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sets

THE EWBCELDTS OF tTHE SET

- €= belongs
= ¢ = doeww t belorg
- ¢ = empty sek

HOUO TO DESCOR\RE A SET
- A= §abecdz§bc,al

A
- A= §x3 = singlokon d
= Vewn diagram = graphical vepresentation of a sek —>

REWATIOLSHIPS BETULEELD SETS

INCLUS\OD REATIONS\P

- AR = conkained —> if xeA boen x €8 (A‘nsasu)osek.ol’e) 2 A

- Eransitive = Ac 8 (Bsc) —>Acc >3 &

EQUALITY RAEATIONSH\P

- A=B —> éaF x€A Bhen x €8 g»‘\ <R
if xeB,them xea ( B <A

STRICK WWCLUHAON RELATIONSHIP

~ ACB = A strictly contaned w0 8

— ACB can be A8 —> AcR can't ke A =8 (bd def:in’\(;ion)

POUER SETS

- P(A) = sek of all swbseks of A

- exL.A= %(,1,3? —> P(AB" é¢lA, 5‘3 ani?%u%"z}-i'c3?\32'3§

” A conkains n elements = P(A) conkains 2" elements
SET OPERATIONS N S A A
- ANAB = nkexseckion —> (8D OO (@) = ane=s
x: X€A avid x €B L> disgoined

» g A B 4
-~ AUB = Wion —> @ @ ) = AvB=a
x.xeAor XEB A
A Q A 8 -
- Avg= differemce = B e O
RAXGAIXEE > complement w
— P ////,
- AT uvense —> AY= A= U~A4A —> Z K|
Ls a4 B= An BC

> VXEA XEB




A BER SETS

~ natuxal iumbexs —> A= 50'1(2,3, ~-;

= integexs —> 2 = ?0, +4 -4/ +2,-2 3 -3‘....}

- vatiovals > @= {M :m nez v o

- irvationals —> R= § Uz, @, UZ, g —> R~Q

Q is dense buk ot wvtivuous while R is dense and continwous

Oy

\ J
¥x yeQq Brexe is a 1-ko -1 correspondence
Jz2zeq: xc2<y bekweev, R and the veal line

STROCTURES (LR
" operations= x+y | x-y , Xy, X/y
- ordE)r=">8 ‘x:%,x<g\x23‘x5_9 —>
: 8‘|vew two veal nuwmbexs XY gow cav alwaas compare bhem (o\neawd
ovily one velation holdls)
* bhe ordex is a tokal ordex
" x>0 = skricky positive, x < 0= skrickly negakive
* X207 posikive | X <O = vegakive

{NTE RVACLS
- [x‘%] = emdpo\n{'.s mcluded
- (x,4)= emdpoints excluded

- BoVwpED —>
-La, bl = closed —> § x: 2 cxsbh?
(8, b)= gem — $ x:a<x<b?
* La,b)= half- closed [opem —> $ x:aex<b?
- (a,bJ = halk - closed /qpem —> {x:aexs<b?

— DMROULDED —>
i Ea,*-oo) =d°5€C\(U~J’\\f\O-V\M owria)ntla)oove> — I x x323%
(3, )= cpem (unbounded on rigwf:/a)oov&->§x: x>af
- (~00, 3] = hosed (umbbundied on leFt/beLow\~>§x: xza}t
: 6‘00.335@% (umloamded on leFE/deowb—>§x: x<a7?
" (-00,+o0) = ” (kotal)



PET 1LO\TIOL Ot |WTERVAL
AchR, At
Ais called anirkerval if : \/X,g EA, the sek 326Ri X £ %ﬁg; £A

EXTEADED REAL LWE —> R= RU {-00d U §+oog

LPPER ALD LOUER. BOOLD

ASR At+@ =>a number n€R is caiRd an wpper bound A if
n2x VxeA

=>a number neR is called a lower bamd of A
nNéeEx ¥xeA

- A= ek oF all uppexr bounds
T Ag - sekof all lawex ounrds

BOOOTED SET
- bouwnded above (A#CD) it has ak east ove weper boundl —> Jner:
nax ¥xeA—=> A* 436

- bounded below (4 ?d))’i\:hasak leagk ove (owexr bomd = Jnekr:
Nex UXEA —> Ax $0

~ bounded (A*9)= bokh Younded above and below

- umbamded (A#¢)= vot boumded

HAX\HUIH

ACR, A%

andemert x €R is calledy maxivwum of A f —>
XeA

® >A<_>,>< VxEA

HLO\ O

Acr, ATO

amebe/me/nb %éR\S called a wninvnum o aif—>
O xeA

D xex ¥xeA



SOPREH LK

Ac AfD

UﬁcausuprefmuwoFA (supp,) the least wpper boumd of o Bhiak is
SUPA=min AS

iF A \as 2 supremum &S umiqpe

V) §,8),4

Ace, At

we call iwFimum of A GioF A) toe greaksst (aser boumd ©of A thak
S \OF A = maxAg

iF A has an infivium it is ond

A |, COHAETELESS THEOREC
~ Arounded above => JsupA
“ifwax A 3 —> maxA = supA - A bomded below =>FinfAa

“EwminAa I —> minA= infFA
_iFWA d — 3ma)x/-\=3u,pA4—> Sup A EA
T ivFA 3 = Tmn Az infA<—> inFAEA

——t

if A SR is wnbounded above instead of saging Ehak sup A 3 sometimes
we say knak SupA = + oo

(€ ASR is unboumded below inskead of saying thak inf 4 F sometives
we say tnat wfA = - oo

ABSoLOTE VALVE o2 x>0

def. -> V)(e,Rl |x|= —> | x| = distance From xto 0
- X X4LO

DISTALCE

¥x,geR, di?ﬁQ,g\ = \%-X\

M 6HBOORHOODS

Xo€ R

we M noghbarcbosd of Xo avny open boumded interval (3,b) st
Ehat x, is e midpoink

vadius = hahf- length of the neighbous-ioed.



RIGHT LEIGHBOOR HOODS 7
xo=3 [3,3) —> —gww—d
xo ~> L xg,XotrJ votion: 8*(x°3 Evey are poT neighbowrnoads
LEFT LEIGHBOOR HODS

xo=3 (’5;33 —P> | e

xog —> ( xo -V, xoj vickiov B’(x.ﬂ -

LEI6 HBOORHOOD OF +20 = ang cpen umbamded, intexeval (3, +on)
votion : B(+ on)

LE(GHROURHQOD OF — o = aviy open umbonded inkexval (—ob | 83
vokion - B (~oo)

CARTESIAL PRODOCT OF TWO SETS
Qg\ven A8 seks bhen —> A xQ = é(x,g) TXEA Y 653

R* = RxR = i(x,g) T XER YE a%
L> ordexed paivs —> (\,S\ + CB,A.\

X\
V\QE\O\’\ S ﬁ.z ()‘\l ””” 'Xh) = (; )CO\M/Y'V\Y\

X

STROLCTURES 10 R

OPERATIOLNS
T2+ = gum= V_)g’- (K,,H...,'xh} \ 87— Cg,......gyJ éR",
5“"_6_:(’(:*8("””’(\0*'6") € Ry
PROPERT \ES

" commubakive propexky —> ¥x W ERY X 4¥ <4 ax

* associakive ?(op@(tg — Vﬁ‘il_%_é,a“, (Z‘_*i)*;—: )_\+Ci¥z-.3
L'>->—<-+.§. r 2

X+40 =X —> o = (o,,.-...,o>

s yxerh, J8-= -XERM — ¥x ] OpposiEe —x —>z*(’£<_\)=2

- A X = produck s@\ax bimes vedkor= ¥ x = (x.....‘xmﬁ éRh,
Vo e R, aa X = (otxy..... ocx ) ERD



PeroferTIES

* digtribukiveT= Vo BeR, Vx ERT, (o+B) x = oxxt pgx
* digkribukive T = Vo\éR V.’i.géR"‘ o((x-&-g}- OR tongg

‘ assodiative = Vo fe R, ¥x & RY, (xB)x= o (82)—> «u
‘4 neulcfalfovvedcovs- ¥xer", 2x=x

LIAEAR (OICBLLATIOS
Yo, B eR, ¥x, 4 €R", xX +BY ER" —> Vo .. x,,ER

h
V2, ., XmeR
>I’(lx\ t....+ D(W\Xmék
(
Y4

is caid bo be alineax covmbinakion
and &, . ... %y are e coefficients
of &e lLinear combinakion

|WAER [ SCALAR. PRODLCET

xog= ¥x= (x,0x.), 9= (9,.....9,) €rR", 2y =
X1yt ot Xn Y, ER

PRoPEQTIES
* coomukakbive= Vx4 €R" x4 = g x
. d;g&r\bwcwe-v.’s.l.?.é?\ (x-8)-2=X2+4+2
- assocskive: VxeR, Vx,9€p" (ax) 4 =o0(x8)> ax-y
h 2

* Yioy- wega(:wa(ud = ¥x=(x..x,)€ Q

OADER X, £ 4,
- Xed (m‘sUE)r'Bhav\oreqan) Vx, 8 er” 224 iFZ

ll\

L}

_ aval ak (egst on
5-<i(§4maU£)r)= ¥x 4 e R x <Y if ZSX P oFb(nesew)eqe

is < (smallex)
X L(‘('

»x<<q(8{:hﬁﬂﬂwaug)(\ Vx qeR” Xeccl \Fé

xma Un



I PTERVALS —> COUVEX SETS
TR—> AcR, A$0d is avn interval if: ¥ x,q €A Ehe segment with
end powks  x, y is €A

- RZ—-> ‘ covIve x b = nok convex

- r? v Z convex

- R'—> Viow can we define a segment n A" u‘ Brexre is vio 890‘0791:\'3 Z
we wust give a pweely algebraic d.e&m&.\@a

= ot convex

SeerEnT 10 R" def. = copsider x, 4 € R" we call segmevk wibh

endpomts X, 4 e sek of all 2 ¢r": 2= ax+(1-e)¥ Ozt

v

convex lineav combinations X, %

also: *X+BU —> 0 <& x4
ocp<cy
XAB =4

covvex sets= RM= ACR" A#¢ s a convex sek if Vx,y eA the
(egment with emdpoivks x , 4 is € A

- R= intervals

T RYR3= “geomebﬂc" convex seks

- w>3:= khe (0\"”’81, algebvaac,a’og(:\'ad: hokioy Of convex seks

ORI
R"—> Vx = (*»-~-~><06R“, l1x1)= Oxz*.-,-,xf = U&gg —>

h=23—> Uxl= disk(x,2)
W=l —> 2 =x

Uxil=Uxz = (x| = digk (x,0)



ProOPERTIES

- Y)OV\*V\@aak’\v’l‘caf- VZ‘.&Rhl (I X\l >0 a\(\A WXl =0 ¢—> x =0
“Nexx|(= VxeRr , ¥x€ERY e x| =l X]|

= Cauday - Sdnusark inequality = [x-al= Vx yer ESA R B
~ friangle inequaliby=|lx«u(l= V2 Yer [x+4(l2 Uxll Ll

vt vectore= X €R all= 4 > % x =4
OATHOGOMAL VECTBORS= % Y € R“‘ X-4Y=p0—>2214
ORTHOAORHKAL USCToR. = X 4 € " —> orthogonak+ umk

DISTALCE — EU CLIDEAL D\STANCE
R—> digk (%,4) = [U-x

Rv”‘> V’L’(x.u..,)‘n 1i:‘((fl~~~ ((h)é&v‘l disk (7-5-n£'(—3 =
WL-21= 0cq,-x)2+ *4n- xay

ProeeeTies

- syometry = Vx wer", d(x,4)=d (4,2

- now-vegakiviky= V& 4 €A d (x,4)>0 and d(x,4)=0e> weos
- briavgle- ineqpaliby= Vx4, ze ", d(x,2) e d (x 1)+d (&, 2)

e 6 H BOOR OO

R > apeighbowrhasd By (%0) of xo € R is aky qpem bounded intexval
sudn Brat X, 15 Bhe wmidpoint = (xo-\’, Xo * r)

Buk if we wank o generalize it to R", ik is bekex if we firsk try amd
Eransform i€ into an equivalent defwitioy, —> §xeR:d (xo,x) v 2

P\“—>\7‘§°é\Qh‘ a vxeiglnbourhogd of %o isany sek : By (’SO\ £
Z’—‘—eﬂhi&(’i\’—‘—e\ C‘f}

POs(T\ows OF X o ér’ w(v 7o A cr"

\DTERIOR POIOT

ACR, X €R" —> Xg isan intexior powk for AVF 3 a neiginbouwraad
8(xo) = A



EXTERIOA PO\WT
ACA” | Xo ERY —> X is am exkerior point forAif 3 a neighbourhocd
B (2o) CAC

BOONDARY POLT

ACR"  XoCR" —> Xoisa \90‘”“3\3’\“3 point for AiF X, is viok ivterior
and. ok extexiar thakis if => W neihkourhood & (%0), B () NA#G
E)(éo\n AC#@

CATEGORIES OF SETS A € R"

OPEL SETS

ASR" =>Aisopem in R if ¥X,€A —> Xo intexior pownk fora

W R, eveiy gpexn inkerval is an open Sek buk thexeake opev seks whidn are
ok intervals —> whem we say ak A's opem we axesayingthsk ac inkA
(A=R" iscpem uhem A =inkA—> A conkains all its boundaxy eoints = Aisclosad )
CLOSED SETS

A R"—> Ais closed in R if V Zo boundexy pink for A — 2.€A

in R, every dosed intexval is a cosed sek buk Bhere ave closed seks
Whida arevict inkexvals —> uhen we say thak Ais losed we are saying thak
AcA (AR s closed whem /‘\:=5—>Aconta’m8mned‘€€sbuwda\»apd\vls=Aisoe%)
—t

™ if A conkains only 8 part of iks boundaxy poinks then A is veiher cpem vor
Jdosed
- only R aind B are bddh opem and. dlosed

BOLLDED [ UOBOLMDED TS
~ ASR” —> A's bomded if 3 3 neighbosrbosd 8 (o) sudh thak ac(e)
- ik 1](;\0@(\/&'\5 umboumded

COXPACT SETS

AL R" is compack iF ik s desed amd bcx,wdeci in R"



ISOLATE D ALD LIXAT PO\OTS

ISOLATED PO'UTS

A CPN, 2o e R —> Xois anisolaked pownk Foraif >0 x e A

* X, intexior—> cannok be solaked ® 3 a neighbouriod)
" %o boundaxy —> maybe or maybe nek isolaked B(xo)NA= § Xo$

C\UT POYTS
AcR" x, €R"—> X015 a limk pownk foxr Aif —> A4 veighbaurhoad B(éo)
Tx # Xo -2 € 8(x:)NA

REHARKS

- X, wnbrioe —> X o limik poink

~ %o bowrdaxy —> maybe oxr maybe vk limik point

~ Zo oundaxy poink, 2, €A —> Xocavn be eter limit poivk or isolaked
oink (ot Yobly)

il V.9 boundax% vk Kok A —> X wwgt be (imik gotnc

T gvenasek A C_n“,ffneset of I Bhe Limik points o Ay called the dexived\
sek demoted \93 A

T AsRisdosed if AS A



theorems and proofs for
structures



DOUBLE CONPLERELT

Y umivexsal sek AL, Vsek A € AL,
(A)* = A

ProOF

For tuo sebs A B, the daim thak 4=2 holds equivalertly bs bhe daim
Ehat both Hle relakions A< B and B A hold by definition. Thexefore,
foving that (A<) = A lholds's equivalent bpmviwa thak both @) ‘<A
and A < (A9) hold.

So, (A‘)< CA,

Suppose we take agenexal element xe (Ac): By defivition of
complermevt sek, Emis means thek X €W avnd x¢ A (Lsing the def.
of comp\@menk sek agaiv, this means thak x €L and x €A, whidn
proves tnak (A) <A .

Ac (A"

Suppose e take 8 gevexal doment X €A. By def. of complemment
sek, Hais vreans thak x €W and x ¢ A°. Wsivg the def. of comptement
sek again phis means Ehak x € anel x € (A°Y, whidn proves tagk
A < (a°)S.

Thexefore ,(A‘)C ZA.



OE fORGAN 'S CANS
Considex L umiverse , A,& S AL
[AngIc= A¢ pBS

PROOF
We first prove that LAang] e A<L B

Vxe Lane] = x¢ (AnB) —> x¢A or x¢ B —> X€Aor xeB°
—> xe (Ac0B)

Them ue prove Hhak A€ OB E_EA/\BJC.

Vxe(ﬂ‘oac)—> xeAf or XER® > XfAoc x¢B —> x¢
Langl— xe[Aang]

Thexefore, L 4ng] = Acyg®

Covsidex AL umivexse, A B < UL
LAuB] = A°nR®

f RO
We First prove thak L A0LBIT & ACA B

¥xe LAave]® — x4¢ (AUBB —> X¢Aorxée—> xEA or
X € BS—> xe (ANne)

Them we prove thak AN B < Caugl®

Vx e (AABE) = X €AC or X ERT > x4 A o¢ x£8—> x¢ (AuB)
— xel[por]"

There fore , [ ave] = A 8



VDMI\QULELESS THEOREN TORTHE HAXirause [/ MruuX
AR A%

iF A has a maximwm, 1€1s unique.

it A has a miivmum i€ is uviquue

PAOF

S(Lppose X Xz Are maxivuum for A , this means @nak .
© x, 1 X, EA

@x, >x VYxeA (K, 1S3 max\m/m)

®x,>x ¥xeA (%, isamaxionum)

These condikions imply that

X, > Xy and Xz 2 X, —2 X =X,

3F & maximun exigs Bhen ik is wnique.

Suppose X, Xq axe minimuum for A4, Bhis means Khab
@ X,,X-,_QA

@ x,¢x (X‘ [T min\rrm/m\

® x, £x (xg is 3 Winimwm)

These condi tions imply thak

X, £ Xq andl Xy & x, —=> x,=x,

TEa minimuwm exitks them it s wnique.



CHARACTER\ZAT IQU FOR SUPREIWK v F\rewIt USLOG CEFT/[RIGHT
ALE \GH BOR RCOD

considex A SR, 3 ER, then-

a= supA e (ifand OnCv&i‘:)

O a>x VxeA

®VYes>o, I x c¢A sudn tuak :

x e (arel all

peooF
if a=sup A ,® ;s satisfied

lek €¢>0

swee Srpr(a\ > d-€ fhe poink a- & isvnokan wppek bound of A
Bherefore Bhexe erisks xeA Sudnknat x>a- ¢



TR\ALGLE \AEQUALNTY
Vx 4 cet
(e ([ < xl+ [14]]

PROOTF

since all s of (:‘neineqpau(:% Hisk ve have to prove axe o, bhe ’\ne:w,alib.k
brak we. hawe o prove. is equivalent ko
Ioxe i e ()l (ug)?

Evak is-
ik ea ® e (] 2\ 100+ 2 1 x00] 1

blak is -
(5&.\(’5*5«_) £x-x4+Y4-4+2 ”’—‘\\ Jwll

Ewak is:
x4 (= (ryey

but Caughy - Shwaxe inequality fortne vorm guarantees Binak:
¥x 4ece
[x-alellx](-(la

and sivice ik is x4 2 |24 we immedialdy gek the vequired. inequaliby:
xwe [ = ug



THE PUTHAGOREAL THEOQREY (L R"
given x, géR
if x-g=¢ x=0 then “XN“ =[x % [l

2

PRooF .
PR (e N
(= -t(d\’ (K&g\ -

Il xn2+ xoq\‘q-x*((((((z T>
Wxg + (g U



ALL ALE(GMENRHOOOS ARE cPen) SETS

Pecor

[:a\)(e éoeﬁw

take a vma‘nbor\nooo\ BiC’So\) n R™ wibh yaduus €

Eake ang X e6€(§o) .we 1ave ko show hak X is interior for Se_Céo)
we kviow dise[)_(,fo)=d<€.

cons dex avy wwmbex ¢! sudh Bnak:

oce'<e-d

vow kalke the neig’n‘adrhooc\ Be' (%) Wi vadius €' - welhave tokuow bhak
e (2) € g (50)

Hoen:

d(t,x)ed(t,x)«d(xx)<eedce

0 L € Bylx0)

ffis proves Bnak B¢ (<)< 8¢ (<o)



A SET\S CLLOSED \F ALD QU (F (TS COMAEHELT SET \S OPED

P ACOF
Stppose A is closed , X € A€, x not Umit point of 4
3 3 veighbourhad B(*o) sudnbhak ane (%0) = & , sedn khgk g(xo)c A

=> xink A° = A open

suppase ASis opom, x limik \aointcf A => Vweig%\bcuk‘qu of x cokains
apoink of A = Xyot It AS => AScpen = xeA => A closed



A SET IS CLOKED \F AUD OULU IF 1T COUTAMS ALL\TS LT POVUTS
A closed ¢—> A'c A (A'= sek of all it poivks of A)

PROOF
A closed | A=A
A=AUA => A=A = AUA',K A'CA

A'cA =>A0UA =A buk AUA'=A bBhem A=A => Adosed



€ 1s a funckion when for ey
elemeont of Ehe domain i€ exisks

S A—> B
F l_A\I_X L—\—l a umique elemevkt n 8 “in
A4 v E relakion” with the element of A
domain codomaw F)
&

T y-= F(x) — g is the_image
of x (inve)rse ima€e>

~ an element xeA always has
e\'aclzbd ove image 3=F(x)

~ range= swosekt of F(A) of Ene codomain
the codomain of tne Fwnd:\oh)

F: A—>B
REAL FULCTION OF QLE REAL VARIARLE
C:AcR— R A&R:doma’\h x l [ €
| Tl
B=R =codomain
A B

any law F that assocabes elements

X €A and elements g €B sudn that -
VxéAEl!géfR suda thak 3=F(x§

23 (exkfne)r Ehe image or

~ bre domain, oF 3 Fumction F: AR —>R is asek AR —> A= (R
AcCcR

> nakwrak domain = the \argest suwbosek A < B on ubida bhat

Fumckion can be defined

- the codomain of a Funckion F: Ac R— R is always the sek R

- the range of a fumckion F: A<lR—R is asek F(A) <R —> £(a)=R
F(A <R

~ a funckion F: A <R —> R can aluays be represented in the cartesian

plane xOg wikh iks caxtesian grraph —>
graoh (F)= § P= (x,4) sudn thak xe A, g =F(x)?

OF:A—>8 = subgeckive —> F(A): )
~ every element oF 8 ik's Wik at leak oce
- ks graph intersecks @xexy horizovkal (e ak least once
Of-aA—>8 = inJeckive —> Vx, 4, €A, x,tx,—> F(x) # Fxy)
~ vo element YEB is used wore Bnan once
~ ks graph inkexsecks every horizantal line at most ovxe



® f:a~> 8 = bigeckive = itis both ingeckive and suhogeckive —> enery
X €A hiks onlyone gEB and every yEr's it (ak mosk once )

REAL FONCTIONS OF OLE REAC VARABLE
FrAcR—> R 8=F(x)—>ex. y=x* q=0Ux,..
domatn  co8Rmain
REAL FONCTIOOS &F N REAL VARIABLES
f “Acph —>R g € (2&) —>ex. F: (X' \ xz,xg épf—h(”“ tX, xg €R
VECTOR FUDCTIONS OF V) REAL VARWWBLES
FracR— ™ u=F(x)—>ext:(x,x, x)e’— (3,\92) =
(Xl'z-&)&g \-);Z 3) ERZ

X, + x5 (X3

a fumckion uhidh is construcked with kwo or miove “pieces” bhak ave
a\vead:.a kwowy fumckiovs

Xz X< 0 ‘ I X x>0
= = |X| =
& 8 X+3 x>0 g -x Xx<o

Suwppose F:a—>8 ( grc—>0D

iF F(A) < ¢ we can define Ene compositiovw Funckion gof - A—>D as:
(30F)(7\3= a(i_(/’(“ Vxecna

gof means twak we First spply Fand then g

OPERATIONS Wit FuwcTows
- sum —> E(x) + g(x\
- produde —> F(x) - g (x)

f:A—=>8 wesay fis invertible on A if thexe exists a Fumckion
£ F(A)—>A (vok necessarily defined ou all B) wchis said to be
ivwerse fumckion of £ sudda Bhak —> ( F'(F(x)) =x Y xeA
L> needs ko be ingeckive é
E(F () == Yxef(a)



O F BovwLPED

£:acr —>R is bourded f iks range £(A) is a bounded sekinr —>
obkhexwise ik is VLRV LPEP

= Yomded below = if iks vange Fla)is bomded only belaw in R

- boumded above = i F iks range F(A) is bounded only above in R

® f (wcreasive

f:ASR—>R is called wcreasing If Vx,x, €A, X, >x, —> F(x)2 F(x2)
f sTALCTLU WEREASIG

F:Aae a— s called sExichg noreaving  Vx 1 xg €A x| > Xxp —>

F(x)> £ (x)

® F pecreASIOG

f:Aace—w is called o\ﬁcreasiwa W v x,, Xz EA, X > X, ~> F(x‘\ s F(xz)
f sTalcTLY vecrEASILG

(: A SR—> R is called S’C‘C\ckbé dEC)PeSS'lY\g i Y2 X €A X, >x¢—>

F(x‘\ < F(?‘z\

@ (: HOIOTOAE
FFoAcR—>R s increasing onall A or ifitis decreasing onalla —>
monokovne on A

F stave T4 yovoTare

WFF.-Ace—w is jcricl:gb\wcxeasmca onall A oc\Fitis 5tric.k(5 decreasing
onalla —> sbc\c\:l;é monockove on A

take f:AcrR—>R | x. €A

we say that x, isa global maximizer (ora poink of global axiadund) For

£if-F(xo)> E(x) ¥xeA —> F(xo)iscalled a global maximum

~ bnexe can e wavng global maximizers (max F(x) xeAn)

- bhexe can eibhex be vone oce one geo\oal NAX\ AN (awa max
F(XNxen=3x.€A:Fxo) = max £(x) xeAl)

STROLG GLOBAL HAX NI

kake f: A S R—>R, x.€4

we say thak xq is a skrong global maximizex i f (x0)> F(x) vxen 4 xq



£(x0) isalso called a skrong global maximeum

SOPREIINE

swppose 3 funckion fis boumded or ak least bovvnded aloove

by definikion & means tnak bhe range f(4) s bonded aoove

Enis does viok imply thak e Fundrion £ has a global maximux

ik \mnplies thak ik has a supcemum —> sup £ = sup of the range of F

take FrAcR —>R | x, €A
(oe say thak xo 1s 9 gboba\ mMivimi2ex Co‘r a poink of 8(on m\‘oimumb
-or F if: F(xa\) < F(x\ VxEA —> F(x& is called a 8(Db81 minivuwm
~ Boexe can be manyg global mivimizexs (m’\w F(x) x eA)
- bhexe can eibhexr be nove or one global maxivmuwm
(awa‘m\\n F(x\ XEA = é X EA: € (xs) = min F(K) &éA})
STROLE GLOBAL IUOIUUT
take f:acrR—R, x,€A
we say thak x, is a skrong global wivimizex WF Elxo) <F (x) v X EA
X % Xo
f(XoB"\s also called a S(:\'ows 360\061 minivvuumn
VOF\ HUOIC
suppose 3 funckion Fis bounded or ak least bowvnded below
g definition ik means tnak bhe range f(4) 1s bounded below
Enis does ok imply tnak the Fundrion £ has 3 global minivuum
ik Wwnplies thak ik has 4 minimumm —> inf £ = ivf of the range of F

foAcR—>R | x.eA

%o s @ local maximizex (o*ra goint of (ocakmax\w) for FiF 3 a
neiglaoourinood 8 (XO) suchn bnab : E(x,) 2 F(x) vxe B(xo)nA —> F(xo)is
called a ocal maxwmwm

- 81.0\034 wa Xim (28 <—’—L> local maxiom zex

STROLG LoCAL HA X\

take fracr—>wr, x €A

we say thakt x, isa skrong locak maxivnizex \f F(xo) >F(x)

Yxe B (xo)NA x4 %,

F(xcb is also called 2 SE«)W% local axivuwm



E:ASR—> R, Xx,€A

Xo 83 (oca) minimizex (ora poivk of (oca) m’m\mww\\ Fox £ if

3 a veighborhood 8 (xo) sudn tak: £ (xo) < (x) vxeB(x0)na —>
((Xo\ 1S calbed a local mivimum

- catobal i shidex] Zh local minivnizex

STROLG (LCAC UMLK

take f:facm—>R, Xo€A

we say Bnat xo isa skrong Lol mivimizex if F(xo) < F(x)

¥ xeB(xo)NA, x ¥ xo

(‘(xo)is also caled a .sbrovg local winiyum

WpPVvEX —> \J A
F:facr —> R, A inkexrval

. . . . e\ / Y
O Fis serickly convex if: Vx,q €A sugposing NoZT | s

gou call P, @ the correspording poivics ow R
the cuxve , the segunent PQ is Wighex bhan R
the curve

® f£is coovex if: ¥x yea suprosing you call t?\ﬁ/
?.Q bhe covrrespondivig poivks f : e
p— ! '
o0 ke aurve, the segment ¥a is viok e w2

lower han Bhe cwve

CONCAVE —> /\ N

F:Ac_k—>k,A'm‘<.e)cval ; o
OFis s\:vu.&ty Coneave if 1 ¥ x, y & A supposi ng ' i Sﬂ:;i\"ct:ve
you M P, 6. Bhe corresponding goints on

Ene cweve , Ehe seqmevk Pa. is lowexthem O

toe cuxve T

® Fis concave '\F:Vx,qu SUpposivig you M RN N OCAVE
P.Q bhe correspanding poinks on e curve, " !
Be segmenkt PG is ok Lowex Phen be I e

auwrve

AFFUE = Fis convex and covicave



STRICT(Y ComVEX

f:ACR—>R A interval

fis ¢kri c.hbé convex o AN

V)\'qe/\ XFY, Vi 0cox<d & £(x) + (\-o()(Fq) >FLax+ ((-o&)f-(]—>
bre segmevt is higher thaw the curve

coVEX

feacr—>R, A inkexval

¢ is convex ow A if:

YX\yeA Var-0<2oxé 4, F(x)+ (\-) 5(33 > Latxs (\-0‘) L{] >
Bne segment is ok Wighex Bhav fae cusve

STRICTLY comncAalE

f:Ace—>n, Aintesval

fis skrictly concave on A if :

Vx Q€A Xx#y, Yo:0>x>4, x €(x)+ (4-o<)F(ﬂ(\< F[gxx'«(i-osiij"
bhe segent is lowex than the aurve

o LCAE

f:AcR—>R, A interval

Fis concare on arF:

Vx4 €A, Va: oxead, ab(x) ¢ (1) f(y) ¢ F [oxx+ (4-)¢ ] —

Bhe segiment is viob lowers thav ue auve

F:AQR—N{' A wnkexval
@ ifFis convex om A bhen: xo is a local minimizex > x; 152 glova) miviwier
@ if Fis concave on A then: xo 15 @ Local maximia®r 2> x5 158 global waximsey

bOHAW = A CR"

COODHAIL = abuaads R

rance = F(A) er

nATURAL Doreal = the largest passible domain A <R on whida f can be defined

tever auries Gustead o 3 B’rapbs) -

T givem a suxface y= f (%1% we k3% wibh hovizonkal planes ¢ =k and
we vepresevt khe Yorizonkah slices ¥nakwe obkain

- givew a fumckion f: A< R*—r~ we cal lewel cerve of height k the cwrve



{(x,,x,_)éA : F(x‘,x2)=k§ = (F=k) <A
= givem 3 fumckion y= F(x.,xg , buo difFexent lenel cuucves (F=k)awd
(F=K2) camok have ikexackions —> (Fzk.) n (f= kz§= o)

otherwise Hhexre would be a poink (xl | %) sudhn Bnak F(x,,x2) =k,
F(x,,x) =Kz . wikh Kk, £k, —> impossible since Fisa Fumckion

givem a funckion f: A R"—>R we calk level sek of height Kk fhe sek :
§ (xrpoxn) €A 2 E(x), g ) =k §= (F=k) cA —

- n=2—-> leve)l cuwrves

- v >2—> diffialk /impOSS'\\)\e ko visualize

-w=d—>F:AcR—>r, $xeA FLO=K3= (F=k)c A

EXANPUES 1IN ECOLONICS ,
® Gobb- Pouglas fumckioa —> y= Ux,x, = x,* x
- natuxa\l domain = x, 20 Xz20
~ ravge= Y20

S

2

- “nt *x « 3 X
3e.nexal~".-w~8 —> Q= X, 'Xo b =>Y= x>y
L> X, %, >0; L> R ... .xX, >O;

X, 4k, =4 Ly .ty Td
— oftev used as av exawple of ukility fumckion

® u)cth(:g fumckion — any Eunckion W (x,,..... x v ) defined Vx,,.., x 20
sudn tnak we canuse it to sag that the veckoyr x = (x.,....,x,_\l:a
bumdle oF goods ] is prefexved bo the veckor Y =(y,, .....,g,_)[anohhex
bundle of goods I n(x)2 n(4) [the wkiliby of X is > Ehe ukiliky of4]

- for an w(:'\m:g Fumckion n(x,,x.) its lenel cusrves ave calleds its
inditfexrence cuxves

£:ac—>a is bomoled i€ iks range £(A) 2R is a bounded sek in R okhex wise
it's umbounded

GLOBAL HIv\HA
f: Acr"—>R, x,€A

Xo i858 g(oba! minimizer for £if €(xe) e F (%) VxeA—>f(x,) is



caUecl 8*(0\031 mintT
STROLG M\ IO
a point cfgbobaX wminivum X, 1S S&\‘OV\S i f(’_(os < F(’-‘J VXEA X $¢x

GLOBAL HAX\YA

facr"—>r, x,ecA

Xois a g{obaA maximizex For Fif Fxo)2 F(x) VxeA — F(xo0)is called
%Lobai ma x\ymum

STRO VG HAx M

a poink of global maxivuwn X is S’bﬁmn% i€ F(xo) >F(ﬁ) Vx EA X ¥x

U/ 1%
For @ Fumckiow F: A2 R" —>r you cav also define swp and inf —>
Enery axe gusk the supavd inf of iks yange F(A) uen tey exist

LOCAL HAX) 314

f:Acr" >R, x.€A

Xo 15 a2 local maximizex (OY‘ point of (ocal) v)\ax‘\wu.wD for Fif 3 a
veigh bor hoodh 8 (x0) such bhak F(x.) 3 F(x) VxeB(xa)nA = Flx,)is
called local waxivvuum

LOCAL YULINA

F:Aac"—>Rr, x, €A

X, is a local vminimizer (ov pownt of (ocal mih’\wwm) for Fif 22
veigloborhaod 8 (x0) sudh bhak F(Xo) £ £(xX) ¥x € B(xNNA—>F(xo)
is called local yrivimenm

F:acp"—>R, A convexsek in R (3@@3&4&3&\% of interval)

O Fis strickly convex on A if :
Vx,4€A, x+Y4 Yo:0cxcd > Ehe segment s highex than
of (x)+ (\-u}{(‘.‘.} >fFlax~ (l-o<> L (:hearaph of F(x)

® Fis convex on A Nf:
VX, 4€A, x+t8, VYr:0x2d ]__> Ebese‘amewhismh(owﬁoah
o E(x) 4 (1) £ () 2 F Lo s (1-a) 4] Bre graph of £(x)



Of s s\:\ric[:[.g covicave on A if:
Vx 4€A, x+9 , Vx: O>x>4 J_> tre segmevt s lowex Enan the
ou‘(é\*(7-“)f(ﬁ)‘F[o<>.S*(‘-°‘)ﬁ] grapn of F(x)

® £ is concave on Aif:
Vx,ueA, xt4 Va:o02x2>1 the sequment isnok higher
o« F(x)+ (1-2) £ (1) cFLotx + (-4 ] ]_>E)na\né\r)e graph of F(x]

f:ccr™>n (c=convex set)

UPPER. CONTOOR SET OF LEVEL Kk

(%, x Ve (%, xa) 2 RE = (F2k) cc

OUER cOTOUR. SET OF LEVEC k J‘> (£=K)- (Q k) A [ka)
{(x,,...  x)ECE(x,, .. %) e KS =(F <k)ec

—

~ if Frcep"—>R (s concave —> all its upper contoux sets (F2 K)are ane
- if f:ccr"—> Ris convex — all iks lowex contour seks (F£ K)ave wivex
© suppose F:ir—r s stricky monokone Csk—xidc(:é inoreasing o strickly

decxeas\vB) Ehen —> O all iks upper conkour seks ave convex

@all iks Lowex conboux seks axe convex

vegavdless of the fack that Fis concave , convex or veither of €nem
- all concave Funckions have convex upgex conkowx seks buk the converse is
DIVERS(FIcATIOU PRWc PLe (UX \LiTU FLLCT 100)
if tuo bumdles of goods x, 4 €C ensure s certan level oF ukiliby then ang
convex linear combination x x + (1+a) 4 of themn Wil give ak least the same
u.)c'\(il:(d —> M(Ssﬁk, ull)2k > ¥<x:02x ¢t , alox+ (:-a() 40>k —
all the wppexr conbour seks of khe ukility Aunckion have to be covvex

o a fumckion f: c cp"—>R is qQuU3asi-Concave if:
Vx,4 ec, Vo: 0zt Flaxs (ca) U] > min 2elx), F(4)2
® a funckiow F: ¢ SR"—>R is quasi-convex if:
Vx,bec, Yo ocogs, FLxx + (1-e) 8] < max § F(x) F(2)§
@ a Fumckion F:ccr"—>R is skrickly quas) -concave if :
Vi dec, ¥r:ocxcy, FLLx4(Za) 0T > min § Flx),AH)]
@ a funckion F: Ccr"—>m is stvickly Quasi - convex if:
VX 4ec, boui0eey, FLax+ (i) 4T <max $F(x), €(4) ¢



—
take the Funckion F: € €R"—>R then —>
- f concave —> f quasi- concave
- F convex —> £ quasi - covvex
~F skrictly concave —> f strickly oyuasi-concave
-f skrictly convex —> F skrickly quasi- convex
—
suppose (R —>R s strickly monokove ( skrictly noreasing or Sbricklyy dmmxivg)
—> O fis skrictly quasi- conxave bherefore also quasi-concave
@ fis skricky quasi-covvex thexefore also quasi- convex
veqard (ess of the Fack Enak fisconcave, concave ox neithex of Ehenvn



theorems and proofs for
functions



A HOLOTOLE FULCTIOL \S LI\ERTIBLE |F ALD OLLY IF \T \S STRICTLY
YUOLOTOLE

an inarsasing fumdsion f: A2R—>R is skrickly increasing i f and only i1
f(x)= Hg) =>x=y ¥x4é€A

Bnak is if and only if itis ingeckive

sl:\-ict(ﬁ vionokone Fumckions are thexefore ngedsive ard ase invextible

PaoOF
only if => ek £ be skrictly incxeasiwa and aswume by contradickion thak
Elx)= 9(33 for some. xty ard assume x>g

since ¢ skrictly increasing Elx)> Fly) should hold however Bis
conbradicks Bhe. assumption bnak £(x) = Fly)

Brerefore bre assumpbion flx) = £(y) for x + 4 is false whidn implies x=4
hemce fis ingeckive

W => assume €is incxeasing luk vokt sbr’\c.b(.g noeasing avol ue awm to
daow Hhnak €(x) # £ (y) woen x3y
leb x>y anol by increasing vonotontcilty ue knaw €0 2€(y)
iF Elx) = F(g) ingeckivily (F(x) = tly) => x*-'a) would wnply thak x=y
cowt.\'adi.cbmg Bve assumpbion bhak x> 9
bherebore €(x) > £ly) proviug the fundsion is strickdy \noreasing



STRICT XOLOTOMNICITH 1S EQUIVALELT TO AL ORDER (SOrORPHISIE

8 fumckion - AR~ A is skrictly locxeasing if and only f <2 ye=> flx) > €(y)
Vx.yea

PRCOF

o see woy ue can replace => uibh ¢=> it is evough ko dbserve thak fora

sbriclly inoceasivg and so inexeasing fumdkion £ ue have x24 =>£ () 2 (y)
Vx,y EA



A AX\MLER 1S STROOG ITAUD OA (F \T IS VLIQE
f:acr->r cea
Xo € C if Flx)>F(x) vxec K x3xe , xo= sbrong maximizer

PrROOF
suppose there exigk kup sbrong global ma ximizers = x, .x,
Flx)> F(KQ => F[KL)M’:(»Q => X=X, (Bﬂe point ksu.miqp-@

A FUO\KUAZER (S ARG T ALD e (F TS LO\QNE
f. Ace—>r, ccq
ko€ cif £lxo) ¢ F(x) ¥xea , x4 xo, Xo= Shrong mimmiter

PROoOF
e Hre exist two erony oRobal minimizens @ X, Xz
Flx,) « Flx) => E(x)<F{x) => X, = X, (bre poivk is umique



PRESERVATION OF MAXITU 2ERS/MUDIHAZERS W iTH RESPECT TO
STRICT(LY \WCREAS\DE COX POSITION

lek g~ BeR >R bea s{-x(ctb& nexeasing fumckion with Tmfce

the tuo optimizakion problens

max Fx) swbxec and max(gof) (x) subxec

are eqquivalent meaning Bney have Pre same solukion

PROOF

since g sbrickly inoceasing \ug skrick vronotonicty being equuivalent to an
ordex isomorphisim ue have szt ¢=>g(s)zglt) Vst & Imf

Brus Ffsx) ;F[bg) 2=>g (FN 2 glFly) VxyeA

bhexefore ¥x e ¢, £(3) > €lx) <=> VY ec,(aoF)(SZ)z (aoé)(x)
Buis proves Bhak a veckor K € ¢ golues Vnax E(x) suhs xec i€and embéiF it
solves méx(goF)[x\ Sulp X €C



FELCHEL
given F:c e >R, A convex subsek , f concave
(f Xo€A ikisa (ocal maximizex => global maximizey

PRooF
iFx, = local maximizer ,Hhen Ya Vleiahbow\'lood Be (xo) => F(xo)z £(x)
¥ x¢€ B¢ (x‘,) =3 X, -‘gl.oba( masimizex

suppose Xo * globak maximizex Enex Wy €A sudnthat £(y)>F (xo)
since f concave ¥t€[o,a] =>

F[l:xo *(l- Q%j?_ £ F(xo)-r (l-é) F('j\ > {‘.F(Ko)-t(\—\:) F(xo) > F(x.))

since A convex =>Exg + (\-Qg €A Vﬁeﬂo,il

brov Tt € R st brak:bxg + (1-O)y € B¢ (xo) ¥k e [E', <1 =>
Vbe[t‘,i\,FCtxc-\' (- E\«d-] > F(x0) = thexe exist points of Bg("o)
Whexe F(X\>(L(Ko)

Bois conbraddicks £(x0) 2 Fx) ¥x € Belxs) =>
Xo = gloval maximizex



CONCALE FOLCTIONS HAVE COMLEX VPPER CONTOUR SETS
if c=r" >R isconcave bhen all its wppex conkour seks (£ 2 k) axe conve x

PRCOF

given K er lek (€ 2 k) be viovi - emmply (obreruise. bne resulk i obvias because
seks axe brivially convex)

lek x4 € (£2 k) amd « € [o,(]

by Hee. concauiby of F: F(wx +(t—o<\33 > o« f (x)+ (1-o) Flg) >kt (1-x)k=k

bhexrefore « x -l-(\-o(}‘-éé (£> k)



OLVE> FLLCTIONS ARE BUAR - COE X

¥x,y€A

Flaxt (1) yJe «Flx)x (=) F(y) i€ F(x) > Fly) bnen
& E(x) 4 (1-0) F(y) ¢ « Fx) + (1-) F(x) = F (X

=>

iFF(g\ > F (x) bven a€lx)+ {\—d\F(g\ < F(g)

« €(x)x (1-a) £ (gy) < wmax %F[x\, £(y)§ -
FCO‘X*(\‘@&]é Vnafo(x\‘ Fly)3 = fquasi- cnvex

CONCALE FONCTIONS ARE QUAS| - SQNCA\E
Vx,qeA

[’[ak)(-\- ((-'djglzxf(x]-r(l-o()é(%\ if é(x\ﬁf(ﬁ) then
xf(x) t (1-o0) F(g) > o (x) + (=) E(x) 2 F(x)

=>

(FFlg) > F(x) bren 05 (1) Flg) > Fl)

ablx)+ (1-) F (y) = wnin 1FIx), F(g)3 =
t [xx«-(\-o&\ta] > win {Hx),é(a]} = F quasi - concave



sequences

~ a law defined on nakuxal umbers Waidn produces av nfinike lisk
= vwmbex sequemce = Fumckion f. v —Rr (dﬂma’m : M+ conditions
codomain: R —> ‘mvel.e\:awbﬁ

- fFig=>ab (), glx)> an v, xu, Y,
an= 0 (ax),2(a4), G (ad), -

RECURS\VE SEQLELVCES

{ao given
An44 © F

Ao=4

Yhyo —> Fibonacci _ d =4
(gn)

= Vn2o
Sequence 3n+y T3y TaApay
L

an=1.1,2,3,5 3,13 21,34,55, ...
LIHI{TS OF SEQU(ELCES
Olman=0 —> a, converges to ¢
e an kends €o
= def. wikh neighbor haods —> ¥ veigborhacd, 8(Q) I h €N: ¥nxi
ane B(R)

- def wiky wequalities = Ve>o, Inen: YVnxn Lg<an<l+e

® lm an= 10 —>ay divexges ko + o0
e an kends bo + o0
= def. wikh neighbor haods —> Yviegabarhioad B(41e) FA €N 2 Vn2a

ane B(+eo)
- def. wiky wequalities = ¥ ko, Inel-V¥nzn, a, >k

® Gm 3, =~ —>a, dj.ve)ﬂae,s Lo —oo

n-s>+0

2n kends bo -
= def. wikth neighbor haods —> Vwe{g%o\oorbood B(-0)IneN:¥nzan
a, € B (-»)
- def. witky wequalities = V ko, FJnen: Yuzin an<-k

@ lim an = ﬁ T 'lwe%ular/osdllal:in& —> if a1, 18 nk convergent,
o oblve)rgenb to +o© or -oo



L13\TS FrRoM BELow (aBove
® b an=2 —> from below
n—=>+o > (ﬂ_&,gj
= def. with neighborhoods —> ¥ fefk neighborhood 87(2) Ihen: vnzn
A eg(Q)
- def. wiky wequalities = V€50, I en: ¥ non, l-e<a, <l

® lim an = ¥ — From above
h=> +too r7 [Q.Q"'E)
= def. wikh neighbor haods —> Vy'\ga)nb ne;zg\nborhooc! B*(Q) I nen:
Yusin,ane 81(0)
- def. wily wequalities = Ve> o, IneM:V¥n=n,0ca,«Q+e
—
- 8 sequemce s 9 fumckiow f:p—>R, So itic a particulax case of f: AcrR—>r
so —> * covnskawnt sequemces
" powded cequerces
" increasing /o\ecveasira/ skrickly increasing [ Skrictly decreasi o)
sequemces —> ex. ncreasing = Vim n €0, m3n, ap, 2 8y,
> V¥n€N, anss 2 a,

Elefe DTARY SEQUELCES

O a,= n* —> power sequemces
-~ x>p = —7 +o00 (y\", w‘z-%‘...\

T =0 = —> 4 (.‘(,u,\,l,...

-a<o = —> o' (%, nl

@ an,=qQ" —> exponevkial sequemces “irr.boumdied = Q=L —> 3,71,
- q34 = —> +oo (27,107, e",..) L=t .

T q=l=->4 (l,;,l,l,.‘.) e "\w.quowvdea\= QeI —> (—2):
~=ieqeds >p o (-10)" ...

0<¢Qet o* ((Lz)h, (i"o)“"\
q=070 (o,0,00,.)

-1¢q<t=o ((5V )



®an= (ln,)* = logar: Ehmic sequemces
T A>0 = —> *w((\wn)zl (lwv)%‘,“'\

T azo = —> 4 (\‘g‘\,l,...)

- x¢o = —>o*((|m‘)'f...)

CEOHETR ) L SEQULEMCES
- 8n=3q” —> a-=5,q9=2 —>an= 552 ,5.2 523 .

T rewxsive —> (a3,=3 do=23
—> e = =
a L a=95s =2
3nit - q Aniz I q8n i T3
an | an=S5,5:2,3°2%5:2..

c::/‘nsha\n t rakio

AR |THET\c SEQULEUCES
- 3,23+ dy (linear soquences) > a=10,d=4 —>an= 10,14 12,22, ...

T reaucsive —> (a5=Q 10:=3
=2 > 3=lo,d=4
Anag-3dn= °\ an+1=dy+d 3y =10,\U, 13, 22, ..
mvxc&awl:dAFFexencg

OPERATIONS WITH LIKITS
considex Xy, Y, such thak 3 hm Zn= L, lim g =00, wibhe,ceR=RU
%*oo, ooz thew: "TT

O lim (x,+4yn) = \im xin + lim Yn

h=>+cn no+ N->+00

® G ()\v, y,) = lmx, - ]th’-é-vx
N-> 4o h=>tgn N=>+o
lim x
® lim (T: = wate

N->tos lim yn
hW—=>+oo

provided Hnak Ehere is o indekerminate Form:
- +o0, -0

- 0. (+x) ,0- () —> 0 oo

- 0
(o]

- +00 + o0 - -0 _>o°
B EEY 22D =
+too -0 '+ Voo oo

iF we do rok geE an indekexrminabe form the imit is easy is easy ; ifue geb
an ivdekexminake form, we have to analyse it betker-



Wnew ove of the sequences xn, Y is Irregular the theoremss cannct be
applied louk there are okhey- mebhods —>
bm (w2t (-1)") = +oo

h=->+a

3 M,‘_C; irvegucla
Evexe is also a specific bheoremn )

X
oM PARISOL carTErIon (aka e buo policemen| “squecne bhneorem”)

Suppase Xy, £ yn £ 2y, (a‘:leaseeuem(:ualbs)
suppose lim xu =L, tmzn=¢ = livyn=¢

V-~ +o0 h=>+n w=>too

RAT\O CR\TER(QW (ow(_;d the Fo[bowwa limik FoWn\

considRy a sequence Xy —
if 3q€R, q<4, sudn bnak: lm | *n \"'9 thew x,—>©

n~>+oo

(DDETERK IWATE FOoRNLS
suypgose ay, by, > * oo (iF Uneﬁgo ko - oo ik is similar) bhen:
Oif im 22 :- +eo, we say that: ay is an infiniky of higher ovduey wibh respedt

h- b" u“ "
i i EO bh = FB%&-QX
® if m bn = 0F, wesgy Bhak: an is an infiniky of lowex ovdex with respeck
W=+

ko Yy = “slowex "
®if lm 2 - k#0, we say Enak: an,bn are infinikies of e same ordex =

"

PRESS
savne speed
Oif im 22 F that : an, b
] ; >m on P, we sag thak » an bw are not comparable
5 oeah
THEOREMS

m‘;posejp;; ", n*% np, ('hn\? Ul'my are such bnak ey —> +o0 ZP, q>4,
o, B >0l bnen:
@him %"_ = + 00 &> x > = comparison of pouoexs
n
® (im £ - too <> p> q= compaxison of exponentials

@ (:‘ (lh"\) o _ i i
Lim Tha? = +oD 4> o> B = comparison of logarithms

"
@hum ’:7\. = +o0 \7‘9).,( = compakrisol, exyponenktial [powsex
->+



® (im 2 (lm)“ = ton Vo B = comparison pousex / (ogaxitlm

h= e

SCACES OF IWF(ITES

expovevtials q" the higher the basis q
e bi ighex &ne ordex
>‘mg4ney orthex Evan

powexrs n™ g Bhe higher Bhe exponent «
Ene higher tne ordex
>highex ovdex bnam

logax-ibhwns [lm) the higher the evpovevt o
the. highex tre ovder

- scales axe qen deove and belaw
= Ehexe are wfinikies of \')’\gne* ovolex thay, expowenb‘\ais —> a, =1_?_ll

(= nfackovial) = & 5ls5.4-3.2:4 J
is sud Evgk ; (;vn?: too Vo4 n!=h(w-1)(w-2).....

~ bhexe axe nfinities of (owex order bhan luaamb\ovns —> an=lulnn
issudnbhak: © lim (h2-e*) = ~o0  oo-oo

N2+ | by dus

] Ntilunts _ nt g
@ l-l::‘oo V)".(. (‘N‘V*ﬂ_ ‘nl-";r»—“—,; =0 + =
G i wf-"jbm L . =2
h=>400 nie ef”""s N> teo n4 &=
® l& nt-fe/—:ccscu-)c-' l: (lm M3 l oo
w240 luth+3nlie W= X3 2" T
s

LOEWWITESIHALS (sequences —>o)
take ay,bn Wfinitesimals (So.ppcse an. by —>o0 ) then:
—af Lum a_ =0, we sagb‘hak, anis an infinitesimal ot':'\ma*nex order wibh

W 4,&

\'especl: eo bn = goes faskex too
- if lim Po =too, we say hak anis av inFinitesimal of lawer order wikh

w->+g0

\re.sped: ko bn = goes slowex ko O
\F L — b,‘ k 40,we sayy thak av, bw are infinikesimals of Hhe same ooler

N=>+0

= go ko 0 wikh the same speed
- ‘ik’f‘nb" 3 .we say bhak an,bn axe ot comparable



THEORE Y

suppose an, by, —=> +eo
4L

L-hem av 1 bw >0 avo-

an is an infiniby hgher ovdexr with respeck to bun (*‘> + oo fagker)
—>
él_n is anivfinikesimal of highex order with respeck to e (—70*%:?%&')

n
THE st e (1+7)
take an= (145)"—it convexges to a finite limik €, 22L £3 whidnis
exackly L= Sup §ang )

e= lim 1+ :';)“ (/Uep’\ex's hwmbex-) = €ex 2. MR

nN=>+ oo

geveralisation —> hli:nw (s %)h= e® YVaer
LALDAY SYRBOLS : A/, O
ASYUMPTOTIC v
an, by sequemcec an by, (F: lim ébh; =1 —>a, by tend ko the same
imik witn exacl:(,g Bre safmehs-\;: f]
~ you can reduce complecated v
sequemces koa simpler saquemce  ikis only an inkuikive intexprekation
with the same behavior ((ormaﬂ.g valid only if bman , lvn by, )
= ~is usefud ko compuke Lmits
move easlly
LITTLE O e
21, ,bn Sequemces a3, 0 (bn) i€ nl};pwﬁ =0 —> gy s neehgib\e wikh respeck
to by,
THEOREN.

XV Yo <> Xin= Yn+ 0(44) = relakionship bebween v and o

SEQLELCES OF VECTORS

a sequevce of veckors Xn with m components is a fumckion F: po—>r™ —>
Lim x,= £ —> Vneighborhosd, 8(2) IR eN: Visa, xueB(L)

->to0

wnsider a sequence of veckors with m components X, = (x.,, , K2 ....,xm.)
we have thak x, > L = (Q“ Ql\.*.‘ﬂm) <> (Xim =&,

X),V\ - gz

Xwmn —‘>£M



theorems and proofs for
sequences



FOR AL EE OTUALLY POSITIVE SEQUENCE SXn3 DIERGES TO
t+ o0 &—> 5;%“3 COM\ERGES TO OF
PROOF
iIF xnw—> +00 them YH 30 Fpno:Vinzne Xndx
SE  Xp> —> x,,>.ii => o< &¢
=>V¥ed>o Ino-¥nzno . O<)—<(-“ <& = )\T\n —>o*

1

o s ofd MK, L

Xn . © ‘V‘éﬁ'o Ehglvn2h°,0<nxiﬁ
—_ — 2 = | | A

ﬁ’)‘(. > O<)<V1<E' -’>o<?n<,’_1_ =3 X, >%

Y#ro Jne Vnive X > H => Xy, => to0



THEORER. OO THE VLIBILELESS OF THE cvert (Flotre ciruts)
a sequeammce EXV,E convergest gk mosk to one mikt Q€L

proOF
suppose lim an=2, hﬁmo‘an&,_ L Ro#Qs

W-> 40n

\F &< Qﬁ-ﬂ:Q‘ Eaen B¢ (2) N Bg(Qz) = ¢

i Lman=2, Bhem dnjsudnbhak V nxwng x n€ Be (‘Q(\

n>teP

\G ‘.M’Yl ah"«Q'Z Bheﬁ’l Ev\‘owdn EMa’C V¥ n2Nuo | Xn& Be (QZ)

n=>+ep

=> ¥ 11> max bekueom N'o and hie, xy, € Be (€,) N 8e (€5)
L ‘ ]

cowi—xadd}cbi:h ko B¢ (Q,\/l 3<((Qz)
=@ =>0,:0 uniqpe




BOL D AESS THEOREN FOR COMERGEMT SECUELICES
eadn convexgent sequemce (s bounded

PROOF
suppose xn—> L, sekbing & =1 thexe exisks h,>1 s Bnak xyeB, () for every
n>w,

lek 10> 0 be a conskant sucnbaak 3¢ > max[1, d (x,,0),..., d lxn,-1, )]

ue have o\(xn,l.)cn%reue)rg nxy, e lxn-L]<re forevery v

Bhis imples Bnak forall ny 1, C 1L e xpe L +1t

there fore the wqpemce s bounded



REGULARI\TY THEOREH FOR ROLOTOAE SEGLEM(ES
eadn ynovnokene sequemce is regulan, in particedax -

O ic converges if ik is bouwded

® it diverges positively ifFitis inareasing amol umbounded
®© it diverges vegakively if it is decreasing amol umbounded

(aelees

ek {Xn} be an inorasing sequemce

it can be eithex Yomdeo oc umbamnded akove (for suxe it is bomded below
becamse x, £ xi, for every n>1)

Steppose Brak %)ﬁag is bomded , ue wank to prove itis convergent

lek E be bue inage of bhe sequemce

by hypobhesis it is a bomaled subsek of R

by the Lleast Upper Bomd Prindple , sup € exisks

sek L=sup €, ue prove xn—>L ek e>0

since L is e suprevun of € by dnarackerizakion of the suprevuum ve have :
O > xn forevery =), @ bhere exisks an ekRment xng o & sudn bhak
Xne > L-g

Sinice ix»,} 15 av inwreasing sequemce ik bhen follaws bhak (2 xn>xng> L-€
¥n = vig

hevce xy, € B¢ (L) foveuexg s he as desived)

suppoge that § xn§ is umbowmded akove

Bhen for evexy W>o bhere exisks an element Xk such thisk xnw > K

since §xuj is incxeasing e have Bnak x> Xk > k forevery M2 vk 5o ik
divexges bo +



LIFUT OF THE SUX OF SEQUENCES
lek x, >LeR amg gn —>HeR bhen:
xn tyn —> Lt H proviodleol thak LtH is ok an indekexrminake form of Bhe bype

toe -0® OFr -0 + o0

PROOF

lek xn —>C ang yn—>H with ¢, HeER

bhis ymeans thak for every €>0 bthere exist n, and e such thak -
L-&expnel+e ¥newn, and H-ecgnehte Vypen,

by adoking inequalities member by menter for eexy s ng = max 2l
sehave LTR-2E & xy *ypn < Lt +2¢e

Snce 2€ is arbitracg it follows bhak xptyw—>Lth



COXPAR(SON) CRITERIOL FOR SEQUELCES

ng.);, 5‘80?, §2n§

%h& Xn & g => h%nanig?:oghzﬁék 52 V(t{:,:::":Q
pnoo*

yn —>{ => Yeso En,i R-£ 2ynelxe Ynzn,

Zn —>2 => VYeso 3\4,_1 Q.‘é‘-%h clxe Vnipz

Vs M3 =>Yn< x,£2, => Yn>max n, M2,z :
’Q"&‘gnSXms%an'\'a == *Q‘E. 4)(;442-\'3 => XV) — Q2



THEOREN OL THE CHARACTERIZATION OF Xy VYn WITH THE USE
OF THE LITT(E-O

we have Xn~yYn <=>xy = 4n 4-0[3”)

meaning tuo sequemces axe asymptobic when Boey axe eqnal upbo 8 wmpovent
that is Asa»mpbol:icalbé negligible uith vespeck bo them

Bnis reselt fuxther claxifies haw bne relakion ~ can be seew 8s an
asywmplotic equality

ue v alSrO UJ”;& KY\'\I%V\ L=> Xn = S\Q D“'o(\)]

ProoF Yn +0lyn) olyw)
i€ => From xw:gnkofgm\ih&)uausb’bﬁh g_:: ”Shn =l 3‘: md

O‘Obd. \F => LQ)C X\n’"ﬁn
demo[:iv% 2n= X, -y, one has that
Brexefore 2= 0lyn)

Xn- xXn
n-n =z — -1 —=>0

gn 3w

20 _
yn



series

+0o
- 3 sexies .\%,Gn is e sum o the infinitely many texms ofa sequerxe an
- DEF. consider a sequemce an= 20,3,,32,33,...
© we define a second cequemce Sy, , called e sequerce. o partial sums
of an: So=ac
Si=acta
§1’30+8(*31

Sn=aota,tast...*an —> V\n, ibisa Finige sum
® we call sexies wikh geveral texm an and write :go an bre limit of the
sequence Spn wWhen n—> + oo if tms limik exisks -
2 an = lm\ Sn

n->+eo

- fouwr possible behawors -
*i€ lim Sn=S —> S - 3 =8 (co\nvex‘ges &os/hasms)

hW->400

*if kmsn= too —> 2 an= e (ohvergesl:o ‘o)
n>tep

“if kmsn= -0 — Ean- =0 (o‘ivexges':o"’m)

h->te

. oo
“if bhe sequemce Snis irregular ~> = an is irvegular

GEOYLETRI\C SER(ES
ay = aq (3eomebnc Seq;.pem«;e) -> 2 ( a q“) éaeovnel'xic_ &e)ries>
THeoRed =behavier of kne geomekric sexies

\
converges bor.'o, W -4<qed

“20( diverges ko +o0 if 24
isirregular f qe-4

THO%?'C
suppose Eam s re,gu,la\r and Kenr E\oem also 2 Kan is \-eaau,\ar ard in the
conve)cgew& case ik is E Kah = kz_ an



KEeGoL SERIES (THEORE)

HARYOWIC sErIES (THEorer)
given the sequence 8w = ’\F, =47

. N L0 L |
theseries Zap=i5w = 1273
‘.% nh= +

4 Wf
oS-

(hav-vmn’.c se\»ies) S divex'aemb o+ oo

AECESSARY CONDITION FOR COMNERGENCE (Thetrer)

if 5_: aw is oonvexge\nb ko s Bhen an—>o or the Fgg’c than y,->o is a vecessary

condition fox tne convexgence of bne sex’\es"% Qy))
o K

eguivalent scatement= if 3w +>0 kney éoav. sk convergent ( mayoe

divexgent ko + /- o or\vregl.d@r)

REGULARITY THEOREX

- cowsidﬁxéan with an30 sk leask V2 buen bne sexies is regrdax —>
eithex ik converges tos or 1k divexges to + oo

— if an20 and an +>0 —> bhe sexies diverges ko + =

BEKAVIOOR OF THE GEAERALIZED HARKOM\C SERIES

considex Bhe geveralized Viaxwonic sexies g-;,z X ER them:

hz\

it converges Yot
ik Ol.'we)r%es o+ oo Vx4l

= bhe haymonic sexies divexges bo +os

~ awmong bhe series of Ewnis favn‘\La >
* those For uhidn 8p—> 0 quidker ik converges (do ok kinow Lo whidha humbex)
* Bnose for whidn ap >0 dowex it diverges bo +oo

~ covsidex the sexies “Z: “_"(.‘T"")? , 2,Ber (whidn for B =0 redurces Eothe
%e)nexaliiec\ haxmonic sexies ) Enew -

ik converges Vass, VB and for
a=4 ,8>4

ik diverges ko +oo Vacd . VB amd for
~=4,Bcq



THRESHOLD SER|\ES

zz i Whaida diverges to +o0

among the sexes of Enis Fam«bé —>

* bhose for whida an—o quidkex ik convexges

* Brose for unidn an->o dowex it diverges to + oo

A SUHPTOTIC CoNPARITON CRITERIoN (THEORER)

= cm‘ﬂ&d&k‘z an., 2 bn with an,bn>o (65 leagk eNEthLBUJd)

= iFanw bm l:hevw
extnex 3 2 8n. 2 bn are koth convexgent (ot necessarilly bo the same vumbex)
Of'('.bez}at‘e bOUnd,.Ve)naen‘:o ko +

~ L is bne most wseful exikexion lbuk ik cavvobt always be applied

COXPARISOL CRITERION (THeoren)

= CQY\S\CLQX‘Z &n.z bn with an, by >0 (3(: leagk e»emtu.au@
T suppose an < bn (aic least enembuali:d) Enen :
°\f Z bn converges —> iahcowemae.s

* ‘.Fgan diverges ko +o» —>:§.: by, diverges ko +o°

OTHER SemIES i
% an with an< o (ot lesst ¥n» W) — ex. 2 Cw)=-2 5 (it converges )

'EY-Y
)

%

You, colleck the mimnus andl study using allk the
p'(‘eced.(ng case

SERIES WITH TERIS OF WOEFILITE SIGL

given 2 2 _an wnBa an of indefivite sign we say that E An is abSOh.c-tebd convergent
if Ehe gexies 2 fa,,l is convexgent

T(—\ED‘RE)'C

qiven s S_ an wikh texms of indefinite 5‘8"‘

|F£ is a\oSoluk\e% convexgent (bnakis: E (anlis c-::we)«aemb\ t\qem . is also

ccmvemaewb (Slmp(l.b convergent)

REHAR K OV EXPOLEANTIAL SER\ES

««‘

tos _n 1 2, at )
2| o a —+32d+ S x2 +..
h:uh\- (\"‘l* *‘*)}2 =€:(‘ 0 5

h=o V)‘.



theorems and proofs for
series



BEHAVIOUR OF THE GEOXETRIC SERIES

\
converges (’.D\_:q W -1<qed

+
go‘“ dwverges ko +o if Q34

isrregular if qe-4
PRQOF

iF q=j. t’nejn Sh” 4+ ct-a-q'z-"...*ct" T 4+d44+,.. +4 =n+4d —> +tc0
so S g oblve)raes ko +t oo
if Sn=44q+q?+...+q" them Q-5n = Q+Q*q’+..+qQ""*and SM-QSn=

(14»q+q2«...+q"’> -(q -(-qz-&q"'«-..r?“*"‘) =4-q°**
© Sn-q:Sn = Sn(1-9) = 1-q" 7% =>Fq# £ bhen Sn= 1o =>
Z-9

if q>2 g"*f —>+ o0 So Sn—> *=
\

Flql<ct q"*t —> 0 s0 Sw—> T

. 1LiF v evom
FQ=-1 =2 vium. 22 ore _dem. O => Sp= =>
i ‘ n zoiFhodd

:F“(ivrfm = bhe sexies is irregular
f qe-1=> um. negakive avnd positive b®rm always Yrouwing (in
bosolutl value) , den. negakive => »\1] lom St =bne seriesis rregular

->+ 00



BERA VIOV OF THE REDGOL| SER\ES
+ oo \

hg A > ik tonverges ang has sun 2

ProoF

— — o —

| \
— ! L 1 Il —=sSp='-1+4+1 -1
nv+) h = 2 3



BEHAVIOUR OF THE HARIOUIC $ER\ES

hl)
\
— = \ ' \
=4+ r-t—+.. =3 dj
an 1Y3'% diverges o + oo
P ROOF
|+__‘-+l*L(.‘_(._!_{..l_ L 0 LI 1 P T ¢ L !
i A A A I B T A PR T T
— 1 )
SLal oy soelalyl,
25%073 237340 >3. 4 =4

LS A \ LD
- el B Limm $n=+e0 — 5 X,
n =>4+ w=h ¥
diverges

to + o



AECESS ARY COMDITION FOR CONLERGECE
if tre sexies é::\ Xn cwonvexges &evn Xn—>0Q

PROOF

deax(-'g ue have xn=Sn- Sn-amd given bhae Bre sexies LOnvergRs Sn —S asuell
88 Sp-, —>S

b\'\ex&"ore Xn=Sn-Sp.,—> S-S =0



REGOLARITY THEORE
each sexies wibh positive texwms is either convexgent or positivelsy divexgemt
it cavnot be indetexminate

PARQOF

onsider Smey Xn Oheve xn 20 ¥n

then s = é?:, is inckeasiws then monobore

a momtonic sequemce (one eithor inreasivy cmdea—eas’m.g\ on R nusk either
convexge to a finite imit or diverge to + o iF Bhe seqpemee is increasing
Bws Boe sexies is eibhex convegent or posié;’meba divexgent

ue conclude saying the sexies @nnot be indlekbexmnate



take f:ASR—>R, we define —
O given F:AS R->R, suppose e is 3 (kmit poive of A (o veed, Lnat ¢ ea) brem
Lim F(x) = L means

W neighloorhood. U (2) 3 a veighor haodk v () such thak if xe v (<), x4 ¢

then F(x) € T (1) = using neighborhacds
*Yeso FS(€)>0 sudn bhab i€ c-S<x<ceS |, x3c benQ-e < Alx)<L+e

=usi\'\81veq/_ua&€,ies‘

@ @wen F:AsrR->R suppose e is 3 limit pownk of 4 (o need Hhak ce a) Enen

lim ((K\= +0 meawns:
R=>c

- ¥ neiglobor hood (4 ) T is 2 neighlborhnood v (<) sudh baak if x e v(c), x#<
Bnen F(x) e T (+00) = using veighborhacds
* Yr>o 3S:=S(3)>0 sudn bnat iF c- S ¢ x2 c4S, x#¢ bhem F(x)> s =
using wequakties
® guen F:asr—>R, suppose e is3 limit pok of 4 (10 need Bhak cea) fnen
lim €(x)= -0 meaws:
"% ¥ neiglborhood U (- 0) 3 s 2 vieighloorhoed, v () sud bhat if xe v(e),
x#c bnen F(x)¢ v (- oo\) = using neighborhoads
*V¥ico 3S=S(n)>0 sudda bnak (F C-S< x < ca S, x*c Enen F(x)< se =
wsing \nequalities
i F(x)= 0, + oo, - oo (LER) onthe vight (3-side Gmit) =
- >0 = given F: Acr—>R suppose ¢is a limik poink of A xl{)vz* Flx) = -2
meavs :
-Vv H&S/\ﬂh)c\ocoa 'U'(— oe) 3a vsa’nb nei@nbowr\noo& V*(e) such
brak if x e v*(d), x #< thew F(x)e U (-)
“VYrso 35=S01) >0 sudnbnak if c<x < cxS then F(x) < -1t
T toes given F: Acr—>® suppose < isa limib poink of A Um, £(x)=t00
wmeans:
- ¥ veighoor hacd U (+oo) 3 5 right neighboracd V(<) such
Boak i f xev* (), x3¢ khew f(x) e U (+eo)
“¥r>o0 IS=S (H)>o sudn thak ifF Cex<crS tmem F(/()> b3
* = givev fiacpr>R suppose ¢ isa mit goink of A l}mf[X) '
meaws - ol
= ¥ neighboriicad U (8) T a right veighborhad V* () such
Brak f xe v+, x#< bnen Ax)e U (R)



“Ve>o 35(€)>0 sudnbhnak if cex<c+S xic then L-€

cfF(x)eQae
= lum F(x\ Q t, -0 (C 6@0\:\609_ \QF'C(i'S\dﬂ hvmb) —>

X=>c"

* -0 =given f:AcR->R Suppose < is ah‘m\Epo\‘ﬂ"'OF A b‘w' F[")‘ <
means:

~ Vreighbochaod U (-e0) T a left neighborhoad vie) such
thak iF x ev(€), x # ¢ then F(x) € U (- o0)
- ¥r>o JIs- SCM >0 sudn bnak c-Sexec bhen Flx) 2 -3
"tz given fi Acr—>R suppose < isa lmik poink of A U €(x)=100
weans:

= Yreighborhond U (+00) 3 a left neighboriaod Vo(e) sudn bhar
\F x e V() , x4 boen £(x) € U (+ =)
" V10 FS=S(%)>0 sudnthak ¢-s cx<c bnen FI(x)>x
: Q = givewn f:acr—r suppase ¢ isa limit poink of A kQ,F(X)=Q
means:

= V¥ veighborhood U (2) 7 a left meighboriacd V(€ sadn
bnak if xev (), xFc boom F(x) € T (D)
“Ve>o 3 SC&)>0 sm:)nl:hak ik ¢- SexecC x#ckbhen
f-e> Fx)>Q+e
T uhnen )9?1”)() 3 buk x(,x;mv F(x) 3 avwo\xl.’tm F(x) 3 itis skilla vice fomckion

+ e l": F(x)ﬂ
_\ lAVh F

THEOREHS = ( oo
GahmF(X) Q(—) -ghm F(x) Q‘ A f(x)=-
x=>C
e lim
- H(imf[x) > 0,40, >
>
- ‘Q[:QQ,: Q
® -:-(x‘f;n;\ F(K): + 0> = 3[’:“‘ ‘;(x) 4o
B Hit:‘rzf(x)z )
® 3)(();24“‘:()(): P (fm’,C[&) E -l
- HUW\F{)():-;,O

x=>c*



VERTICAL ASUHPTOTES
the Straight line x=c isa vertical asgmptote for y=F(x) if akleast one of Ene
Follousing holds —>

" Elx) = 4]

“lim Fx) = +ep[- 00

E:P”F(x) AND y_v:l_f(x)
- i{;{}oﬂx) = 0, te,~o (Leé) —>
= given £:ACR->R wikh A wnbamded above ,l(&;";lf(x\ =L means:
- ¥ neighborhosd U (€) 3 a ueighborhood V (+0) sach tnat if xeV (i)
toen £(x) e U (R)
- Veso IH=3(g)>0 sudnbhak if x> 3¢ en Q- < F(x) < Qxe
"-w=given f:ACR—> R with A unbounded sbove m F1x)= - @ wmeans:
- ¥ neighborheod v ») F a veighborhood v(- o) such Enat iF
X eV (- w) then (e T (-eo)
- Vstso k>0, (-,kd | F(x) >
"+ given f:ACR—> R wikh A unbounded shove i A(X)= + @ wmeavs -
- ¥ neighboriead U (+ @) T neighiborhoed v (+eo) such kst i
x €N (+o0) then £(x)e V(r o)
" Vo, ko, [Kteo), F(x)> 3
“UmFlx) = Q, +o0,- w0 (Ler) —>

2= given €:ALR—=>R with A unbourded above !;)’;:f\, F(<) =Q meaws:

= Vheia’nbc\rhooa u(2 3 neig"\‘ocr\ﬂoodv(wﬂ\ stach Ehat (Fxe \/[-m)
tnen F(x)e U(R)

" -oo=given f: AR ~>R with A umbowuded above ,ﬁé:':‘,f(x)= - ©0 wyeans:
- V veigliooehiood V(- 0) I neighloornasd V(- ) sudnkhak if
x€V(-) bhen F(x) € U (-0

*+e0: gwen f: 4cr—> 0 wikth A um\oot.undﬁda\ﬁ\’&,&‘?lf("): T meavs:

= W neighloor hiood, U (+ 00) F veiglaborinoad v(+ ) suda bnak i
xeV(x 903 tren Fix) e U(-l-oo)



LIXITS FROX BELOW [AROVE
- gen fi Aca-> R wibkn A wnboumded below bm F(x)= £/8 means
* Q7= VY left neig’h\oovhood ‘U(Q_) 3 eweuazhbovhocd V €o) st Eat
if xe V(=) bnem F(x)e U (L)
Q- ¥ vight neighborhasd U (29)3a weighlorhaod V(o) sudn bnak
if xe V(=) they £(x) e U(R)
- givem f:A<r—>R with A umbonded below }fgpj(x\= 2Y0” means:
£ Q7 = ¥ ft neighloorhaod, U™ (+ 00) F 2 neigfnbortoodh V (+ =) sudn
bnak if €V (* =) toem £(x) € Ul )
10*|= Y*rialﬂb y,ecgﬂnbov\wooo\ Vo) Fa \neigﬁoov-\oooa‘ V(* 00) such thak
if xe V(* o) boem F(x) e UG o)
" given f:a cr-> R with A umboundlet] below Um F(x) = 2'/Q meavs
* 0=V 1eFE peighloovinoed U 7(R) F a veighborheod V(2) sadh khat
iF xe VI Boen £(x) e U ()
* 1= Y vight. vieigfoborhood T (0) 3 a vietghborhood, V(@) suda bnak i
xe V() ther F()e v*(0) ]
~ given f:acrR->® wibth A vmlboundad bdowi{mf(x) 02 meavs :
- {7 =V left neighborhnocd v()3a neighbor hacd v (&) sucdo thak
Fxev(2) bnem F(x) € U ()
=y right vei borhood T*(07) F a weig’nbo\»hcoo\\rCQ')suc}nHrat
F xev(e!) bnem FONeU (D)
- gven fracr—oRr wikn A wnbamded \aelm,l‘{gnbf(xﬁ /% means:
» Q7= Y |ft vieigloborhood U ™(2*) J 3 neigfabocnoed: V(21 such Enat
iF xe v Foem FO) e U(2Y)
* 22V vighk neighborvaod U*(24) 3 8 vegihbortioad v (29 such that i
xe V(L) Enem €(x)e U*(Q)

HoRI200TAL ASYH PTOTES
~ the straight Gne y=2 is a horizovtalasymptotes for y=F(x) when x—>+oo

i L F(x)= Q

- 3 Fumckion cancxass a hori zonkal as%mpbote (e»en mFin\hebd many bivnes)
A
> g 1 ‘j

Sivx g (im [SWMX o o N
P U >
| %

EX. 8’—' < Kbags




- Wen is ikbhat lim 7

O at +oo0 — ® ak x=c —>
* lim s 3 Lo + 8
i tancf

CHARACTERI 2ZATIOL OF LIHATS OF FOLCTIOUS WITH LIRITS OF SEGLEACES
given f:Acr->R

givew C€eR, Lk \oo’mtoF A (3150 + o0 avd - m\

tvew: 7=Q, 4w, -

lim F(x) =(0DeR 4= VY sequence Xy chosev in A wikh xy ¥ Yn, xp—>c =>
e F(XV)) -> L

UMIQUEAESS OF THE L\t

given f:acr—>R

Qiven C er limk point NN (also + g and - oo)
if lm F(x) 3 khen i€ is umigue

PERHALELCE OF S\6L

considex F(x) defined in a veighborhocd o ¢ 2k most excluded < (nakis:
U~ {¢3)

suppose F(x)20 in U ()~ i<}

supgpose I 1;_)\,2 F(x), brew also Lim G20

OPERATIONS WITH L (3 (TS

consider F(x), g(x) suda brak 3 bm F(x)= ¢, Lim g(x) =X with ¢, x eR =

RU §+o0, -0} Ehen: >4

O (im ({(07 3("» 2 i{m F(X)*&;rz\ g(x)

X->¢

® im (F(<- 3())= G £(¥)- Lim g0

x=>¢ xX=>C

© i £le) = o PO

3t) livn §Lx)

R=>C

= o
provided thak there is vio indekexmiviake form: +eo-, o , 0, &



CONPANR\SOL CRI\TERIONU

suppose

O£ (x),gx), b (x) defined in T ()~ e}
OF(x) g lx) ¢ h(x) ¥x e U(c)~§e}
@hvn F(x\ 2, hmh(x\ ,Q—>xb:>vz\ g(x) =L
IODETERYUVATE FORNMS

if x>+ oo everything is exacktly like wikh sequendss —>
e a5 o .

& —'
"q’v?‘” x“*e»wsinx X=>1p )(4 o
N
\ £"l \J
CHANGE OF VAR\AB(_{,
= e b
éx. ({m’x lnx (doamae vaviable —> £= % and x= _) &xe’é ¢ _t[,::rw t Ih(t")
=lim _luk -
>+ T =0
V, O FOR FOLOCT (S £0x)
x
F(x)rvg(x) as x —>c f b.)c m
- F(X) = o [3(’()] ag x—->c f Li;vg gi:)) -0

FOLODATCELDTAL LIX (TS
@ [.IVW ((+ 3 ) = ea

x->400

® lwm (Hax);: ed

X=>0

® xk:: e'*-‘ =4 —>8lso: €1~ x 3s x-30
8 X~ 14x aSs X—>0

@xl:m: I“(wx\ {g) —* also: ‘h(‘*x)rvx as x—>o

® (im (Nx) R /03) —> also: (l-fxy‘-l A AX AS Xx—>o _,_\(m partiallar)

x>0
(\*+X)*~A 1+ asS x>0 Vv
l*)(—\ |
q Sinx )_ ( 0 L L
@&m < ’j-(o > also: Sinx~x as x>0 \ [Um >
a\SO‘. “.4.5 ~ Z X
W lcan l(o) 1 3as x->o0
o =-l5)> t\- L2 s
®x—>o z o Q\SQ \-—sx~ >x® as x>0 e L
z

S X A |- ) 4235 Xx>0
2= as x —>o0



CWOLTLOITY
COLOTIVLLITY AT Xo
gwen f.acr—>r /given a poink Xo€A bnew:
= 1F X0 is 8 limit pownk of A, we say tnat F is conktinuous ak xo iF ¢ * 3}{3’:‘“’4 =4
* Q= F(x)
= iF %, is av isolated point of A we Jusk saythak fis covkivwous ak x, (Ems
def. needs ko more gemerxal results )
WLOTIVLITY AT A
considexr F:ALR—>R, we say that £ is conbinuous i A if Fis combinuous Vxqed

(al:a \)owndaﬁd. poink conkinuiby means conEinuity From e side For whida the
Fumction exists —> only on the right [ left)

PEHARK = Ehe grraph of f is made of tuwo pieces because Ehe domainA is made
of buo preces | in fack:

= iF Ehe domain A is an interval thew it is nok conkinuscus

= \F bhe domain A is not av intexval Baenibis concinuwous

DSCOOTIVLITIES
whew Fis nok continuous ak xo €A, we say x o 1s a point of discontinuity
© hole (eliminable disconbmuiby —> + 3 im £(x)=Q

x->Xg

: Q. + F(’(o>
® surmp (disconbivuity of T kind) -> * 3 lm £(x) = £, (finike)
(gumps cavmok be elimnaked) g galf::‘.: £ (x): Q2 (Finike)
Lt

©) a\l ddnevs (dlsaon\:’\vudl;\es of L kind, essevntial dlswnt’\vumc\es\) —> ak leask
one of bne bus 2-sided Lmits f oris an inF’miba

CHARACTER\ZATION OF COOTLOOITY WITH LIMLTS OF SEQLENCES
given f:AcR—>Rr, given X €A, tnen:
Fis conkivusus at x, ¢—> V¥ sequence xy, of poinks of A | xp->x =>F (x,)=>F(xs)

WATI\NOITY OF ELEXE MTARU FOALCT OIS
wexy elementary Aunckion is conkivuuous (n i8S nakuora\l dlomain A



OAOTIVVITH ALD OPERAT (OLS
" consider f,g: ASR—>R, conkinuous , hen:
° F*% = covtivwous
* €Q = continuwous ] at all poinks at whide g(x) ¥ o
: ('/3 = conkivuwous
- wnsidex F:ASR->R, g:BSR>R sudn bnak 8o€ i\s defined —> (F F,g are
contivuweous then aoF is contvuous

IOVERTIBILITY [STRICT KoLOTONICITY

suppose F: Acr—>R

suppose Ais an intexval and Fis conkinuous in A, Ehew:
Finvextible in A <> { skrickly movokone in A

WELERSTRASS 'S THEOREX

suppose F:ASR->R, if:

O Ais a closed and bowmdad sek in »

® fis contiruous in A

then:

3maxF(x)=&(, 3 m’m((x)':vn in A (%&ob&l)

BALZALO'S THEOREN [ 2ERQ-VALUE THEORER

Suppose F'.ASQ-NQ"\F:

® Aisa dosed and boumded vkexval [a,b]

® fis covkivuous in A

® F(a)'r(b) <o

Ehen:

ce[abl:f():0

wovreover: if fis skrickyy vownokowic then Enis poink ¢ is unique

PARBOLX'S THEOREX / | DTERIEDIATE - VALLE THEOREH
take F:ACR—>R if:

O Ais a dosed and bonded kexval [a b]

® £is continuous in A

Enen:

Vi :mn i) 2L & vaxf(x) Fc:acced with Fl)=¢



if Fis conbinuous on a3 dosed, and bomded intexval La,\o], Bhewn F (La“o]) is
a closed and lounded intexval Cm, ]

also:

[8b] dosed avnd bomded meexval = compack and convex sek i, R

—>

£ ([a,bT) dosed and Yomded ivkerval= compack and convex sekin R

LIKITS ALD coUTI VL ITY FOR FOuCTIOS A S.Rh->R
wnsider a Funckion F:ASR™—>R - y = ECx,, Xq\ o2
wsually we have a Funckion f:asr’—>r: 4 = €(x,x2)
LiTs
given & funckion f:a SR =>R given ¢ limik powkt of A saying bt Um F(x)= &,
t P, —o0 means bthak: Vneba’nkorhox! U(0,+o.-w)Fa ne;.g%bo_rboco\ v(c)
such st vxev(e) = +e, €(x) e U(Q +»,-w)
LOOTINOITY AT Xo
f-ace’—>r x.€A
O if 2,18 a Umik point oF A wesay Fiscontinuous ak o if:
=3 ) -
~ 2= (%)
® if 5, is an isolaked poivk of A we gust say brak. £ is conkivuous ak xo
LT LWOUS WA
given F: Asm'—>R, Fis conkinuons in A Fis conkiviuous ¥ xo €A

THEDRERS OA CONTINLITY

WOTILOITY OF E(EHELTARY FLLCTIOAS

evexy elememtaiy fumdtion F:ALR"=>R 1s conkinuous in its akuxal domain A
WEIERSTRASS'S THEOREX

considexa funckion F:ASRM A if:

O Aisa dosed and bownded set (compacl:) inR"

OF is conkivwous inA

trew:

Fmax £(x) =3¢, 3 minF(x)=m inA

f FrAcR™R is conkinuous on a compack and. convex sek A< r*, thev £(4) isa
dosed and bownded witerval L, ]
compack and wnvex sek in R = compack amd conivex s&c in R



COERC\VITY

8 Fumckion £ A< R"—R issaid to be coorcive on a subsek c A i€ 3 E R sudh
Bnat theset : (F3b)nc = §(x,.,xn)ece £ (xi,., ) 2E3 is vion- empty ard
mpack

Chat is, at (eagt ovie upper covkour sek has 3 von- emply, and compack intexseckion
wikn ¢

unew C=A bne funckion is jusk said ko be coevcive with vio Spedficakion
(coerovi by is a goink propexty of Eve Fumckion Favd ne sek <)

PRESERVATIOL OF COERLLIVITY For COMTIIUOUS FOAKCTIOUS WiiTH RESPECT To
STRICTLY IODCREASI\VG COHPOSITIONS

considex fF: A R—>R, conkivuwous on A

wonsidex g BER—>r | skrickly increasing ov B and such Enak F(4) <8

Ehew - if Fis coexcive on C A ,8lso gof iscoexcive on C A

THEORETC

if ;ASR"->R is covkivwoous on 3 compack subsek ¢ =A bhew f is coexcive on c (and
ackually , whevevex (€26) is non-empty , allbhe sets: (F2E)nc avecompack and
mm-empbd)

TOAELLL'S THEQRER

considex a fumckion f: AS R¥“->R uhida is ook coexcive avd, covkinuous ona
sosek ceA

then bne fumckion has a maximizex in ¢ tiak s F Xec sudh bnak: f(?a): waxf(x)
xec

SUPERCOENRCIVITY

a Fumckion F: R">R is said ko be supexcoercive n R" if: ¥ sequence Xn,, %, &R,
lx,l > +o00 => F(’(m) —>-oo (bhak is : uhenever Xy goes ivmd.eFiV\’\beLa foyr Form
o, F(gg.ﬂaoesdapn bo - )

THEOREN T

a fumckion F: R*->R is supercoercve in B <> alliks uppex covbourseks are ounded
ThEOREN I

considex a funckion (:r"->R

(FF s supexcoexreve in R and. conkivuwous on @ dosed stwbsek csr™ Enenitis
wexcive on C —> all the seks (F2E) nc ave compack



theorems and proofs for
limits of functions and
continuity



THEOREI. OF THE ULVMIQULEAESS OF THE L13UT
given f:acr—>Rr

Qiveyn Xoe® limik point oF A

i€ lm F(x) I bnen itis unique

X=>Xo

PRQOF
wen F:ack —>R | x,€R (imit point £ A
F Ler sudnbtinat lim £(x)={

x=>Xo

sujppose £|*Q1
suppose P xn§ sequemce n A wikin Xun#Xq sudh bnak x,, —> xq
Um F(x) = Q 2=> x,,>xg bnen F(xn) —>L => £(xn) —> 2, and

X=»Xo

£(xy) —> L2 = conkraddickion bo Bhe uniaueress of Lwmiks o
seqences = a)og(_u(d



COH PARISON CRITER\ON

Suppose

© flx), (x] h(x) defined i ()~ §cf

@f[x\c (x) e h(x) ¥xeu()Nicd

® umml L lim WX =l = Gum g =t

x->c k=>c xpe

PROCF

u_ekm_ub\n&k?()(\‘ (X) h(x)
Ume\ [ > Ve>o FneN:Vnap, L-E<fleire
(x‘m Wixl:l—>Ves>o 3nen: VoW, (-g<hlx)elre

take v = vnax(m.,v\z.,m) - (- gcé(x) 8[:<)<|n(x) < L+E

l-¢ 43\2>0< L+e
kwm glx) =1

xX=>c



LWHUT OF A SO OF FLULCTIOUS
covisidex F(x\,g(x\ such Ehat 3)[‘»’:_\«;1"#[)(3“-(, Q_V:%&alx):)-(, with C eRr "RU{*Q’M}
bhen:

0 y_v,nc)}(x)*glxl] = lm £0x) + (s g(x) provided thak there is
® Gim [E(x) - 3()(\] 2 G F(x): Uim slx) no indetexmate form
>C x-sc x->c

Lwm £ [x)
ORR Flx) . Xc

L, g(x)

PROF

kake ang sequence Xw of points of A wibh x, #¢ Vn and xn—><

Wsing the comparison criterion Breocemn it must be thak Elxn) ->< amg

8 (xn) >3

i L is ek an indetexminake. form wsing Bne Sheorem on the limit of tae stm
of sequemces ue Mave Baak (.P-ua\(_x,,\ > L+

sine Bis s frue ¥ sudn sequemce Xy, by the Comp@rison KitRcian Posorem Bhis
weans Ehak ,\l;:“,"c[ﬁ")*S ()= Lvre



CHARACTERI2ATION OF COOTINVITY WI\TH LIXATS OF SEQUEUCES
given €:acn—>nr

given xo€ A, Bren § is ankinuous ak xo <=> V sequeme xn of poinks of A,

xn=> % => F[xn)=> F[xo)

PROCF
© Xo lmit po ik

¥ xw—>xo => Flxn) => Flxo) = lm Elx) = §x0)

it Follows from Bresvem o Bhe. dnarackexizakion of imiks o fumckions with

&Wujb&ofseqpmces

® Xo isolated PO\YI}?
Evren bé deCinition €04 is contivuous
B‘ceonlg §RQPEML Xn 18 Xy, = Xo,Xa, Xe, Ro | X, X
and the corresponding apemce of Sne WMage is bhe wngtant sequence:
F [Xn\ =F[xo)‘ F[xo)‘ F[xo)



TolEeLL
considex @ fumckion f: A€ RY->R Whida is Yook coexcive awvd. covkinuwous o a

subosek ccA
thev bne fumckicn Was a waximizex in ¢ tiak s 3 EC sudn bnak: f (Xo Jz maxf(x)
XEec

PROOF
since Fis cooxave onC |, FLER sudnthak (F2E)Nc # ¢ and compack

M= (Féﬁsf\c such thak F is conkivmous on I” => for tne wWes ey krag's
Boeovern F xo €17: F(x0)z FIX) ¥x el

in the poiaks of ¢ ¢ T £ (x) <€ and F(xo)2t =>

F (x0)2 £(x) ¥ xec => Flxo)=wnax F(x) xec
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