot product of both sides of v = Eaixi with to where Ke 51 ,
2

, ...,
3 :

v .

xk = (Ev = 1 dixi) .

xk

using the linearityof the dot product :

v xk
= Ev

= 1 Ci(xi · xk)

from the or thonormality property :

xi · x =S

therefore all terms in the sum vanish except when i = k :

v = xk = 2k(xk - xk) = ak 1 =

ak

thus the coefficient an is given by :

9k = V .

xk

the coefficient &, , 92 , ...,
an of the vector v with respect to the orthonormal basis Ex,

x2
, ..., xn]

can be quickly determined as :

9k =

V.xk ,
for K = 1

,
2, ...,

r



RIESZ REPRESENTATION THEORER

a function F : R" -> R is linear if and only if there exists a unique vector xER" such that :

f(x) =z - x VxR"

PROOF

= "if "

assume f(x) = X - x for some XERY

we show that f is linear

for x
, y

err
,

f(x+ y) = x . (x +y) = x . x + x -

y
= f(x) + f(y)

for <Er and xert
,
f(ax)= x . (ax) = a(x . x) = a + (x)

sincef satisfies theadditivityand homogeneity ,
is linear

=> "only if
"

assume F : R" R is linear

we show that there existsa unique XER" such that f(x) = x .x

definex as Xi = f(ei) for i = 1, ...
n where ei is the i-th standard basis vector of Rh

forangx= (x
,,

x2
, ...,
Xn)Er

,
x = Ei

= xiei

and by linearityoff
,

F(x) = fixei) = Exif(ei) = Exiti = Mixi

it f(x) =

y
*. x for another vector yo then x . x =

y
+. x XXERY

choosing X = Ci
,

we get Xi = y
,
thus v =

y
*



RIESE REPRESENTATION THEORER FOR OPERATORS F : R" - RM

①
a function F : Rh -> RM is linear=> there exists a matrix At M(m

,
n) called the

representationmatrix off such that t = (i) er
we have : f(x) =A

②
when it exists this matrix A is unique

PROOF

L = "if "

suppose JAEM(m
,
n) such that :

f(x) = A1 Exer
,

then :

Off
,
1 trn

,
f(k+ a) = A(1 + q) = 11 + 14 = f(x)+ f(4)

② FIER"
,
Fer

,

f((z) = A((z) = a(1x) = C f(x)

=>> Eng if
"

we use the fact that :

F = () er" we can write 1 = x
, 2 +... + new

suppose f is linear
,

FEER" we have :

f(x) = +(x , 8 , + ... + xnEn)
= f(x

,2 ,
) +

...
+ f(xn(n)

=
x

,
flei) +... + Anf(en)

= E
,

X ,+... + antn = A

if we consider the matrix A = (2
, ...,

an) = (f(% )
, ...,
f(en))whose colum are given by the

rectors : 1
,

= F(2)
,

. .. . In = flen)

② unigness =

suppose there exist A
,
A'cr(m

,

n) such that VERY
,

F(E) = Ax = A1

it we take x = e , we find :

f(q)= A2 = Gi

f(2) = 12 = 2

where I
,

is the first column of A and I', is the first column ofA

therefore 1, = &!

taking= E
,

we prove that it is Ez = 12 and so on
,
therefore a= A



THE IMAGE SPACE IS A SUBSPACE SPANNED BY THEIMAGE OF

STANDARD BASIS

O f(r) = Inf is always a vector subspace of Rh

② a spanning set for Smf is always : F(2.)
, ...,
f(en)

PROOF

① consider 1
,, "2e Imf

,
<

, <zER

then J
,
Er : 2= F(x)

,
72tRn : 12 = f(=2)

since Fis linear
,

f(c, ,
+ < 2(2) = a

,
f(z , ) + x2 f(zz) = a

,
4

,
+ x212

this means that a. 1, +E Inf

therefore If is a vector subspace of rm

② consider 1 Inf

then JER : 1 = f(x)

Considering the fundamentalbasis.....En of Rh
,

we have that = x
, g +... + Xen

since fis linear we have 1 = f(x) = f(x
, 2 , +... + xnen) = xf(2) +... + xnf(2n)

this means that I is a linear combination off(8)
, ....
f(en)

therefore ((&
,
)

, ...,
f (en) is a spanning set for Imf



T HE KERLEL IS A SUBSPACE

if T : Rh -> Rm is linear then Kert is a vector subspace of Rh

PROOF

let x
,
x'EkerT

,
i . e .

T(x) = 0 and T(x) = 0

for every a
,
Ber we have : T((x + &x) = c T(x) + B + (x) = 20 + Bo = 0

thus
,

xx + Bx' Ekert and this proves that Kert is a vector subspace of an



DETERMINANT OF THE INVERSE MATRIX

for
any invertible square matrix a

,
the determinant of its inverse satisfies :

det(A)= where det (1) +0

det(1)

PROOF

by definition of the inverse matrix
,
A - 1" = I

,
where I is the identitymatrix

taking the determinant of both sides
,
we have det (1 -1

- 1) = det(1)

using the determinantproperty det (AB) = det (1) det (B)
,

this becomes :

det (1) det (A- 1) = det (1)

since the determinant of the identitymatrix is 1(det(1) =1)
,
it follows that :

det(A) det (A-1) = 1

rearranging we find : det (a-1)=
det (A)

this result holds as long as A is invertible
,

which implies det (1) #o



KROMECKER-CAPELLI'S THEOREM

given a linear systemx = b with m equations and n variables,

11 = b is possible vanka = rank (t(b)

PROOF

A = b is possible <=>

7) = (i) tr : Ak = b= )

7. X
, , ...,

An ER : b can be written as a linear combination b = x
, 1 ,

+... + Xn A n
of the

columns ofA< = >

↳ is linearlydependent on the columns of A =

rankv = rank (11b)



CRAMER'S THEORER

consider the system Ax = 1 where A is a square matrix of order n :

① the system A1 = b is determinable (ithas a unique solution) if and
only if deta)+0

② if det (1) #0 then the solution is given by 1 = Ab

PROOF

① if det (1) to the matrix A is invertible by definition of the determinant

the invertibilityof a ensures the existence ofA the inverse of A

for the systemA = 1
, multiplyingboth sides by A

, weget: A (A) = A b

using the property A"A = 1
,
this simplifies to x = Ab

since a"exists this is the unique solution

② if det (a) = o
,
the matrix A is not invertible

,
which implies A is singular

for a singularmatrix
,

the system- = b
may have no solution (if b lies outside

the column space ofA) or infinitelymany solutions if blies in the column space

of A butA does not have full rank

in either cases the system is not uniquely solvable (it is not determinable

the system A = b is uniquely solvable if and only if det (1) +0 in which case the

solution is x = Ab
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