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sets
THE ELEMENTS OF THE SET

- E =

belongs
- # =

doesn't belong
-

P =

empty set

HOW TO DESCRIBE A SET

-

A = Ea ,
b

,
c = Eb

,

c
,
a3

A #
-

A =

Ex3
= singleton

-

Venn diagram-graphicalrepresentationof a set - E

RELATIONSHIPS BETWEEN SETS

INCLUSION RELATIONSHIP
-

VxEA
,
xEB

-

A & B = contained --if xA then XeB (A is a subset of B)
B

A

- transitive = AGB (BC)--A
m y X

EQUALITY RELATIONSHIP

3
-

A = B

-the
STRICT INCLUSION RELATIONSHIP

-

ACB = A strictly contained in B

-

ALB can be A = B -- ACB can't be a = B (by definition)
POWER SETS

- P(A) = set of all subsets of A

-

ex
.

A = 56 ,
2

, 33 -= p(t) = 30 ,
1

, 513 , 423 , 533 , 51 , 23 , 31 , 33 , 521333
↳

A contains n elements = P(A)contains 2" elements

SET OPERATIONS
A B

A B A

-

AnB = intersection - T
1/1B = AMB = B

x : xEA and x &B
A

B A

L disjoined

-
- AUB-Union--** - 118 = AVB = A

-

x : xEA or xiB
A

A B A

-

A-B = difference - Tr #

B

F
X : x[A , xB

complement

- s = universe --A = u - A -x F
L

= A - B = AnB



WMBER SETS

-natural numbers - N= 0
,
1

,
2

,
3

,
---3

-

integers
-= z

=(0
,

+ 1
,

- 1
,

+ 2
,

- 2
,

+ 3
,

-

3 ..... 3
- rationals -= a = ( : m

,
nez

,
n +03

- irrationals -= r = & , , , ...
3 -= R - Q

& is dense but not continuous while R is dense and continuous
- -

↓ ↓

Vx
, y Q there is a 1-to-1 correspondence

7ztQ :

xczy between R and the real line

STRUCTURES IN R

-

operations= x + y ,
x -

y , xy , x/y
-

order = x +
y ,

x =

y ,
x < y ,

x = y , xy
-

·

given two real numbers x
, y you can always compare them Loneand

only one relation holds

· the order is a totalorder

·

xxo = strictly positive , xo-strictly negative
·

x10 = positive ,
x10 = negative

INTERVALS

- [x
, y] = endpoints included

- (x
, y)

= endpoints excluded

-BOUNDED -Y

· [a
,
b] = closed -= Ex : a = x = b3

· (a
, b) =

open
-= Ex : axx b3

· [a
,
b) = half-closed/open -= (x : a = x > b3

· (a
,
b] = half-closed/open-= \x : a < x163

-

UNBOUNDED
-Y

· [a
,
+) = closed/unhanded on rightlabove)-- Ex : x = a3

· (a
,

+ c) =

open unbounded on right/above)-= x : x = 23

· (0
,
a] = closed unbonded on left/below)-= x : x = a3S

x
can

· (-0
,
a) =

open (unbanded on left/below)--

· (- 0
,

+0) = r(total)



DEFINITION OF INTERVAL

AGR
,

A + P

A is called an interval if : VX
, y

EA
,

the set Ezer : x[z =ySA

EXTENDED REAL Line -= R = Ru2 - 03u3 + 23

UPPER AND COVER BOUND

AER
,

A + 0 == a number nER is called an upper bound of A if

n = x VxtA

=
a number HER is called a lower bond of A if

n1XFxA

-

A
*

= set of all upper bounds

-

As = setof all lower bounds

BOUNDED SET

-

bounded above (A +P) = it has at least one upper bound
-" FNER :

n =x(x A -= A
+

+ d

- bounded below (A + d)
= it has at least one lower bound -- FER :

neXFxEA-A + d

-

bounded (A + d) = both bounded above and below

- unbonded (A + d) = not bounded

Maximum

AER
, + P

an element * ER is calleda maximum of A if -

①ZEA

②X FxA

rvirum

Acr
,

A + d

an element * ER is called a minimum of A if --

OKEA

xXxA



SUPRETUR

ACR
,

A + 0

we call
supremum

of a (supt) the least upper bound of a that is

SUPA = min A

if A has a supreme itis unique

INFIrur

AER
,

A + d

we call infimum ofa (ivFa) the greatest lowerbound of a that

is INFA = maxAg

ifA has an infimum it is unique

-

COMPLETENESSTHEORER

-

A bounded above= 7 sup A

-

if max A I -= maxA =

seep A
- A bonded below = JinfA

-

ifmina J-minA = infA

-

ifsupA J -= Jmax A =

SupA--supAEA
-

if infaJ-> 7 MinA = infA-> infAEA

M

If A IR is unboundedabove instead of
saying that supA sometimes

we say
that supA

= + &

If AIR is unbounded below instead of
saying that inf a It sometimes

we say
that infa = -a

ABSOLUTE VALUE

Sdef-Exer
, k=

->(x) = distance from xto 0

DISTANCE

Vx
, yER ,

dist(x
, y) = (y - x)

NEIGHBORHOODS

X-ER

we call neighbourhood of to any open bounded interval (a ,
b) such

thatXo is the midpoint

radius= half-length ofthe neighbourhood



RIGHT MEIGHBOUR HOODS

xo
= 3 [3

,
7)-

m
*

I
xo

- = [x0
, Xo + r] notion : B

+ (xd) they are not neighbourhoods
LEFT MEIGHBOUR HOODS

Xo
= 3 (- 5

,
35
-

to -x (xo- r
,
xo] notion : B(x0)

NEIGHBOURHOOD OF to =

any open unbonded interval (a
,

+o

notion : B(+ c)

NEIGHBORHOOD OF -O =

any open unbanded interval (-0 ,
a)

notion : B(-0)

CARTESIAN PRODUCT OF TWO SETS

given
A

,
B sets then -= AxB = &(x , y) : x = A

, y(B3

R2 = r xr
= E(x

, y) : x cr
, y

= R3

↳ ordered pairs
-- (1

,
5) + (5

,2)

notion : 1
= (x , ......,

xn) =

() column

row

STRUCTURES IN RE

OPERATIONS

-

x +

a = xm = Vx = (x
,

. .
. . .

..
xp)

, y
= (y ,...... yn) ERY

,

* +y
= (x , +

y,... .. . xn +yn) Rn

PROPERTIES

·

commutative property
-= FX

,YtR" ,
1 +1

= 1 +1

·

associative property -- (1 , q ,
= Er

,
(1 +2) + z

= x + (2 +z)
L= 1 +

y
+ z

·

Ker
,

+e = 1 - Je = Lo
.......,
0

· VIERh
,

52= -

- ERN -- F1J opposite-

x
-= x + (-1) = 0

-IX = product Scalar times rector= V = (x
...... xn) ER"

,

FCER, 1 = (91 ...... an) ERR



PROPERTIES

·

distributiveI = Va
,
BER

,
VERY

,
(a + B) = C + PE

· distributiveI = FaER
,

FX
, yer",

<( +2) = 0x +cy
-

-

·

associative = Va
,
Per

,
VIER"

,
(CB)k= c(BX) -= B

·

1 is neutralfor rectors = FXER"
,
11 = 1

LINEAR COMBINATIONS

Ft
,
PER

,
Y ,GER"

,

CA + ByER -= Fc
.....,

amER

X

Emer
↓

is said to be a linearcombination

and <
, ....

<
m are the coefficients

of the linear combination

INVER/SCALAR PRODUCT

= .

2 = Fz = (x
,

. . . . . xn) , z = (y
,

. . . . . yn) Er
,2

=

x
, y , + ....

+ xnYpER

PROPERTIES

·

commutative= VF
, YER" ,

1
.

1 = 1 ·

· distributive-FI
,
8, ER"

,
(1 . 8) · E = 1 . z + q+ E

· associative = FaER
,
=

,
ger" (a) . y = c(z -2) -= x .

1
.

2

·

non-negativity
= V = (x

,
.... xp)ER"

,
E = x

, +.....
+ x = 0 and

1 .

1 = 0+ 1 = 0

ORDER X
, 14 ,

- 121 (smalles than or equal) = Ve, ER"
,

111 if E i
xn = Yu

X , Y 1

and at least one-

11 (smaller) = Ve
,
1 er"

,
11 if Ex un of these inea.

is < (smaller)

x , 4 ,

-

*(strictly smaller) = V
, y = R

, 14 if S xicun



INTERVALS -" CONVEX SETS

-R-= AIR
,
At is an interval if : Fx

, y &A
,

the segment with

endpoints X
, y is IA

- R2 -=
= convex ⑫ = not convex

- r-
=

convex
= not convex

- R"--how can we define a segment in R"
,

if there is no geometry I

we must give a purely algebraic definition

SecreNT In RL def
.

= Consider 1
,
1 ER" we call segment with

endpoints 1,1 the set of allEER
:

= ak + (1 - 014
,
01011

,

↓

convex linear combinations 1
,
I

also : xx + By
-= 0 1 x = 1

01B = 1

x + B = 1

CONVEXSETS = R" = AGRY
,
t + 0 is a convex set if XX

, yea
the

Segment with endpoints 1
, 1 is A

-

R = intervals

-

R2
,

R3 = "geometric"convex sets

-n + 3 = the formal
,
algebraic ,

abstract notion of conver sets

Norr

R -= x = (x ,
. . . ..n)Er"

,
11x11 =M

....
x =E -=

n = 2
,

3 =11=1) = dist(1
,

a)

n = 1 = 1 = x

11 xI1 =V = (x) = dist(x
,
0)



PROPERTIES

-non-negativity
= VIER"

,
Il All =0 and 11 111 = 0-** = 0

- 11dE11 = FaER
,

FIER"
,

lla Ell = (c) Il All

-

Cauchy-Schwarz inequality = 1 .1) = V
,
1ER"

,
/1 .

1111111111

-

triangle inequality = 111 + 111 = VI
,
1 ER"

,
111 + 111111 E11+ 1141)

UNIT VECTOR= ER"
,

IIE11 = 1 -* 1 .

1 = 1

ORTHOGONAL VECTORS = E
, YER" ,

1 . 1 = 0
- = 1 + 1

ORTHONORMAL VECTOR = 1
,
1 ER" -Forthogonal+ unit

DISTANCE - EU CLIDEAN DISTANCE

R-= dist(x,
4) = 14 - x)

R
,
dist (

,
)

PROPERTIES

-

symmetry
= (*

,
1 ER

, d(1 ,

4) = d(t ,)
-

non-negativity= F1
,
1 ER"

,

d(1
,
1) = 0 and d(1

,
4) =01 = 1

-

triangle- inequality= 1
,
1

,
EERh

,
d(1

,
z) = d(z

,
1) +d(1

,
z)

MEIGHBOURHOOD

R-=
a neighbourhood Br (Xo) of Xo ER is any open

banded interval

such that to is the midpoint = (xo - r
,
xo + r)

But if we want to
generalize it to R

,
it is better if we first try and

transform it into an equivalentdefinition- Exer :d(xo
,
x) cr3

R"-= FoER"
,

a neighbourhood of to is any
set : Br(20) =

Etrn : d(x,o)a]

POSITIONS OF LOER" WIV TO AGR"

INTERIOR POINT

AIR"
,
XoER"- To is an interior point forA if Fa neighbourhood

B(1s)[A



EXTERIOR POINT

AIR" , Ip ERh-tois an exteriorpoint for A if 7 a neighbourhood
B(z0) - As

BOUNDARY POINT

AIR",OERn - To is a boundary point for A ifTo is not interior

and not exteriorthat is if- F neihbourhood B (10)
,
B(onAfa

,

B(o)nA+ d

CATEGORIES OF SETS A RY

OPEN SETS

ACR" -*A is open in R" if FoEA-to interior point forA

in R
, every open interval is an open set but thereare open sets which are

not intervals -- when we say
that A is open we are sayingthata intA

(A = Rh is open when A = intA-=A contains all its bandarypoints = A is closed)

CLOSED SETS

AIR" -*A is closed in R"if to boundary point for A -* EpEA

in R
, every

closed interval is a closedset but thereare closed sets

which are not intervals -> when we
say

that A is closedwe are saying that

EXA (ACRh is closed when A = -*A contains none of its bandary points : A is open)

-

-

if a contains onlya part of its boundary points then A is neither open nor

closed

-

only R and I are both open and closed

BOUNDED/UNBOUNDED SETS

-

ACRV-A is bonded if 7 a neighbourhood is (a) such that < B(a)
- if itIf then a is unbounded

COMPACT SETS

ACR" is compact if it is closed and bounded in R



ISOLATED AND LIMIT POINTS

ISOLATED POINTS

A ER"
,
to ER" -*

So is an isolated point for A if -=01
g

EA

·

To interior-" cannot be isolated ②7 a neighbourhood
·

Fo boundary-" maybe or maybenot isolated B(0)11= 5103

LIMIT POINTS

AIR"
,

Xo ER" -- So is a limit point for A if -= X neighbourhoodB(=0)

71
,
+ 10 :,EB(E)1A

REMARKS

-

o interior- to limitpoint
-

to boundary -"
maybe or maybe not limit point

-

to boundary point
,
to EA-7 to can be either limitpoint or isolated

point (not both)
-

to bondary point, toA-- to must be limitpoint
-

given a set ARh
,
theset of all the limit points of A is calledthe derived

set denoted by A

-

AER" is closed if At A



theorems and proofs for 

structures



DOUBLE COMPLEMENT

Funiversalset u
,

Vset AIM
,

(A)" = A

PROOF

For two sets A
,
5

,

the claim that A = B holds equivalentlyto the claim

that both the relations ALB and BIA hold by definition.
Therefore

,

proving that (a) = A holds is equivalent to
proving

that both (A)*A

andAs (A) hold.

So
,
(A) A

.

Suppose we take a general element +(1)? By definition of

complement set
,

this means that XeU and X & A? Using the def.

of complement set again ,

this means that XEM and XEA
,
which

proves that (1))A.

A - (A))?

Suppose we take a general elementXA
. By def . of complement

set
,
this means that xellandXA? Using thedef

·
of complement

set again ,
this means that xEU and Xe(A')? which proves that

A[(AC)?

Therefore
, (A)

= A .



DE MORGAN'S LAWUS

Consider Il universe
,

A
,
B =I

[AlB]" = As UBS

PROOF

We first prove
that [AnBJ'sAUB?

Vx[ARB]-= x(AnB) - =
xAorxEB

-=xA orxB

- x (a) uB)

Then we prove that As UB" = [A1B]"

Vxe(AUB) -= xtA' or xtB
-= x(Aorx(B

-= xk

[AnB]-= x [AnB]

Therefore
,
[AnBJ" = ACUBE

ConsiderMuniverse
,

A
,
B1M

[AUBJ = A'B

PROOF

We first
prove

that [AUBJ' - A1B?

Vx[AUB]" -= x-(AuB) - = x(AorxEB -= xEA'or

x( B)== x(AGB)

Then we prove thatA'1 B' = [AUB]"

Vxz(A- 1B) -= x(A) orxEB)-=x(or x (B -= xk(AuB)
- x[AuB]C

Therefore
,

[aub]" = A& B



UNIQUELESS THEORER FORTHE MAXIMUR/MINIMUM

A R
,

A + b

If A has a maximum
,
it is unique

Ifa has a minimum
,
it is unique

PROOF

Suppose X
,, x are maximum for A

,

this means that :

0x
,, xz EA

②x, x VxzA(X , is a maximum

③
Xzx FxA(Xisamaximum

These conditions imply that

x
, Ex2 and x2 = x

,

- = x
,

= x2

If a maximum exists then it is unique.

Suppose X
,, X2 are minimum for A

,
this means that :

0x
,,
x2tA

②x, x (X
,

is a minimum)

③ x = x(x2 is a minimum)

These conditionsimply that

X , X2 and X2Ex
,

-= x
,

=
x2

Ifa minimum exists then it is unique



CHARACTERIZATIONFOR SUPREMUM/INFIRUR USING CEFT/RIGHT

NEIGHBORHOOD

consider AIR
,

a ER
,

then :

a = SupA (ifand only if

02= x VxA

② VE = o
,
7xA such that :

x = (a - 2
,
a]

PROOF

if a =

sep A
,
D is satisfied

let E = 0

since supA(a) = a-E the pointa-a is not an upper bound of A

therefore there exists XEA such that x = a - E



TRIANGLE IREQUALITY

VX
,
4 ER

llE + all Ill E11 + 11111

PROOF

Since all terms of the inequalitythat we have to prove are to
,

the inequality
thatwe have to

prove is equivalentto :

111+ 21121 (1) 1(1 + 11411)2

that is :

1(1 +y( = 111((2 + 112(1 + 2/11(1)(a))

that is :

(E +1)(1 + 1) = 1
.

1 + 4 . 1 + 2() =1)((41)

that is :

1 - 4 = 1) = 11 . 1141)

but Lauchy-Schwarz inequality forthe norm guarantees that :

V
, YERh

Iz .ale/EII. Il all

and since it is 1 - 1 = / . 1)
,
we immediatelyget the required inequality :

1 1 11 E11 . 11211



THE OUTHAGOREAN THEORER IN RY

given x
, y Erh

if x .

y
=

y
. x = 0 then 11 x + ull2= 11x112+ 114112

PROOF

11 x +yll = (Ny(x+y)) -=

(x +y)
. (x + y) -=

11x(12 + x y
+

y
. x + ((y))2 -x

11x/
2

+ 1(y(12



ALL NEIGHBORHOODS ARE OPEN SETS

PROOF

takeoER"

take a neighborhood Ba(zo) in R with radius 3

take
anyEBs(* o) : we have to show that is interior for Ba (10)

we knau dist (1 ,o) = d

consider any
number s' such that :

OE's 3-d

now take the neighborhead B2 (1) with radius s : we have to know that

By(k) - By(d)

then :

d(1,d) = d(2
,
1) + d(z,) = E +d

so1EBalko

this proves that Be (*) [Ba(*d)



A SET IS CLOSED IF AND ONLY IF ITS COMPLEMENT SET IS OPEN

PROOF

Suppose A is closed ,
XEAC

,
X not limit point of A

7. a neighbourhood B(Xo) such that a 1 B(xd) = d
,

such that B(xo)<A

=xintAc = A 'open

suppose At is open ,
X limit pointof A = Kneighbourhoodof x contains

a point of A = Xpot intA =* A open = XEA = * A closed



A SET IS CLOSED IF AND ONLY IF IT CONTAINS ALL ITS LIMIT POINTS

A closed= A'A (A' = set of all limit pointsofa)

PROOF

A closed
,

A =

= AUA = = A = = AUA',CA

A - A = - AUA = A but AUA' = A then A = = = A closed



function(s)
F is a function when for every

= F : A == B
element of the domain it exists

- a unique cement in B" in

↓ ↓ relation" with the element of A

domain codomain

-

y
= f(x) -

-y
is the image VxA]!

y (B

S

of x (inverse image) such that
y

= f(x)
-

an element XA always has

exactly one image y
= f(x)

-

range
= subset of F(1) of the codomain B (either the image or

the codomain of the function)
F : A -= B

REAL FUNCTION OFOE REAL VARIABLE
⑧

F : A = IR-= IR

[ =domn
in

X

f(x)
⑧

any
law f that associates elements A

B

XEA and elements
y

EB such that :

ExA !
y

E/R such that
y

= f(x)

-

the domain of a function F : AXIR--IR is a set ACIR -= A = IR
-

ACI↳
na tural domain = the largest subset AIR on which that

function can be defined

- the codomain of a function F : AXR-= R is always the set I

- the
range

of a function F : AIR--IR is a set f(a)<R-= f(a) = R

f (A) cIR
-

a function F : A CR-= IR can always be represented in the cartesian

plane xOy with its cartesian graph
->

graph (f)
= EP = (x

, y) such that x = A
, y

= f(x)3

TYPES OF FUNCTIONS

① F : A -= B = subjective- = f(a) = B

-

every elementof i it's hit at least once

- its graph intersects
every

horizontal line at least once

②F : A-XB =

infective
-- (x ,,+2 A

,

x
,

+ x2
-= f(x

,

) + f(x2)
-

no element yEB is usedmore than once

-

its graph intersects every horizontalline at most once



③ F : A-xB = biyective- it is both infective and subjective --

every
XEA hits only one yeB and

every yes
is hit (atmost once

MAIN EXAMPLES OF FUNCTIONS

REAL FUNCTIONS OF ONE REAL VARIABLE

F : ACR- = R
y

= f(x) -= ex
.

y
= x2

, y
= Ux

....

-

domain codomain

REAL FUNCTIONS OF U REAL VARIABLES

%: AGRh -=

Ry
= f(x) -= ex

.

+ : (x
, x2 , xg)ER- x

,

2 + x2x3ER

VECTOR FUNCTIONS OF I REAL VARIABLES

F : Acr"-= rky= f(x) -= ex
.
t : (x

,, xz
,
+3)=R-= (y ,, yz) =

x
,

2
+x3xz(

x
,

+ x2(u(xy)) + Ri

PIECE WISE DEFINED FUNCTIONS

a function which is constructed with two or more "pieces" that are

already known functions

x2x0

Ea
. y

= (x + 30 y
= k=

COMPOSITION OF FUNCTIONS

suppose
f : A-=B

, g
: C-D

if f(t) c we can define the composition function got : A-= D as :

(gof)(x) =

g(f(x))(x +

got means that we first apply f and then g

OPERATIONS WITH FUNCTIONS

-sum (x)

INVERSE FUNCTION

F : A-=B we say is invertible on a if there exists a function

F- : F(t)- A (not necessarilydefined on all B) which is said to be

inverse function off such that - F" (F(x)) = x FxEA

↳ needs to be infective Er
- (f

+ (x)) = x Vxef(z)



PROPERTIES OF F : A GR-= R

①F BOUNDED

F : A CR-=R is bounded if its range F(1) is a bounded set in R -

otherwise it is UNBOUNDED

-bonded below : if its rangef(t) is banded only below in R

-

boundedabove = if its
range

F(A) is bounded only above in R

② FINCREASING

F : AER-FR is called increasing if (x
, x2 (A

,

x
,

= xz
== f(x

,
) = f(xz)

F STRICTLY INCREASING

F : AIR-X is called strictly increasing if Fx
,

142 EA
,

x
, xx2

->

f(x) = f(xz)

F DECREASING

F : AER-XR is called decreasing if x
,, x2EA

,
X

,

= xz
- = f(x,) = f(x2)

F STRICTLY DECREASING

F : AER-XR is called strictly decreasing if Ex
,, xzEA

,

X
,

= x
-*

f(x
,
)c f(x2)

& frolotore

If F : ACR-XR is increasing on all a or if it is decreasing on alla --

monotone on A

ESTRICTLY MONOTOLE

If F : ACR-XR is strictlyincreasingon all a or if it is strictly decreasing
on allA--strictly monotone on A

GLOBAL MAXIMUM

take f : AIR-= R
,
XCA

we say
that to is a globalmaximizer (or a pointof globalmaximum) for

fifif(x)f(x) XxA -x f(x) is called a global maximum

-

there can be
many global maximizers (max f(x) x =1)

-

there can either be none are one global maximum (argmax
f(x)xea = ExtA : f(x) =

max f(x) x +3)

STRONG GLOBAL MAXIMUR

take F : AGR-*R
,

xjEA

We say that to is a strong global maximizer if f(x) f(x) ExeA
,
x + x



↑ (xo) is also called a strong global maximum

SUPREMUR

suppose a function f is bounded or at least bounded above

by definition it means that the range (A) is bounded above

this does not imply that the function f has a globalmaximum

it impliesthat it has a supreme
-> supt

=

sup of the range
of f

GLOBAL MINIMUM

take f : AER-XR
,

XoEA

We
say

that to is a global minimizer (or a pointof globalminimum)
-orfif : f(x) = f(x) XXA

-= F(xo) is calleda global minimum

- there can be
many global minimizers (min f(x) x =1)

-

there can either be none or one global maximum

Cargminf(x)xA = Exptt : f(x) = minf(x)x = +3)

STRONG GLOBAL MINIMU

take F : AIR-FR
,

X
,

EA

we say
that to is a strong globalminimizer if f(xol < f(x) VxA

x + Xo

F(Xd) is also called a strong global minimum

InFirur

suppose a function f is bounded or at least bounded below

by definition it means that the range (A) is bounded below

this does not imply that the function f has a globalminimum

it impliesthat it has a minimum-inff= inf of the range
of f

Local Maximum

f : AER-=R
,

XoEA

To is a local maximizer (ora point of localmaximum) for fif 5 a

neighbourhood i (xo) such that : f(x) = f(x) =x B(xo)na - f(x) is

called a local maximum

-

global maximizerE local maximizes

STRONG LOCAL MAXIMUM

take f : AER -= R
,
xEA

we say that to is a strong localmaximizer if f(x) = f(x)

ExEB(x)1A
,

x + Xo

F(Xo) is also called a strong local maximum



LocalMINIMUM

f : ACR -= R
,

XotA

To is a localminimizer Cora pointof localminimum) for fif

7 a neighborhood B(xd) such that : F(x) = f(x) x =B(x)1A -

↓ (xo) is called a local minimum

-

globalminimizer local minimizer

STRONG LOCAL MINIMUM

takef : AER-*R
,

XoEA

we say that to is a strong local minimizer if f(xo) < f(x)

FxB(xo)1A
,

x + x0

F(xo) is also called a strong local minimum

CONCAVE AND CONVEX FUNCTIONS

CONVEX --- (
-

F : AIR-= R
,

A interval

① F is strictly convex if : Vx
, y A supposing

P

! Q
STRICTLY

convex

you call p
,
a the corresponding points on i :

the curve
,

the segment Fa is higher than
* i

Y

the arve
-

② fis convex if : Ex
, y Ea supposingyou call (i

Q CONVEX

P
,
Q the corresponding points I i

on the curve
,
the segmenta is not ↓ i

Y

lower than the curve

concale -= M
-

F : AER-= R
,

A interval

① f is strictlyconcave if : VX
, ye A supposing Pe

you call p
,
Q the correspondingpointson i

the curve
,
the segmenta is lowerthen

↓

the curve
-

② f is concave if : VX
, ye

A supposingyou call

Y
save

Pa the corresponding points on the curve,

the segmentQ is not lower then the i
Y

curve

AFFINE = F is convex and concave



STRICTLY CONVEX

F : AER-*R
,
A interval

F is strictly convex onA if :

Vx
,y(t ,

x + y
,
fa : 0x(1

,
Cf(x) + (1 - c)(fu) = f [xx + (1 - c)y]-=

the segment is higher than the curve

CONVEX

F : AER-= R
,

A interval

F is convex onA if :

Ex
, Yea ,

VC : 01d11
,
a f(x)+ (1 - df(y) = f [ax+ (1 -du] -x

the segmentis not higher than the curve

STRICTLY CONCALE

F : ACR-* R
,

A interval

F is strictly concave onA if :

Vx
, y =A

,
x + y ,

ya : 0 = c = 1
,
4 f(x)+ (1 - c) f(y) < f(x + ( -c)u]-

The segment is lower than the curve

CONCALE

F : AER-= R
,

A interval

tis concave onA if :

Vx
, y(A

,
Fa : 0 = c = 1

,

cf(x) + (1 - a)f(y) = f[xx+ (1 - x)4] --

the segment is not lower than the curve

FENCHEL'S THEORER (LOCAL/GLOBAL)
F : AER-*R

,
A interval

① iff is convex onA then : to is a local minimizer-Xo is a globalminimizer

② if f is concave onA then : to is a local maximizer 7 to is a globalmaximizes

f : A =R
-= R

DOMAIN = ARM

codomain = alwaysR

RANGE = F(A)[R

Natural Domain = the largestpossible domain AER" on which I can be defined

LEVEL CURVES (instead of 3D graphs) --

-

given a surface y
= f(x

, xc) we cut it with horizontalplanes y
= k and

we representthe horizontal slices thatwe obtain

-

given a function F : AIR-= R we call levelcurve of height k thecurve



2x ,, xz)tA : f(x
,, xz) = k3 = (f = k) - A

-

given a function y
= f (x

,,
x2)

,
two different level curves (f= k

,
) and

(f = k2) cannot have interactions -= (f = k
,
) n (f = kz) = d

otherwise there would be a point (x ,,
x2) such that F(x

,,
x2) = k

,

↑ (x
,
x2) = kz ,

with k
,
+kz -- impossible since fis a function

LEVEL SETS

given a function F : AIR"-= R we call levelset ofheight k theset :

& (x, . . . .

.,
xn) ( A : f(x

,, x2
,

.... +) = k3 = (f =k)[A -=

-

n = 2 -= level curves

-

n = 2 -= difficult/impossibleto visualize

-

n = 1 == f : A =R -=R
,
&xA

,
f(x)= k3 = (t =k)2a

EXAMPLES IN ECONOMICS

① Cobb-Dauglas function - =
u = Exxz = x, x,

- natural domain =
x

,
= o Xz = o

-

range
=

y = 0

-

generalizing
-= u = x,xz -= Y = X , ......

L= c
,, % = 0

;
↳ a

, .... En
= 0

;

a
,

+ 22 = 1 C +.... + an
= 2

- often used as an example of utility function

② Utility function- any function n (x....... xn)defined..... In zo

such that we can use it to say that the rector * = (x
, ....,
2) [a

bundle ofgoods] is preferred to the vector y
= (y ........ 2) [another

bundle of goods]7= n(E) = n(1) [the utility of 1 is = the utility of1]
- for an utility function n (X

,
x2) its level curves are called its

indifference curves

F : AIR"-RUN/BOUNDED

F : AER=R is bounded if its rangef(a)=R is a bounded set in Rotherwise

it's unbounded

F :AIR-R GLOBAL Maxira/rivira

GLOBAL MINIMA

F : AER"-R, o
EA

to is a globalminimizer for Fiff(x)ef(x) VIEA-Xf(x) is



called global minimum

STRONG MINIMUM

a point of globalminimum to is strongif f(x) < f(x) VEAot*

GLOBAL MAXIMA

F : A & R" -ER
. LoEA

Lo is a global maximizer for Fif f(x) = F() FEA--F(xo)is called

global maximum

STRONG MAXIMUM

a pointof global maximumSo is strong if f(xd) = f(x) XXEA**

Seep/INF

For a function F : AIR"-= R you can also define sup and inf-x

they are just the sup and inf of its range F(A) when they exist

Local raXIra/rivirt

LOCAL Maxi Set

F : ACRY-XR
,

XoEA

to is a local maximizer (orpointof localmaximum) for fit 7 a

neighborhood (10) such that F(xd F(A) XB()nA-F(1) is

called local maximum

LOCAL MINIMA

F : ACRh-=R
,

XoEA

So is a local minimizer (or point of local minimum) for f if Ja

neighborhood B (10) such that F((d) = f(x)XEB((0)1A-= f(x0)

is called localminimum

F Convex/concave
F : AER" -= R

,
A convex set in R (generalizationof interval)

Of is strictlyconvex on A if :

FX
, 1A

,
1 +1

,
& : 01
I

thesegment is higher than

c f (k) + (1 -c) + (1) = f [cz + (1 -2)1] thegraph of f(x)

② f is convex on A if :

V
, 4(A ,

k + 1
,
2 : 0111

af(x) + (1 -df(q) =f[+ (1 -1)1]
-

the segment is not lower than

the graph of f(x)



③ F is strictly concave on A if :

V
,
4tA

,
1 + 1

,
Va : 0 + a + 1

cf(x) + (1 - d)f(q) < f[* + (1 - 1)]]]=
the segment is lower than the

graph of f(x)

⑦ f is concave on A if :

VX
,
4(A

,
k + 4

,

x : 0 = x = 1

< f(k) + (1 -x)f(1)-f[ + (1 -1)]]]the segmentis nothiea

CONTOUR SETS

f : car" -= R (c= convex set)

UPPER CONTOUR SET OF LEVEL K

E(x
, ,

. . .

.,
xc)Ec : f(x, . . . ..

xn) = k3 = (t = k) =
&

COVER CONTOUR SET OF LEVELK

& (x , ,
. .

.,
x) Ec : f(x

, .....n) = k3 = ( (k) = c

F= ( = k) = (= k)n(f-k)

M

-

if F : CGR"-*R is concave -- all its upper contour sets (f-kareconvex

- if f : CIR" -> Ris convex -> all its lower contour sets (f= Kare convex

-

suppose
F : R-1R is stricty monotone (strictly increasingor strictly

decreasing) then -" Dall its upper contour sets are convex

②all its lower contour sets are convex

regardlessof the fact that f is concave
,
convex or neither of them

- all concave functions have convex upper contour sets but the converse is

DIVERSIFICATION PRINCIPLE (MTILITYFUNCTION

If two bundles of goods 1
, 1 < ensure a certain level ofutility then

any

convex linear combination (1 + (I +c) 1 of them will give at least the same

utility
-= u(z) = k

,
u(z) = k -= Fc : o x 11

,
u(xk + (1 -x)1]= k -=

all the upper contour sets of the utility function a have to be convex

QUASI-CONCAVITY/QUASI-CONVEXITY
①

a function f : CIR"-*R is quasi-concave if :

F
, 1 ec

,

Fa : 01c11
,
Flck + (1 -c)4] = minEf(E)

,
f(q)3

& a function F : (IR"-=R is quasi-convex if :

V ,
q(c

,

(d : 0 (c(2
,
f[(x + (1 - c) 1]= max(f(k),

f(2)3

③ a function F : CER"-*R is strictly quasi-concave if :

=,4t
,
ya : 0xx1

,
f[(k + (1 -c)1] = min(f(x) , +2)]

⑨ a function F : CIR"-*R is strictlyquasi-convex if :

V 1
,
17C

,
72 : 0x2

,

f(xk+ (1 - c)1]< max(f(x) ,
f(2)3



H

take the function F : CER"-= R then -

- f concave-fquasi-concave
- F convex-fquasi-convex
- f strictly concave--fstrictly quasi-concave

-F
strictlyconvex -of strictly quasi-convex

H

suppose F : R-=R is strictly monotone (strictly increasingor strictlydecreasing)
-> O fis strictly quasi-concave therefore also quasi-concave

② f is strictly quasi-convex therefore also quasi-convex

regardlessof the fact that is concave
,
concave or neither of them



theorems and proofs for 

functions



A MONOTORE FUNCTION IS INVERTIBLE IF AND ONLY IF IT IS STRICTLY

MOMOTOLE

an increasing function F : AIR--R is strictly increasing if and only if

f(x)= f(y) = = x = y fx ,yA

that is if and only if it is injective

strictly monotone functions are therefore injective and also invertible

PROOF

only if == lett be strictly increasing
and assume by contradiction that

f(x) = f(y) for some xFy and assume xxy

since + strictly increasing
f(x) - fly) should hold however this

contradictsthe assumption that f(x) = fly)
therefore the assumption f(x) = fly) for x + & is false which implies x =

y

hence t is injective

if = assume f is increasing but not strictly increasingand we aim to

show that f(x) f(y) when x = y

let x=y and by increasingmonotonicitywe know f(x) = f(y)

if f(x) = f(y) infectivity (f(x) = f(y) = = x = y) would imply that x =

y

contradicting the assumption that x =

y

therefore f(x) = fly) proving the function is strictly increasing



STRICT MONOTONICITY IS EQUIVALENT TO AN ORDER ISOMORPHISM

- function: AER-*R is strictly increasing if and only if
xzy<=* f(x) = f(y)

Vx
, y

= A

PROOF

to see why we can replace == with 1: it is enough to observe that for a

strictly increasing
and so increasing function + we have x = y

== f(x) = f(y)

Yx
, y EA



A MAXIMIZER IS STRONG IF AND ONLY IF IT IS UNIQUE

F : AGR -= R
,

CA

XEC if f(x) = F(x) Exc
,

X + x0
,

xo =

strongmaximizer

PROOF

suppose there exist two strong global maximizers : x
, , xz

f(x
,
) = f(x2) = = f(x) = f(x,) = = x

,

=
x2 (the point is unique)

A MINIMIZER IS STRONG IF AND ONLY IF IT IS UNIQUE

F : AER-XR
,

CIA

Xot ciff(x)< f(x) Exec
,

X * xo
,
to =

strong minimizer

PROOF

suppose the exist two strong global minimizers : X
,

x

f(x
,
) < f(x) == f(x2) < f(x,) = = x

,

= x2(the point is unique



PRESERVATION OF MAXIMIZERS/MINIMIZERSWITH RESPECT TO

STRICTLY INCREASING COMPOSITION

Let g
: BER-= R be a strictly increasing function with ImfB

the two optimizationproblems

maxf(x) subsec and max(gof)(x) subsec
X X

are equivalentmeaning they have the same solution

PROOF

since
a strictly increasing by strict monotonicity being equivalent to an

order isomorphism we have sat= g(s) = g(t) VsitInf

thusFf
= g(f(x)) = g(f(y))yx , y = A

S

Therefore Exec
,

f() = f(x)= = (x c
, (gof)(*) = (gof)(x)

this
proves that a vectorEc solves maxf(x) subsec if and only if it

x

solves
max (gof)(x) subsec



FENCHEL

given
F : CIR"-R

,
A convex subset

,
fconcave

if xott it is a local maximizer = global maximizes

PROOF

if xo
= local maximizer

,
thena neighbourhoodBy (xo) = + f(x)= f(x)

FxBq(x) =* xo = global maximizer

suppose Xo global maximizer ther FyEA such that F(y) = f(x)

Sincef concave Ft-[0
,
1] =

f (tx + (1- t)y] = t f(x) + (1 - t)f(y) = t f(x) + (1 - t)f(x) = f(x0)

since a convex == txo + (1 - t)y + A (tz[0
,
1]

then 5 t'eR such that : txo + (1 - t)
y

+ By(x)Vte[t
,

2] = =

Vte[t'
,
1)

,
f(txo + (1 - t)y] = f(x) = there exist pointsof By(xd

where f(x) = f(x)

this contradicts f(xo) = f(x) (x = Ba(xo) ==

To= globalmaximizer



CONCALE FUNCTIONS HAVE CONLEX UPPER CONTOUR SETS

if f : CER"-=R is concave then all its
upper contour sets (f= k) are convex

PROOF

given Ker let(f = k) be non-empty (otherwisethe result if obvious because

empty sets are trivially convex (

let x
, ye(f= k) and ne [0

,
1)

by the concavity of f : f(xx + (1 - x(y) = cf(x) + (1 - d)f(y) = xk + (1 -a)k = k

therefore <x + (1 -c)y(t = k)



CONVEX FUNCTIONS ARE QUASI-CONLEX

Vx
, ytA

F(ax + (1 -c)y]= f(x) + (1 -d)f(y) if f(x) = f(y) then

a f(x) + (1 - c) f(y) = Cf(x) + (1 -d) f(x) = f(x)

=

if f(y) = f(x) then c f(x) + (1 -c)f(y) = f(y)
=

c f(x) + (1 - a) + (y) = max (f(x) , f(y)3 =

f(x + (1 -c)y] = max(f(x) , f(y)3 = F quasi-convex

CONCALE FUNCTIONS ARE QUASI-CONCALE

Vx
, y - 1

+ (ax + (1 - ay] = xf(x) + (1 - a)f(y) if + (x) = f(q) then

a f(x) + (1 - a)f(y) = c f(x) + (1 - x)f(x)
-
f(x)

=x

if f(y) = f(x) then a f(x) + (1 -c) + (y) = f(x)

=

c f(x) + (1 - a)f(y) = min[f(x) , f(y)3 =

+ [ax + (1 -2)y] = min[f(x) , f(y)3 = F quasi-concave



sequences 

-

a law defined on natural numbers which producesan infinite list

= number sequence-functionf : N-= R (domain : N + conditions
,

codomain : R - irrelevant)
- f

, g
-= a

,
b f(x)

, g(x) -+anibn , xn , Yn

an
= 0(ad

,
1(ae)

,
a(an)

,
.....

RECURSIVE SEQUENCES

E
so given Auto - an+ an+

Vn = 0

an + 1
= f(an)

↳
2 n

= 1
,

1
,

2
,

3
,

5
,

8
,

13
,
21

,
34

,
55, ...

LIMITS OF SEQUENCES

① liman = 1 -= an converges
to l

n -y + x

an tends to l

- def
. with neighborhoods-neighborhood B(1) 7nEN : Vn = n

anEB(l)
- def

.
with inequalities-= VE = 0

,

FEN : Vn = n
,

l-scancl+ E

② lim an =+ 0 -* an diverges to + o

n
-1 +

x

an tends to + c

- def
. with neighborhoods--neighborhood B(+ c) 7nEN : Ven

antB(+c)

- def.with inequalities- FK + o
,

ZEN : An en
,
an k

③ Liman = -0-an diverges to -

a

n -= + a

an tends to -

a

- def
. with neighborhoods--Fneighborhood B(-a) 7 E N : Vn = n

antB(- x)
- def

.
with inequalities

-= FK = o
,
JEN : En = n

,

anc-k

② Liman = # = irregular/oscillating -- if an is not convergent,
n - = + x

divergent to + o or -

a



LIMITS FROM BECOW /ABOVE

① Liman = l-= from below

n -= + 0

r
= (l- 2

,
9]

- def
. with neighborhoods- Fleft neighborhood B- (e) 7 neN: n = n

antB- (l)

- def
.
with inequalities-= FE = o

,
JEN : Kn = n

,
l-canel

② Liman = 1- -= from above

n -= + 0

r
= [l

,
l +3)

- def
. with neighborhoods-- Fright neighborhood B

+ (1) 7 neN :

Fu = n
, an = B

+ (l)

- def
.
with inequalities-=Exo

,
7nEN : When

,
leancl+ E

L

-

a sequence is a function f : N- = R
,

so it is a particularcase off : AIR - = R

so
- constant sequences

·

bounded sequences

·

increasing/decreasing/strictlyincreasing/strictlydecreasing
sequences -- ex

. increasing
= Fm

,
nEN

,
man

,
am an

-> FnEN
,

an += an

ELEMENTARY SEQUENCES

①
an = nd-powersequences

-

a x0 =
-x +0(n2

,
n

= = Un
....

)

-

a = 0
= -x 1(1

,

4
,

1
, 41...

)

-

co =
-- 0

+

(n
,

n
- a

....

)

② an
= qh -= exponential sequences

·

irr
.

bonded=

a
= 1 - an

= 1
,

-
,

-

a
= 1 = -= +(2

,
joh

,

e"
...

) 1
,

-1 , ...

-

a = 1 = - 1(1
,

1
,
/1 ....

) = ·

irr
.
unbounded=

q-1
-= (-2)"

,

-

- 29x = - =

07
(-10)"

....

ocq
= o

+ ((z)(io)" ...
)

S a = 0
= 0 (0

,
0

,
0

,
0

....
)

-

2911 = 0()- 2)
...

)



③
an

= (Inn) - logarithmic sequences

-

a = 0 = - + x(((nn)2, ((n)2
,

...
)

-

a = 0
= -x 1(1

,
1 ,

1
,

1
....
)

-

aco = - - o
+

(((nn)
-

3 ...
)

GEOMETRIC SEQUENCES

-

an
=

aq
-= a = 5

, q
= 2

- - an
= 5

,
5 . 2

,
5 . 2? 5 . 23

...

-

recursive -> 20 = a

S
do = 2

Santa
-

= a = 5
, 9 = 2

an = 5
,

5 . 2
,
5 · 22

,
3 . 2, ...

constant ratio

ARITHRETIC SEQUENCES

-

an = a + an
(linear Sequences) -= a = 10

,
d = 4 -"an = 10

,
14

,

18
,

22
,

...

-

recursive -x
do = a 20 = y

-x - a = 10
,
d = 4E

an + 2
- an =

d
E

an + 1 = an + d

an
= 10

,
14

,
18

,
22, ...

constantdifference

OPERATIONS WITH LIMITS

consider In . In such that
In

= L
,limun

= R
, with

E + 0
,

- 03 then :

& Lim (xn +un) = limen + Limyn
n -y +2 n- + 0 n -Y + o

② Im (xn - un) = Liman limyn
n- = +

a n-= +y n - x + x

③lim
n -= + a

provided that there is no indeterminate form :

- + 0
,

- 8

-

o . (+)
,

0 . (a) -+o a

-

-

If we do not get an indeterminate form the limit is easy is easy ,
if we get

an indeterminate form
,
we have to analyseit better



When one of the sequences xn , In
is irregular the theorems cannot be

applied but there are other methods --

him (n2 + ( - 1)4) = + a

n - = +

0x
+
2 Tx irregular

banded

there is also a specific

theorem
COMPARISON CRITERION Jaka "the two policemen"l"squeezetheorem")

suppose Xn = 4nzn (at least eventually)

supposelimxn=
limzn= limun

n - + x n -= + 2

RATIO CRITERION (only the followinglimit form)

consider a sequence Xh

if JgER, <1 ,
such that
:Lim = the

INDETERMINATE FORMS

suppose an ,
bn-= + o (if they go

to-so it is similar) then :

to bn = "Faster"flimwesaythaisninntyofhigherorder withresea
to bn = "slower"

③

iflime=k
to

,
we
say

that: an
,
bn are infinities of the same order

same speed

⑨

iftime f ,
we say that : an

,

bn are not comparablea

THEOREMS

suppose pr , qh ,
n n% (In)" (Inn)" are such that they - +o [p

, q
= 1 ;

a
,

B =0] then :

①Lim+B=comparison of powsa

①lim
= +

xpxq
=

comparison of exponentiala

comparisonloginAe



⑤lim =+ 0 Va =

comparison power/logaitis

SCALES OF INFINITES

exponentialson
the higher the basis

a

S the higher the order

higherorther than

powersno
the higher the exponent

the higher the order

higher order than

logarithms(In)adthe higher the exponenta

the higher the order

- scales are open
above and below

- there are infinities of higher order than exponentials- an = n !

2

(= n factorial)-= a
.

5 ! = 5 . 4 . 3 . 2 . 1 ↓

is such that
:lim

=+ VAT n ! = n(n -1)(n- 2) ....

-there are infinities of lower order than logarithms
-- an = In In n

is such that : Olim (n2-en) = - a co-co

n -= +

a (y +0(x - c

&m=
-= I- 1

, 13

otm
= 2

INFINITESIMALS (sequences -- d)

take an ,
bn infinitesimals (suppose an , bn-ot) then :

-

iflim
= o

,
we say

that an is an infinitesimal of higher order with

respect to bn =

goes faster too

-

ifhimE
= +

,
we say that an is an infinitesimal of lower order with

respectto bn =

goes
slower too

-

if lim
= ko

,
we say that an b are infinitesimalsof the same orda

=

go to 0 with the same speed
-

if lim ,
we say that an

,
b are not comparable



THEORER

suppose an ,
bn -= +

then an . an -- of and:

an is an infinity higher order with respect to bu (-= + - faster)
-x

↓

an is an infinitesimalof higher order with respect toth (-- o
+ Faster)

THE SEQUENCE (1+ )"
take an = (1 +1)"- it

converges to a finite limit <
,
2113 which is

exactly 1 = Sup[an3 I

=limit (Napier's number) = =2
.
78

generalisation-lim (i+ )"= e VatR
n -= + 0

LANDAU SYMBOLS : N
,

O

ASUMPTOTIC N

an
,
bu sequences an vbn if

:lin
=

1-anibn tend to the same

limit with exactly the same

speed
-you can reduce complecated

sequences to a simpler sequence
it is only an intuitive interpretation

with the same behavior (formally validonly if liman
,
limbuF)

-

v is useful to compute limits

more easily
LITTLE O

anbn sequences an Olbn) if
:lim

=

0-an is negligible with respect
to br

THEOREM

Xnwyn
=

xn = yn + 0(4n) = relationshipbetween ~and o

SEQUENCES OF VECTORS

a sequence of rectors An with m components is a function fin-= Rm -x

Lim In = 1-= Fneighborhood B(A) JnEN : Van
,
AnEB(e)

n - = + 0

consider a sequence of vectors with m components An
= (in

,
Xan .....mu)

we have that In-1 = (l
, 12

, .....
(m) 77 Xin= l

x2n -= 12

Sxmu-em



theorems and proofs for 

sequences 



FOR AN ELENTUALLY POSITIVE SEQUENCE SX3 DIVERGES TO

+ SEn3 CONVERGEs to Ot

PROOF

if xn-- +o then Fr + o Ino : Veno Xn + r

E = 2
, xn + r

-= xn =
1

= =0

= Vezo Ino : Freno
,On

= En--o
+

↓
- o += Faxo Fno : Kneno

,
oxn

2 = i - = 0 - in - E = = 0
- 7

= - xn +r

Fr = o Ino : Freno
,

Xn
= R = = xn - + 0



THEORER ON THE UNIQUELESS OF THE LIMIT (FINITELIMITS)

a sequence [xn3 convergestat most to one limit le

PROOF

suppose liman
= l
,,liman

= la
,
lita

n -= + 0

if <Zel,
then B(l)Ba(l)

if liman = 1
, then Ind such that t nenoxneBe(l ,)

n - + 8

if liman= 12 then Inssuch thatnano , The Be(l2)
n == +8

=> Fn + max between his and
hi,neBa(l) Ball

contraddiction to Be(l ,
) 1 Ba(la)

=

D == l
,

= 12 unique



BOUND MESS THEOREM FOR CONVERGENT SEQUENCES

each convergentsequence is bounded

PROOF

suppose Xn-=L , setting E = 1 there exists n , 1 such that xneB ,
(4) for

every

n = n,

Let r =o be a constant such that r = max[i
,
d(x

,
1)

....,
d(xn

,
-1

,
1)]

we havea (n, ) are for
every hel

,
i . e . In-1)<r for every ne

this implies that for all ne1
,
-raxn + r

Therefore the sequence is bounded



REGULARITY THEOREM FOR MONOTORE SEQUENCES

each monotone sequence is regular, in particular :

① it
converges if it is banded

② it diverges positively if it is increasing and unbounded

③ it diverges negatively if it is decreasing and unbonded

PROOF

let Exn3 be an increasing sequence

it can be either banded or unbanded above (for sure it is bonded below

because +, In For every n = 1)

suppose that Exh} is bonded
,

we want to prove it is convergent

Let E be the image of the seauence

by hypothesis it is a bonded subset of R

by theLeast Upper Bond Principle , sup E exists

set =

supe ,
we prove Xn- = 1

,
let 2 = 0

since ( is the supreme of E by characterization of the
supremum we have :

& LEXn for
every h = 1

,
② there exists an element xne of E such that

xne = L- E

since [xn3 is an increasingsequence it then follows that <= XnEXns* E

Vn = ng

Hence XnEBa(1) for
every n = ng as desired

suppose that Exn3 is unbounded above

then for
every k = o there exists an element Xnk such that Xnk * k

since [xn3 is increasingwe have that XnXnk = K for
every

h = nk so it

diverges to+o



L) MIT OF THE SUR OF SEQUENCES

let xn-Eranggn-HER then :

xn +
yn

-= L + H providedthat+H is not an indeterminate form of the type

+ - -or - 0 + 0

PROOF

let xn-ang Yn-
= H with HER

This means that for every=o there exist n
,
and ne such that :

L-Exn+ E Fren ,
and H-Eynh+E Enehe

by adding inequalities member by member for
every n = n3 = max En

, has

we have + H - 22 < xn +
yn

+ H + 2

since 28 is arbitrary it follows that Xn +
yn-

=+ H



COMPARISON CRITERION FOR SEQUENCES

Exn3
,
3yn3

,
En3

yn
= Xnzn = = Lim yn

= Limzn = CER == Limxn = l
n - +-n = + 0 n=1 + 00

Proof

yn
- = 1 = = fetoJn: l- acynal+ 2 FnEn

,

zn -= l = = fz =07nc : -Ezncl+ 2n = nz

VhEhz ==
Yn = Xnzn

== Un = max n
,, n2

, 43 :

l
-Exyn = xn =zn>l+ 2

= = l-Excl+ 3 = = xn -= l



THEOREM ON THE CHARACTERIZATION OF XNYN WITH THE USE

OF THE LITTLE -O

we have Xn -yn
= = xn =

yn
+o(yn)

meaning two sequences are asymptoticwhen they are equal up to a component

that is asymptotically negligiblewith respect to them

this result further clarifies has the relation~ can be seen as an

asymptoticequality

we can also write xnwyn
= xn = yn[ + o()]

PROOF

if from th = yn + o(yn) it followsthat-

only if == let xn-yn

denoting zn =

Xn-yn one hasthat

therefore zn = o(yn)



series
+ D

-

a series
, an is the sum of the infinitelymany terms ofa sequence an

-

DEF
.

Consider a sequence an = ao
,

2 1 122 , 23 ...

O we define a second sequence Sn
,
called the sequence of partial sums

of an : So = do

Si = do + al

S2 = 20 + a
,

+ 22

:

Sn = aota
, tazt ... an

-* Fn
,
it is a finite som

+

② we call series with general term an and write [ an the limit of the
n = 0

Sequence Sn when n-= +o if this limit exists .

an = Limi
n -= +x

- four possiblebehaviors-

·

if Lim Sn = S-San = S (convergestos/has sums)
n -= + 0

·

if limsn= + o -an =+ (divergest
n -= + 8

· if limsn = -o -an = -o (diverges to +d
n - = +8

· if the sequence Sn is irregular-san is irregular

GEOMETRIC SERIES

an = agh (geometricsequence)- (agh) (geometric series
THEORER-behaviorof the geometricseries

converges toa if-11911

n S diverges to+o if 91

is irregulat if
q1

- 1

THORER

supposean is regularand Kar thenalso an is regular and in the

convergent case it iskan = Kan



MENGOLI SERIES (THEOREM)

=

HARMONIC SERIES (THEORER)

given the sequence an =n = 1

, it ..

theseriesan = 1
+... Charmonic series) is divergent to + o :

=

NECESSARY CONDITION FOR CONVERGENCE (THEORER)

if an is convergenttos then an -o or the fact than anto is a necessary

condition for the convergence of the series an

?

equivalentstatement= if an to then an is not convergent (maybe

divergent to + o/-o or irregular)

REGULARITY THEORER

- consider an with an at least In then the series is regular
either it

converges tos or it diverges toto

- if anzo and an +ro - the series diverges to to

BEHAVIOUR OF THE GENERALIZED HARMONIC SERIES

Consider the generalizedharmonic series
, the ,

aer then :

it
converges

Va = 1

E it diverges to +o=

-

the harmonic series diverges to to

-

among
the series of this family

-

· those for which an -"o quicker it
converges (donot know towhich number

·

those for which an
-"o slower it diverges to + co

+
-

consider theseries ,
C

,
BER (which for B = 0 reduces to the

generalized harmonicseries) then :

E
it converges

Vaxe
,

XB and for

a = 2
,

B = 1

it diverges to+ Fact
,
VB and for

c
= 1

,
B11



THRESHOLD SERIES

tun which diverges to+

among the series of this family ->

· those for which an -to quicker it converges

· those for which an -to slower it diverges to+

ASUMPTOTIC COMPARISON CRITERION (THEOREM)
+

-

consideran bn with an
,
be to (at least eventually

- if an~bu then :

+ N

eitheran on are both convergent(not necessarily to the same numbero

or they are both divergento to + >

-

it is the most useful criterion but it cannot always be applied

COMPARISON CRITERION (THEORER)
+ N

-

consideranbn with an
,
bno (at least eventuallya

-

suppose an = bn (at least eventually) then :

+ +

·

if bn converges -an converges

· if an diverges to +-n divergesto

OTHER SERIES
+ 8

an with an o atleast=) -ex
.= Cit converges

di

you
collect the minus and study using all the

preceding case

SERIES WITH TERMS OF INDEFINITE SIGN
+ *

givenan with an of indefinite sign we say
that an is absolutely convergent

u = 0

if the series and is convergent

THEORER
+ x

givenwithtemfindefinitia is convergent)these

convergent (simplyconvergent)

REMARKON EXPOTENTIAL SERIES

m
= e( + + + + +++) = e(+ +

q + 2 +q + ..)



theorems and proofs for 

series



BEHAVIOUR OF THE GEOMETRIC SERIES

converges toa if-11911

n S diverges to+o if 91

is irregulat if
q1

- 1

PROOF

if
a

= 1 then Sn = 1 +
g

+q +... +

q
= 1 + 1 + 1 +... + 1 = n + 1 -x + 0

so I a" diverges to +o

if Sn-1tqtqt... tah then g
. Sn =

a +q+... +g*1and Sh-9Sn =

(1 +

q + 92 +... + qh) - (a + 92+ 93 + ..
+

+2) =

1-qu
+ 1

so Sn-g . Sn = Sn . (1-q) =

1-qh-1
== ifa + 2 then Sn =

t

if a
=

1qh
+ 1

-= + 0 so Sn - = + 0

if 191e ghte
-= o so Sn-= Fa

if q
= -1 = nun .

Zoro
,
den. O = Sn =See

= X

↑limn
= the series is irregulat

if q
< 1 == num · negative and positive term always growing (in

absolutevalue)
,
den negative=im Sn = the series is irregulate



BEHAVIOUR OF THE MENGOLI SERIES

+1) = 1 = it
converges and has see 1

PROOF

=
-

u
,

= + Sn = 1 -

I + 2
-

5
+
5 - +... + h it = 1

H = 2



BEHAVIOUR OF THE HARMONIC SERIES

= 1++... divergesto

PROOF

1+
+

5+ + 5 + 7++ +5
+ % +

π + m+++ +
+

+ ...

=

Sz = S2 = 1
+ = 1 + 1 -

1
= =

Szk = 1 + k .

-

Sa = S =

1 + 2 + 5 + 5 = 1 + z + z
= 1 +

2
.

timSn=+
-

n -= + =

diverges

to +



NECESSARY CONDITION FOR CONVERGENCE

if the series En= 1 xn converges
then xn--o

PROOF

clearly we have Xn = sn-sn- and given that the series converges in - as well

as Sn-1
-= S

therefore Xn = Sn-Sn-1-= S-S = 0



REGULARITY THEORER

each series with positive terms is either convergentor positivelydivergent

it cannot be indeterminate

PROOF

consider =inwheren =0 An

then Sn = E
=,

is increasing then monotone

a monotonic sequence (one either increasing or decreasing)on R must either

converge to a finite limit or diverge to to if the sequence is increasing

thus the series is either convergent or positivelydivergent
we conclude saying the series cannot be indeterminate



limits
M

take f: AIR--R
,

we define -

①
given F : AER-=R

, suppose e is a limit point of A (no need that <ea) then

Limf(x) = I
means :

X -xC

·Kneighborhood zu (1) 7 a neighborhoodv(c) such that if x = v(c)
,
x + c

then F(x) Ev(l) =

using neighborhoods
· Fz =ofS(z) = o such that it -S < x + S

,
x + c thenl-e < f(x)cl+ 2

=

using inequalities
②

given F : AER-=R
, suppose e is a limit point of a

(no needthatcea) then

Limf(x) = + o means :

x --C

· Fneighborhoodv(+ o) 7 is a neighborhood v (c) such that if x = v(c)
,
x =

then F(x) tv (+ -) =

using neighborhoods
·

Vrzo 75 = S(r) = o such that if c-S < < + S
,

x + < then F(x) = r =

using inequalities

&
given F : AER-=R

, suppose e is a limit point of a
(no needthatcea) then

Limf(x) = -o means :

*

?
Vneighborhoodv(-0) 7 is a neighborhoodv(c) such that ifxer(c)

,

X + thenf(x)Ev(-0) =

using neighborhoods
·

Frco JS= S(r) = o such that if c-S < xc + 5
,
x + < then f(x) < r

=

-using inequalities

Ef(x) = 1
,

+ 0
,
-o (LEF) on the right (2-side limit) -=

· - O =

given F : Ar-R Suppose is a limit pointof t f(x)
=

means :

-

Kneighborhood (-0) 7 a right neighborhood V
+

(1) such

that if xev
+
(c)

,
x + < then f(x) +e(-8)

-

FroJS= S(r) = o such thatif<c + S then F(x) -- r

·

+
O-given F : AER-R suppose c is a limit point ofAmy f(x)= + =

means :

-

Kneighborhoodv (+d) 7 a right neighborhood v"(1) such

that if xev
+ (c)

,
x + c then f(x) =v(+0)

-

Fr = 0 75 = s(r)+ o such that if <xx + S theuf(x)= r

· l =

given F : A [R-=R suppose cis a limitpointofAmf(x) = l

means :

-

Kneighborhoodt (1) 7 a right neighborhood V
+

(c) such

thatif xev
+ (c)

,
x + < then f(x)e v(l)



-

Vz =05S(3) = o such thatif< + S
,

X + then I-E

cf(x) - l+ E

- Limf(x) = 1
,

+ 0
,
-o (cer)on the left (1-side limit)-

x- -

· -

=given F : AER-= R Suppose c is a limitpointofA Limf(x)=
-

y
x- -

means :

-

Kneighborhood (0) Za left neighborhood v(c) such

that if xev-()
,
x + < then f(x) =v(- d)

-

FM = o JS = S(r) = o such thatc-sc then f(x)c - r

·

+ o =

given F : AER-R suppose is a limit point ofA f(x)=

means :

-

Kneighborhood( + a) Ja left neighborhood v-(c)such that

if x = V
-()

,
x + then f(x) =v(+ b)

-

Fr + o 75 = s(r) = 0 such that c-s < then f(x)+ r

· l = given : AER--R suppose Cis a limit pointofAf(x) = l

means :

-

Kneighborhood (1) 7 a leftneighborhood V-()such
that if xev-()

,
x + c then f(x) = er(l)

-

V3 = 07S(2)=o such that if c-Scx
,
x + then

A- 2 = f(x) = l + E

-

whenlinf() AbutumF(x)F and im f(x) 5 it is stilla nice function

e
x -=

+

THEOREMS
3
-

① Flimf(x)=l= - 74mf(x) = l
,

l
, + (2 -=/im

x -xC

-ef
- l

,
= 12 = l

② Flimf(x) = + -Fmf(x)=

-

5limf(x)= + 0

x -= (
+

③ Flimf(x) =-
-

Fimf(x) =

-

5 himf(x)=



VERTICAL ASUMPTOTES

the straight line x = c is a vertical asymptote for y
= f(x) if at least one of the

followingholds -

·- f(x) = + -)- 0

·

um+
f(x) = + +)- 0

f(x)NDmf(x)

-mf(x)=,+,-(ER) -

·

=given F:t (R-= R with A unbonded above Lim f(x) = 1 means :

x + +x

-

Kneighborhood&(1) 7 a neighborhoodV (+ b) such that ifev (+d)
then f(x) = v(l)

- VE = 0 Fr = r(s) = 0 such that if x r then l-3 c f(x) <l+ E

·
- o =

given f : A[R-= R with a unboundedabove(x)= o means :

-

Kneighborhood (0) 7 a neighborhood v/-osuch that if

xtV(- o) then f(x)=v(-x)
-

Vrio
,

ko
,

(-0
,
k]

,
f(x) = e

· + o =

given f : A[R-= R with a unboundedabove(x) = + 0 means :

-

Kneighborhood (+o) 7 neighborhood v (+ +) such that if

x( v(+ 0) then f(x) = v(+ 0)
-

Fro
,
ko

,
[k ,

+d)
,
f(x) = r

-
f(x) = l

,

+ 0
,
- 0((ER) -

· =given F:t (R-=R with A unbanded abovef(x) = 1 means :

-

KneighborhoodV (1) 7 neighborhoodvc-o such that ifxv(-0)
then f(x) = er(e)

-

·
-

- =

given f : AIR-= R with a unbonded above timf(x) = - 0 means :

-

V neighborhoodV(-o) 7 neighborhoodVI-o) such that if

xtV(- -) then f(x)[V(-d

-

·
+ o :

given F : AIR-= R with A unboundedabovem(x) = + o means :

-

Kneighborhood /+ d) 7 neighborhoodv(+ o) such that if

x = V(+ 0) then f(x)= V(+-)
-



LIMITS FROM BECOW/ABOVE

-given F : AGR--R with A unbounded below im F(x) = 1
+

/lmeans :

x -x - -

·

I = Vleft neighborhood-(1) 7 a neighborhood V (d) such that

if x = v(o) then f(x)=v
-

(1)
· It =

Fright neighborhood
+

(1) 7 a neighborhoodvf-o such that

if x = v( --) then f(x) = v
+

(l)
-

given
f : AIR-= R with a unbandedbelownf(x) = 141 means :

· I-FleftneighborhoodV (+ d) 7 a neighborhood V/+ o such
that if x v (+ 3) then f(x) [t(+ d)

·

It = Frightneighborhood
+

(+3)Ja neighborhoodv(+ b) such that

if x = v(+ b) then f(x) = v
+

(+ 0)

-given
F : A CR- = R with a unbanded below Lim f(x) = 1

+

/lmeans :

x - = C

· I= Fleft neighborhood-(1) 7 a neighborhoodv(l) such that

if xev(l)then f(x) = v -(e)
·It = Fright neighborhoodV

+(1)7 a neighborhoodv(l) such that if

xev(e) then f(x)= v
+(l)

-

given
F : ACR--R with A unbandedbelowlimf(x) = 1

+

/lmeans :

x -x -

·l = Vleft neighborhood(l) Ja neighborhood v(l) such that

if xev(e) then f(x) =v
-

(e)
· It = V right neighborhoodE

+(1) 7 a neighborhoodv(l-)such that

if xEv(e+) then f(x)ev
+ (et

-

given F : AIR-= R with A unbanded below limf(x)= 1
+

/l means :

x -= ( +

· I = Vleft neighborhoodV-(lt)Ja neighborhoodv(lt) such that

if xev (l+) then f(x)=v
-

(l+)

·It = F right neighborhood+(lt) Ja neighborhood(lt) such that if

xz v(lt) then f(x)= v
+ (lt)

HORIZONTAL ASYMPIOTES

-

the straight line y = & is a horizontala symptotes for
y

= f(x) when x -= + o

if Limf(x)= l
x=+ y

-

a functioncan cross a horizontal asymptote (even infinitelymany times)
1

-= [- 1
,
1]

Ex
. y=-im

zm



- when is it that him I ?

Dat + o -x ② atx = c
-x

· Lim sinx #
·mx - 1 + y

·

Lim tanx
x = +0

CHARACTERIZATIONOF LIMITS OF FUNCTIONS WITH LIMITS OF SEQUENCES

given F : A = R -= R

given CER
,
limit pointofA (also+o and -o)

then : -x
= l

,

+ 0
,

- 0

limf(x) =DER= Frequence Xn Chosen in A with XnFC An
, xn -= =

x -x C

f(xn) -= L

UNIQUELESS OF THE LIMIT

given F : AGR-= R

given CER limit point of a (also+o and - a)

if lim f(x) - then it is unique
x- (

PERMANENCE OF SIGN

Consider f(x) defined in a neighborhoodof cat most excluded a (that is :

v() - (3)

suppose f(x)= 0 in V(c) - (c)

suppose 7 limf(x)
,

then also limf(x) =o

k-=

OPERATIONS WITH LIMITS

Consider f(x)
, g(x) such that 5 mf(x)= g(x) = r withre

mus + o
, - o) then :

Pum(f(x) + g(x)) =

y
,

+(x) + ymg(x)

②lim (f(x) . g(x)) =

umf(x)
. umg(x)

·

provided that there is no indeterminate form : + o-
,

8
,

0 . 0,



COMPARISON CRITERION

suppose :

Of(x)
, g(x) ,

h(x) defined in (c) - E

& f(x) = g(x) = h(x)vx =v()- (c)

③ Limf(x) = l
,
Limh(x)= 1 - img(x) =

X-x2 x - C

INDETERMINATE FORMS

if x- + - everything is exactlylike with sequences
-"

=
o

+

↓
↓

[- 1
, 1]

CHANGE OF VARIABLE

+
o

+

- - o

ex . Limx(nx = (changevariable--t= and x=) m()
x - = ot

-
= 0

~, O FOR FUNCTIONS

-

f(x)-g(x)asx -ifm

- f(x) = 0[g(x)]asx -=if

FUNDAMENTAL LIMITS

um(1 + z)
+

= e

② im (1 + ax)
*

= ea
x -x 0

& = -also : 1 x asx-10

ex- + x25x -xo

⑨M = (8) -also : In(i)a

= (8) - also : (Ita-imax as x-toimparticularl

(1 + x)-1 ++xaSx =xo 2

⑥im = 1(8) - also : sinxex as x-o
(c =)m =

-
also:nx

= (5)-also : 1-cosxxasx -=o
asx -to

cosx
-1 -

zx
asx -=o

UTINI +
Ex

asx -10



CONTINUITY

CONTINUITY AT XO

given
F : AIR-*R

, given a point XoEA,
then :

- if to is a limit point of A
,

we say that is continuous at to if :

·Ff(x) = l

·

e = f(x)
- ifto is an isolated point of a we justsaythat is continuous at xo (this

def.needs to more general results)

CONTINUITY AT A

consider F : A <R-= R
,

we say
that f is continuous inA iff is continuous ExoA

Cat a boundary point continuitymeans continuity from the side for which the

function exists -"

only on the right/left)

REMARK = the graphoff is made of two pieces because the domain A is made

of two pieces ,
in fact :

- if the domain A is an interval then it is not continuous

-

if the domain A is not an interval then it is continuous

DISCONTINUITIES

when F is not continuous at XoEA , we say to is a point of discontinuity
① hole (eliminablediscontinuity- 5 f(x) = e

·

l + f(xd

②
jump (discontinuityof I kind)- - Lim F(x) = l

, (finite
x -

=xj

Crumps cannot be eliminated · Flimf(x)= 12 (finite)
x -x xot

·

l
, + 12

③ all others (discontinuitiesof I kind
,

essential discontinuities)-" at least

one of the two 1-sided limits # or is an infinity

CHARACTERIZATION OF CONTINUITY WITH LIMITS OF SEQUENCES

given F : A GR-= R
, given to et

,
then :

↑ is continuous at xo
-= Frequence an of points of A

,
xn

-= xo
=* f(xn)-= f(x)

CONTINUITY OF ELEMENTARY FUNCTIONS

every elementary function is continuous in its natural domainA



CONTINUITY AND OPERATIONS

-consider F
, g

: A GR-R
,
continuous

,
then :

· F +
g

= continuous

I·

fg = continuous at all points at which g(x)+o

·

Fg = continuous

-

consider f : AIR-=R
, g

: BER-= R such that got is defined--if Fgare

continuous then got is continuous

INVERTIBILITY/STRICTMONOTONICITY

Suppose F : ACR-= R

suppose A is an interval and fis continuous in A
,

then :

↑ invertible in astrictlymonotone in A

WEIERSTRASS'STHEOREM

suppose F : A IR-XR
,

if :

O A is a closed and bounded set in R

② fis continuous in A

then :

5 maxf(x) = r
,

7 minf(x)=
m in A (global)

BALZANO'S THEOREM/ZERO-VALUETHEORER

suppose F : AER-= R
,

if :

O
A is a closed and bonded interval [a

,
b]

② fis continuous in A

① f(a) . f(b) = 0

then:

Jc[a
,
b] : f(x) = 0

moreover : if f is strictlymonotonic then this point is unique

DARBOUX'STHEORER/INTERMEDIATE- VALUE THEOREM

takef : AER-*R
,
if :

O A is a closed and bounded interval [a
,

b]

② fis continuous in A

then :

VL : minf(x) = L = maxf(x) Jc : a = b with F(c)=



If fis continuous on a closed and bonded interval [a
,
b]

,
then F([a ,b]) is

a closed and bounded interval Im
,
r]

also :

La ,
b] closed and banded interval - compact and convex set in R

-x

↑ (ta ,
bJ)closed and banded interval: compact and convexset in R

LIMITS AND CONTINUITY FOR FUNCTIONS F : AIR"-- R

consider a function F : AER"-XR :

y
= + (x

,, x2 ,
...

..
xn)

usually we have a function F : AIR- = R :

y
= f(x, x2)

LIMITS

given a function : AER--R given & limit point ofa saying
that limf(x) = e

,
1- C

+

0
,
-- means that : Kneighborhood (1 ,

+ 0
,
-0) 7 a neighborhood(2)

such that F = = v(z) , + =
,
f(z)tv(l

,
+ 0

,

-x)

CONTINUITY AT 10

FiAER"-R
,

XoE A

O if to is a limit point ofA we say fiscontinous at to if :

-

Jmf(x) =

-

l = f(xd)

② if to is an isolated point of a we just say
that f is continuous at to

CONTIMOUS IN A

given F : AfR"-= R
,

fis continuous in A iff is continuous VotA

THEORERS ON CONTINUITY

CONTINUITY OF ELEMENTARY FUNCTIONS

every elementary function F : =R"-*R is continuous in its naturaldomain A

WEIERSTRASS'S THEOREM

Considera function F : AER"--R
,
if :

O A is a closed and bounded set (compact) in R

⑧ f is continuous in A

then :

7 maxf(x) = r
,
7minf(x)= m in A

if F : AGR*
=R is continuous on a compact and convex set A Rh

,
then(a) is a

closed and bonded interval [m
,
r]

compact and convex set in R" -- compactand convex set in R



COERCIVITY

a function F: AGR"--R is said to be coercive on a subset -A if I ter such

that the set : (ft)1c = E(x
,,...,

xn)EC : f(x
, ..., x2)= t3 is non-empty and

compact

that is
,
at least one upper contour set has a non-empty and compact intersection

with <

when c = A the function is just said to be coercive with no specification

Ccoercivity is a joint property of the function f and the set c)

PRESERVATION OF CERCIVITY FOR CONTINUOUS FUNCTIONS WITH RESPECT TO

STRICTLY INCREASING COMPOSITIONS

consider F : AIR"-= R
,
continuous on A

consider g: BER-=R
, strictly increasing on B and such that F(A) -B

then : if f is coercive on CIA
,
also got is coercive on C1A

THEORER

If F : AIR"-= R is continuous on a compact subset ca then f is coercive on c land

actually , whenever (ft) is non-empty ,
allthe sets : (ft)c are compact and

non-empty)

TOMELLI'S THEOREM

consider a function F : AIR" -= R which is both coercive and continuous on a

subset CA

then the function has a maximizer in c that is Jec such that : f(x) =
max f(x)

XEC

SUPERCOERCIVITY

a function F : R"-IR is said to be supercoercive in R if : Y sequence En
,, In

ER"
,

Il Enll- + o = f(xn)- - - (that is : Whenever Engoes indefinitelyfor form

=, f (n) goes down to-o)

THEORER I

a function F : R"-=R is supercoercive in R-allits upper contoursets are banded

THEOREM IT

Consider a function f : R"-R

Iff is supercoercive in R and continuous on a closed subset CIR" then it is

Goercive on C-- all the sets (F= t) nc are compact



theorems and proofs for 

limits of functions and 

continuity 



THEORER OF THE UNIQUELESS OF THE LIMIT

given F : AGR-= R

given XoER limit point ofA

if Lim f(x) 7 then it is unique
X- Xo

PROOF

given f : AER-= R
,

Xo ER limit point of A

7. let such that Lim f(x)= l
x - =To

suppose l, l2

suppose [xn} sequence in A with Xn#x
o

such that xn-= xo

umf(x) = l xn=xthenf(x)- =(-l
,
a

F(xn) -- 12 = contraddiction to the uniqueness of limits for

sequences = absurd



COMPARISON CRITERION

suppose
① f(x)

, g(x) ,
h(x) defined in ~(c) - [c3

& f(x) = g(x) = h(x)yx + w() - 23

③ Linef(x) = 1 Limh(x) = 1
-mg(x) = 1

x -=C x -=C

PROOF

we know that f(x) = g(x) = h(x)

limf(x)= ) -= yz = 07n
,
N : Fn = n

,
( -2(f(x)x+ 2

x -

xC

↓mh(/= - VEsoFEN : F = Ec -ach(x))+ E

take n = max (n
,, n 2

,
n3) -= c - 3 f(x)=g(x)(h(x)x + E

mu

↓
1 - E < g(t) (+ S

↓
img(x) =



LIMIT OF A SUM OF FUNCTIONS

Consider ((x)
, g(x) such that Fimf(x)=g= r with=Ru

then :

provided that there is

Mim no indeterminate form

③im

PROOF

take
any sequence in of points of a withXn #C An and xn-x

using the comparisoncriterion theorem it must be that f(xn)--ang

g(xn)
-= r

if L + R is not an indeterminate form using the theorem on the limit of the sm

of
sequences we have that (f+g)(Xn) -= + r

since this is truef suc sequence xn by the
comparison criterion theorem this

means thatlim[f(x)
+ g(x)] = La



CHARACTERIZATION OF CONTINUITY WITH LIMITS OF SEQUENCES

given f : AIR-= R

given tota
,
then f is continuous at xo=> Y sequence Xn of points ofA

,

xn
== xo

= = f(xn) -= f(x)

PROOF

①
xo limit point

fu :
xn

== xo = x f(xn) -= f(xp)a=x km f(x) = f(x)
X - Xo

it follows from theorem on the characterization of limits of functions with

limits of
sequences

②
to isolated point

then by definition f(x) is continuous

theonly sequenceIn is In=to
,
to

,
to

,
to

, to
,
to

and the corresponding sequence of the image is the constant sequence
:

f(xn) = f(x)
,
f(xd

,
f(x)



TOMELLI

consider a function F : AIR" -= R which is both coercive and continuous on a

subset CA

then the function has a maximizer in c that is 55Ec such that : f(xo)=maxf(x)

XtC

PROOF

since f is coercive on C
,

7tER such that (FIt) 1C #P and compact

~ = (ft) 1 such that f is continuous on M == forthe Weierstrass's

theorem JxoEM : f(xd) = f(x) (x =r

in the points of CMf(x)at and F(xd)=t = =

F(xd= f(x) Xx =
= = f(x) = maxf(x)xec
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