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Questa dispensa è scritta da studenti senza alcuna intenzione di sostituire i materiali universitari. Essa 
costituisce uno strumento utile allo studio della materia ma non garantisce una preparazione altrettanto 

esaustiva e completa quanto il materiale consigliato dall’Università. 

 

INTRODUCTION  
Always think in causal terms 
We struggle with causal questions every day, every hour of our lives, without noticing. Consider these 
sentences:  

• Trump/Obama administration is deleterious for the economy  
• The increase in racism in Italy is Northern League’s fault  
• Biden’s minimum wage proposal could lift millions out of poverty  
• A $15 minimum wage will slow down the recovery  
• A Universal Basic Income is a poor tool to fight poverty  
• Had I studied anthropology, I would be happier 

More formally: what is the causal effect...  
... of institutions (e.g., property rights’ protection) on economic development?  
… of different migration policies on immigrants’ crimes?  
… of a tax cut (e.g. the ‘bonus 80 euros’) on consumption? 
Etc 
 
Quantitative evaluation of the effects of institutions, laws, policies, and other types of interventions 
(treatments) 
Help to re-frame some habits by explicating your assumptions when ‘thinking causally’ 
 
EMPIRICAL APPROACH  

Understanding what is the effect of X on Y  
Hypothesis: Assume X will cause Y: 
Ø X is a potential cause – treatment  
Ø Y is the outcome  

Knowing the hypothesis, develop the research design, which involves 3 steps: 
Situation: Identify situation useful to understand the relationship between X and Y. Other scientists can 
run laboratory experiments; however these are typically not available in social sciences – e.g. difficult to 
give a minimum wage to half of a group of workers and not to another, or groups of firms – drawbacks 
include the fact that it is an unequal treatment 
Data collection  
Measurement: need to understand what to practically do with the data to get to the causal relationship 
between X and Y  
Third step of the empirical approach is to bring about a statistical analysis  
Using statistical methods to adjust for the imperfect nature of the research design – due to the absence 
of perfect laboratory experiments 
 Try to approximate data to an experimental situation  
 
Approach developed in mid 1990s 
Before that was the Traditional econometrics: take research designs and data as given, and improve on 
statistical methods  
 Heavily based on theory and parametric specification of relationships  
What followed is the Credibility revolution  

Last Nobel prize winners pioneers of this type of empirical methods and designs 
Contrary to traditional view that tries to model on data, this frontier research is about devising clever 
research designs: quasi-experimental or natural experiments  
Revolution available thanks to availability of high quality data  
While in the past could only use surveys, then came access to administrative data potentially on the 
entire population of a country: BIG DATA  
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huge volumes/detail/frequency (big data)  
publicly owned: social security archives, criminal records, tax filings, etc. 
private: archives of banks and insurance companies, Google/Facebook/Twitter/etc. 
Proper data makes it more credible than what could have been before  
Better data and research designs allow to conduct better statistical analysis using only very simple 
statistical methods (e.g., means comparisons) 
 
EXAMPLE: THE MARIEL BOATLIFT  
Is immigration the cause of the fall in the wage of native people? 
Survey data: for each know whether they are natives or immigrants and what is their wage  
Compare the wage between states with high fraction of immigrants and low fraction of immigrants 
might be a first proposal – there are a lot of other factors determining the wage and the share of 
immigrants  
 
In 1980 Castro declared that Cubans who wanted to emigrate to the US were free to leave from the port 
of Mariel 
Between May and September 1980 more than 125,000 people left Cuba  
Miami labour force increased by 7%  
David Card (1989), “The impact of the Mariel boatlift on the Miami labour market” uses this natural 
experiment to study the effect of immigration on natives’ employment and wages 
How would have wages in Miami evolved without this phenomenon? 
Allows to isolate the direct effect of immigration on employment and wages that would instead be 
biased by other factors taking into account two different states of US 
The main result: limited effects 
It is a natural experiment: accident of history, something that occurs and is related to the evolution of 
wages and employment  
 
e.g. want to understand the effect of fertility on female labour force participation  
Compare the probability of employment of women with 0 kids and women with 1+ children  
Need to take into account confounding effects: difference in participation also related to other things 
such as initial economic and environmental conditions, motivation, preferences, discrimination 
Natural experiment that allows to assess whether women participation is influenced by having a child? 
Rather than comparing women with 0 kids to women with 1 kid, compare women with 1 kid to women 
to 2 children  
Women that both wanted to have a child, but one ended up with one and one with two  
 
Example: measuring the evolution of economic inequality across countries and over time  
Research program by Thomas Piketty and several co-authors over the last 15 years 
Data source: tax records  
Some results: Thomas Piketty, Capital in the XXI century: analysis of causes and consequences of 
economic inequality 
 
Example: social mobility in the US 
Research team from Harvard and Berkeley 
Aim: measuring social mobility in the United States (gap in future income opportunities of children of 
rich vs. poor families)  
Data source: anonymized tax records of all individuals born in 1980-81 (40 million people) linked with 
the tax records of their parents  - connect two generations of individuals  
Main results: low social mobility in the United States  
Lower than in those European countries for which we have comparable data  
Considerable differences across different areas within the US 
American Dream – can bring people to good economic standards  
But comparing data with those in Denmark – type of mobility very low in the US 
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STATISTICAL DATA ANALYSIS  
To describe 1 phenomenon, simply need to measure it and describe it  
To describe 2 phenomena, X and Y  

1. Descriptive analysis of the correlation between two phenomena 
2. Causal analysis: effect of X on Y 

 
DESCRIPTIVE ANALYSIS OF 2 PHENOMENA 
e.g. average earnings by educational level  
 Higher education associated with higher average earnings  
 
Potential explanations  
Causal effect of schooling on labour earnings (important policy implication)  
Alternative explanation: other factors could influence both educational attainment and earnings (e.g. 
family background, intelligence)  
Without additional analyses, impossible to distinguish between the two potential explanations 
(identification issue)  
Important to understand whether there is something causal about the relationship – for policy reasons: 
e.g. politicians have to understand how much funding to allocate of education 
 
Association between schooling (X) and earnings (Y) 
Can be a causal relationship or it can be that there are other factors, e.g. rich parents, good school, 
good job – situation might be entirely explained by backward characteristic  
 
EXAMPLE: Does hospitalization improve health? 

Data from the National Health Interview Survey  
Question 1: “During the past 12 months, was the respondent a patient in a hospital overnight?”  
Question 2: “Would you say your health in general is excellent (5), very good (4), good (3), fair (2), poor 
(1)? 

 
 

CORRELATION DOES NOT IMPLY CAUSATION! 

Public debate concentrated on actual correlations:  
Ethnicity and test scores: is ethnicity to blame? is this making discrimination ‘fair’ or ‘acceptable’?  
Being an immigrant and being involved in criminal activities: immigrants = criminals? 
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RECAP STATISTICS 1 
Do people trust public institutions? 
e.g. government, political parties, legal system, army, the European Union, the United Nations, etc 
Trust in institution highly correlated with a lot of socio economic variables: trust in institution can 
explain why people vote, trust in political parties can explain a lot of variation about turnout at last 
elections  
Questions require a numerical, quantitative answer 
To get the data to answer these types of questions, surveys are particularly helpful: ESS, WVS, GSS, 
LITS 
 
Trust in Political Parties: people are asked whether they trust 
political parties or not on a scale that goes from complete 
distrust to complete trust 
Table shows a distribution of answers  
Measure of trust is a RANDOM VARIABLE 
 
Random variable (Y): variable that can take on a set of different 
values, each with an associated probability  
It is the mathematical representation of an experiement’s 
outcome: it is random because before drawing the units form 
the population, we do not know the value that is going to be observed; it is variable, because before 
drawing the unit from the population we only know that different values can be observed  
The support set is the set of all possible values of the variable that can be associated with each and 
every possible outcome of an experiment, modelled by means of a random variable  
Any random variable can be  
Ø discrete: discrete set of values 0,1,2… (e.g. trust) – the support set is finite or infinite but 

countable  
Ø continuous: continuum of possible values (e.g. income) – the support set is infinite but not 

countable 
Probability (!): proportion of times that a certain outcome (Y) is observed if you repeat a random 
process many times 
Probability corresponds to the frequency in the table  
Outcome ("): result of a random process, i.e. the mutually exclusive potential results of a random 
process 
A random process is the act of asking question to surveyed people: each outcome occurs with a 
positive probability  
 
DISCRETE RANDOM VARIABLES 

# is the random variable trust in political parties  
It can take different outcomes from " $ % (No trust) to " $ &% (total trust), each of which is observed ' 
times, where ' is the probability that each outcome arises (second column in STATA – tab command)  
A discrete random variable takes on few values or a number of values that can be countred  
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It is possible to have a graphical representation of 
the table  
Plot the probability distribution: the list of all 
possible values of ", "!  which are all the possible 
values that the random variable # can take  
The probability distribution associates to each of 
the possible values taken by the random variable 
the probability that each of them occurs (also 
expressed in frequency) 
What is the probability that people answer total 
distrust in political parties?  
The probability is 0.12 
On the other hand, the probability that people 
completely trust political parties is 0.0054 

()*+ $ ,!- $ '! . 
All these graphs and tables are produced through STATA 
Last column of the frequency distribution table delivers the value of the cumulative distribution 
function 
   for each distinct value it associates the proportion of units for which a value is smaller or equal to the 
distinct value itself  
The cumulative distribution function allows to understand the probability that the random variable is 
less than or equal to a given value  

/*#- $ ()*# 0 ""- $1 '!
"

!#$

 

 
What is the probability that the random variable is less than or equal to 3?  
It is equal to 43.71% - given by the sum of all probabilities associated to values that go from 0 to 3 
43% of the people that are part of the sample of the survey does not trust political parties 
 
CONTINUOUS RANDOM VARIABLES 

Trust in political parties is a discrete random variables  
However there could also be continuous random variables, such as net income  
 It can take any two values withing an interval  
 For any two values belonging to the support set, the variable can take any value in between  
The computation of the probability distribution changes, but theoretically the cumulative distribution 
function does not change: as before, it is the probability that the random variable is less than or equal 
to a particular value 
What changes is the probability distribution, which is now summarised by the probability density 
function (p.d.f.)  
Impossible to tabulate every possible value that the variable net income can take: it would be an 
infinitely long tabulation  
Instead, can produce a density function which gives the frequency of every possible value that the 
variable can take: this function is the probability density function  
 
Cumulative distribution function (CDF)  
As approach the 80 000 net income per capita in Euro, the CDF tends to get value 1  
 Every people surveyed earned a wage that is lower or equal to 80 000 
Density function plots all the possible values of the net income per capita for the people surveyed 
Usually use an histogram to graphically represent a variable that is numerical and takes on several 
distinct values  
Uses bars to portray the frequencies of the possible outcomes for a quantitative variable 



 
 
 
 
 
 

 

7 
 

 

 
The cumulative distribution function in a continuous form is 
the probability that the random variable is less than or equal 
to a given value 
In a continuum, the summatory sign are replaced by 
integrals 

()*" 0 2- $ 3 4*"-5"
%

&

 

0 here because it is the minimum value of the variable 
considered here: cannot have negative incomes 
 
 
 

 
Probability Density Function (pdf): area under pdf between any two 
values is the probability that the random variable falls between those two 
values 
Take the integral between a and b  
Want to estimate the probability that the function takes any value 
between 6 and 2. That is going to be equal to the area of the region 
delimited by the graph and the interval  
Need to take the integral from a to b – gives the probability of the wage happening in the interval 
between the two values  

()*6 0 " 0 2- $ 3 4*"-5"
%

'

 

 
 
MOMENTS OF A DISTRIBUTION 

Quantitative measures that are informative about the shape of a probability distribution  
4 different moments or synthetic measures: a single number used for describing the feature of the 
variable’s behaviour at the level of the sample 
Measures of central tendency, measures of location, dispersion and shape of frequency distributions 
 
First moment: expected value or mean – it is a measure of central tendency  
It is the long run average value of a random variable #: average of all possible values that a variable can 
take weighted by the probability that the outcome occurs 
For a discrete random variable it is calculated as:  
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In a continuous case, the sum is replaced by the integrals  

#8 $ 3"4*"-5" 

It gives the long run average of a random variable 
In the long run, asking the question all over again, the variable will tend to a value that is equal to the 
mean 
e.g. when flipping a coin, repeating the experiment overtime, the values will converge to 50% of cases 
 
Mean is different from two other measures, which are more related to frequency 
Median: The value "+ of the variable that splits the distribution in two equal parts 
Mode: The value with the highest frequency in a distribution 
 
 
 
 

Example: mode, median and mean in the variable 
trstprt, trut in political parties 
The most frequent value is 5: mode 
The median is 4: it tells that half of the respondents 
have a value of trust in political parties that is less 
than or equal to 4 
Mean in this case not much indicative 
The random variable can only take value 3 or 4: even 
with a discrete random variable, the mean can also 
be non-integer because it is a weighted average of 
discrete values 
 
First Moment: a measure of central tendency – tells 
the value the variable will take on average in the long 
run  
 

 
SECOND MOMENT: VARIANCE 
Measure of dispersion and spread of the distribution  
The average of the square of the deviations from the mean – measures how spread the distribution is 
from the mean  
Want to see how all possible outcomes are far away from the centre of the distribution 
Variance is compared taking the square of the deviation from the mean, weighted by the probability 
that the mean itself occurs  
 

;6<*#- $ =,( $1'!
*

!#$

*"! > #8-( 

$ '$.*"$ > #8-( 9 '(.*"( > #8-( 9:9 '*.*"* > #8-( 
 
Since the variance involves the square of the deviation from the mean, numbers are difficult to interpret 
Standardized version of the variance is the Standard deviation: the square root of the variance 
Standard deviation and Variance provide the same information on how spread the distribution is: they 
are all positive numbers – cannot have a negative standard deviation  
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THIRD AND FOURTH MOMENTS: THE HIGHER MOMENTS  
 
 
SKEWNESS: a measure of how symmetric is the distribution 
skewness=0 → symmetric (normal distribution)  
skewness>0 → longer right tail skewness then a perfect distribution 
skewness <0 à longer left tail  

 
In the symmetrical distribution case, mean=median=mode 
Positive skewness: mode and median lower than the mean  
Negative skewness: median and mode always higher than the mean – mass more skewed to the left 
 
KURTOSIS: a measure that tells how important outliers are  
Outliers are the values at the extreme of the distribution 
Tells how many outliers there are 
How much mass is in the tails of the distribution (how much variance of Y is caused by outliers) 
A measure of the thickness of the tails 
kurtosis=3 →Normal distribution  
kurtosis>3 →More mass on tails than Normal Distribution  
kurtosis <3 àLess mass on tails than Normal distribution

 
Case b: it is perfectly symmetrical – symmetry again equal to 0  
The distribution is more concentrated in the middle – more mass in the tails with respect to the 
standard case  
Mass more symmetric: outliers more present there than in a standard normal distribution – kurtosis 
larger than 3 
Case c: Change in the symmetry: negative skewness – median lager than the mean  
Case d: asymmetric distribution and a kurtosis that is larger than the normal case  
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Moments of the distribution can tell more about the shape of the distribution 
Average tells where mean is  
Variance tells how spread is the distribution 
Skewness tells about the symmetry of the distribution  
Kurtosis tells about the tails of the distribution, how important outliers are  
 
Example: income distribution 
Distribution skewed to the right: median is less than the mean – 
half of the population earned less than the average wage  
Mode is 15 000 
Kurtosis should be larger than 3 
The fact that outliers are big in this situation means that we live in a 
very unequal world  
Abstract concepts that have a very practical implementation 
Concepts of the 4 moments useful when looking at the picture and 
just want to draw some conclusions 
 
QUANTILES 

Points of the random variable that cut the distribution in intervals with equal probabilities: equal sized, 
adjacent, subgroups 
Median divides the population in quantiles: two subgroups that have the same probability of 
happening 

 
All moments are a function of the first moment 
 
 
TWO RANDOM VARIABLES: JOINT PROBABILITY DISTRIBUTION  
Probability that two random variables X and Y  
e.g. want to see how the random variables trust in political parties and vote in the last national elections 
are related  
In the long term, interested in determining whether trust affected the probability of voting 
The Joint Prob. Distr. of two random variables X (probability of voting in the last election) and Y (trust in 
political parties) is the probability that the Y and X simultaneously take on certain values 
Joint probability distribution of not trusting the party and not voting in the elections (y=0, x=0) 
STATA gives the cross tabulation of the two variables: frequency in number and in percent  
What is the probability of observing y=0 and x-0? 12.75% 
 

"! ? ,! $ 4*"! ? ,!- $ ().*# $ "! ? + $ .,"- 
 
Conditional distribution 

Distribution of one variable Y conditional on the other variable taking on a specific value  
Distribution of trust in political parties among people that did not vote 
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4*#@+- $ ().*# $ "!@+ $ ,"- 
Among the respondents that did not vote, how is trust distributed? 58% of people that did not vote, did 
not trust political parties  
Frequencies are the same: the frequency of individuals reporting that they did not vote and did not 
trust political parties is 3195 and that is the same when conditioning distribution on those that did not 
vote 
The two are related: the joint probability is different from the conditional probability  
Joint probability: probability of observing the two random variables  
Conditional probability: probability of observing one random variable conditioning on a value of the 
second variable  
 
Looking at the two conditional distribution, what can we learn?  
Can we expect that the two variables move together or are they totally independent? 
Significant improvement in trust in political parties among those that voted  
Safe to think that these two variables might not be independent and be in some way correlated  
 
INDEPENDENCE 

Two random variables are independently distributed if knowing the value of one variable (X) provides 
no information about the other (Y) 

4*#@+- $ ()*# $ "!@+ $ ,"- $ ().*# $ "!- 
 
Measures of independence are the   and the correlation  
Covariance: measure of the extent to which the two random variables move together 

 
Covariance is the sum of the deviation of the first random variable from the mean and the deviation of 
the second random variable from the mean 
If observe positive deviations in the first random variable and positive deviations in the second random 
variable, it means that the covariance is positive as the two variables move together  
As for the variance, the covariance measure relatively hard to interpret because it is expressed in units 
 Need a standardized measure  
Standardized measure is the correlation: is covariance divided by the square root of the variances 
Correlation is used in the data to test for independence  
Correlation = 0 – the two variables are independent 
Correlation  = -1 – if the deviations from the mean of Y are positive, the deviations from the mean of X 
are negative, the two variables are negatively correlated 
Correlation = 1 – deviations from the mean go in the same direction 
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Look at the correlation between 
trust and vote: based on the joint 
probability distribution, have an 
idea that these might be 
correlated 
Produce tables on STATA  
The first produces the variance 
and the covariance of the two 
variables  
Variance of Y, Covariance of X 
Applying the formula of the 
correlation, get 0.13 – STATA 
gives directly the correlation 
between trust and vote  
Correlation in this case is positive: 
Trust and vote are not 
independent and they are 
positively correlated: if one 
variable goes up, the others go up as well 
When trust in political parties goes up, the probability of voting also goes up  
 
Examples of correlation between the two variables: 

 
 

 

RECAP STATISTICS 2: Statistical inference 
In order to answer questions, need statistics, statistical tools and data 
Surveys select only a random sample of the population – surveys that includes all population is census 
We cannot run a survey of a full population whenever we want to answer questions about unknown  
characteristics of its distribution.  
 
Statistical Inference: we can learn about the distribution of a given quantity of interest in a population 
by selecting a random sample of that population  
When applying statistical tools to economic problems or questions, we talk about econometrics  
 
Econometrics is mostly about: 
Estimation: computing a “Best Guess” numerical value for an unknown characteristic of a population 
distribution, from a sample of data. An estimator is a rule or a method for getting at an estimate of the 
value of a parameter/characteristic (e.g. the sample average) 
Estimation is the process to get to the coefficient 
Estimator is the expected value of the random variable in the population 
Hypothesis testing: formulating a hypothesis about the population and use sample evidence to decide 
if it is “true” (with X% of probability)  
Formulate a confidence set for which we reject the hypothesis made  
Confidence Intervals: use the sample data to calculate a range of statistically plausible values around 
the best guess for the unknown population characteristic 
Parameter will lie in the interval according to a predetermined probability  
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EXAMPLE 

Want to know the mean value of Y in a population A, 
If we were to get the data for all the population, the true value of the mean would be A, 
If cannot have data for a full population, need to rely on a random sample 
Draw a random sample of B independently and identically distributed (iid) observations #$, #(, …, #) (e.g. 
Flipping a coin) 
Independently: events are not connected to one another: they are mutually exclusive in the population 
Identically distributed: Each of them comes from the same prob. distribution: the odds are the same 
Second step is to compute the sample average #8 
#8 is the estimator of A, , the expected value of the mean – it provides the best guess for A, 
#8 is a random variable, because it is produced by the act of random sampling – can get different values 
for #8 depending on the different process that leads to it  
Repeating the random draw will get different estimates each time 
The estimate is the actual number that #8  spits out 
Given that #8  is a random variable, it is going to have its own probability distribution, known as 
SAMPLING DISTRIBUTION: it is the distribution of the sample averages 
 
Properties of the estimator  
 

 
Population composed by 100 000 people – we would like to know the average hourly wage  
The average from the population is equal to 2 
Random sampling extracts a random sample from the 100 000 individuals  
Compute the average wage for 100 people 
 Get 1.5 – which is far from the true mean, equal to 2 
True mean is equal to 2 – but cannot process the data about all workers, so need to do random 
sampling 
Repeat the random process, draw a different sample – different individuals  
 Mean is now 2.2 
 Also pick a third sample and the average this time is 1.8 
#8 can take different values as it is the result of a sampling process 
Associated  
7*#8- is the formula to calculate the discrete value of #8 
 
Can also tabulate the entire distribution of #8 : also have associate probabilities of observing the 
outcome #8 
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Expected value of #8 computed with the formula for the 
discrete value of the distribution 
Repeating the graph n times, can get the graph of the 
sampling distribution of the estimator #8  
 
Need to define the characteristics of an estimator, the ones 
that make it the best guess 
A good estimator gets as close as possible to the unknown 
true value  
The best estimator is the one that reduces the spread of the 
distribution and centers it around the true value of the 
distribution  

 
Unbiasedness: if you repeatedly randomly draw a sample from the same population and compute the 
average #8 , you would like that on average you get the right answer 7*#8- $ A, with 7*#8- being the 
average of the sampling distribution of #8 
The value obtained from the random sample is not different from A,, the true value of the unknown 
mean 
The difference from the value got from the random sample is not different from the value of A 
If there is bias, then the bias is given by the difference 7*#8- > A, C % 
Drawing not random samples, unbiased will not be achieved 
 
Daily Covid cases data, along with the infection rate: million of individuals take the test and get the 
infection rate as a result  
Average is not unbiased and will not be equal to the actual value of the population average 
Self selecting into the positives: sample is not random – not independent and identically distributed 
observation from the population  
 
Consistency: when sample size increases and n goes from e.g. 100s to 1000s, the uncertainty about A, 
due to the random variation in the sample becomes very small  
When n gets large enough, the value of the sample is going to converge to the true value in the 
population 
As the sample gets bigger, the value of 7*#8- gets closer and closer to A, 
 
Main problem in statistics is that usually have only one sample to work with   
Need to infer as much information as possible from the one sample available  
Today this is changing: more data is available, researchers can have access to administrative datasets 
covering the whole population (e.g. Sweden, Denmark, also Italy provided access to INPS database)  
Still these data is not easily found, it is expensive and it might also be difficult to run inferences on 
millions of observations 
Solution to the problem is to use the variation in the one sample 
 
STATISTICAL INFERENCE 
Problem: we have only one sample! We have to “infer” as much information as possible from the one 
sample we have  
Solution: we use the variation in the one sample available to approximate the sampling distribution of 
our estimator 
Intuition: if our estimator is unbiased, the larger the sample we draw, the better we can approximate 
mean and variance of the sampling distribution 
 
There are two tools to solve the problem and get as much information as possible from one sample 
Start from a point in which we take unbiasedness for granted in the sample 
Law of Large numbers: If the sample size B increases, then #8 will converge to the true value of the 
population, and the sample variance will converge to the true value of the population  
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Central limit theorem: when the sample size increases, then the sampling distribution of #8 can be 
approximated by a normal distribution that has mean equal to A, and variance equal to the sample 
variance divided by B (the number of observation)   
 
LAW OF LARGE NUMBERS  

Take a population distributed according to a Bernoulli distribution with mean .78 (ex vote) 
Particularly case of a discrete distribution in which the 
random variable can only take values 0 or 1 
Random variable is the voting probability in the last 
election and the mean is 0.78 
On average, at last election 78% of the population went 
to vote 
Suppose we pick random samples with a small n, e.g. 
n=2 
 Pick just two individuals each time 
 Average could be 0, 1 and 0.5 (one that votes 
and one that doesn’t)  
On the graphs plot the sample averages: far away from 
the true value of the mean in the population 
 Plot the value of the estimators when drawing values from the sample 
Increasing the number of people in the sample what happens is that μ is very close to the actual value 
of the population  
When n of one sample increases, then Y will be near to μ with 
very high probability  
Increasing to n=25, the range of values is smaller – slowly 
converging to the true parameter  
When n=100, very tight distribution that is centred around the 
true parameter 0.78 
Formal intuition, how the law of large numbers works 
 
CENTRAL LIMIT THEOREM  

Every random variable can be standardized  
 Subtract the mean and divide by the standard deviation  
 Creates a random variable that is distributed with mean equal to 0 and standard deviation = 1 
Hard to compare random variables that have different units of measurement  
Make the variable unit free, expressing the variable only in terms of how much it deviates from the 
mean: making it simpler to be interpreted 
Central limit theorem: When n of one sample increases, then the sampling distribution of #8  can be 
approximated by a normal distribution with mean equal to μ and standard deviation equal to the 
sample variance divided by n 
More n needed to approximate to a normal distribution 
#8 can be standardized by subtracting mean and dividing by standard deviation  
 Standardized values of #8 can be approximated by a normal distribution with those features  
 With mean 0 and standard deviation equal to 1 
 This will help in hypothesis testing  
Standardized value of #8. is equal to  

#8 > A,D,
EB

FG*%?&- 

Standard deviation of #8.  is the STANDARD ERROR  

It is an estimate of the standard deviation of the sample mean #8.  
 
Bottom line: if n>30, we can always assume the “standardized value” of our estimator is distributed 
according to a Standardized Normal Distribution N(0,1) 
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Standardizing the sample mean, the same distribution as before, what changes is the x axis  
 Mean is equal to 0 and standard deviation is always equal to 1 
One can see the convergence in the previous figure but it is 
more clear if we plot the standardized random variable.  
It approximates very well a standard normal distribution with 
mean 0 and variance equal to 1 
When n increases, the distribution of the standardized sample 
mean approaches a standard normal distribution with mean 0 
and standard deviation =1  
Even with n=25, get close to a standard normal distribution 
With n=100, get a perfect normal distribution 
Note: every rv can be standardized by subtracting the mean 
and dividing by its standard deviation (unit free rv!). 
 
This theorem holds also when the original population is not 
distributed according to a normal (even though it takes larger 
sample sizes to approximate well enough) 
 
HYPOTHESIS TESTING 

Want to ask a question about the average value of trust in political parties in a particular country 
Want to test what is the average wage in a population and how different it is from another country and 
whether this value is different from a particular value  
Might want to ask a question comparing averages coming from different populations – e.g. different 
trust in political parties between Italy and the Netherlands? 
 
Test the world around us with yes/no questions + statistical methods 
Test an hypothesis that call the Null hypothesis 
 e.g. want to test if the average level of trust in Italy is equal to 3 (on a 0/10 scale)  
Alternative hypothesis: holds when the null hypothesis is rejected  
e.g. average value of trust is different from 3 – double sides hypothesis testing  
 Allows to check whether it is less or greater than 3 at the same time   
Need to test hypothesis using a random sample of the population  
Solution comes from the t-statistic: a (standardized) measure of the difference between observation in 
the sample and hypothesis; a standardized sample average used to perform hypothesis testing 
Difference of the average level of trust in the population and our hypothesis that trust is equal to 3 
 Standardized because divided by standard error 
 
H&I 7*#- $ J   
H$I 7*#- C J   
t-statistic: take the average of Y (trust in the sample) minus the hypothesis, divided by the standard 
error of Y (a standardized measure of the standard deviation of Y)  
 

K $ #8 > J
L7*#- 

STATA does the job for us: use the command ttest variable = H& 
 
Just look at Italy, less observations then the one we worked with in the previous sample (only 942 
observations) 
Average of trust in Italy equal to 2 – standard error is 0.07 
Command produces a value of K $ >.&MN&OP 
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Need to test whether the number is informative about whether to reject or not to reject the null 
hypothesis  
When n is large enough, the t-statistic can be distributed according to a standard normal distribution  
Decide to reject the null hypothesis with a certain margin of 
error – assume it is 5%  
 May incorrectly reject H& 5% of the time 
 
Given this arbitrary value, known as significance level (usually 
made smaller, but not made larger), know that t is distributed 
according to a standard normal distribution  
The 5% area of the distribution is at the tails of the standard 
normal distribution: so the area of rejection is the 2.5% are of the 
standard normal distribution on both sides, particularly for 
values lower than -1.96 and larger than 1.96 
 
1.96 is the critical value: need it to test whether H& is true 
If the t-test in absolute value is greater than 1.96, it means that the t-test statistics is in the rejection 
region 
Therefore, we have to reject the null hypothesis 
The larger the t gets, the more confident we are to reject the null hypothesis 
 
Increasing the significance level, make it more difficult to reject the null hypothesis, because rejection 
area gets smaller and smaller (as significance level moves from 5 to e.g. 0.5%) 
Standard distribution: density that cumulated sum up to 5% is the area at the tails - each side is 2.5%, 
cumulated gets to 5% 
Could also be more restrictive, if needed – increase significance level of the test  
5% is the significance level of the test – to make it more restrictive, increase it to 1 
 
List of significance levels and critical values: 

 
Increasing the significance level, make it harder to reject the null hypothesis 
Compare the absolute value of the test statistic with the critical value  
K $ >.&MN&OP so can reject the null hypothesis: the value of trust in political parties in Italy is not equal to 
3 at a 5% significance level  
 
A new example can be made 
Is the mean level of trust equal to 2 at a 5% significance level? 
H&I 7*#- $ Q    
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Since the absolute value of the t-test is less than 1.96, do not reject H& and can conclude Political trust 
in Italy is equal to 2 
Rule is crucial when it comes to econometrics, interpreting results of regression tables that provide 
information about estimates and t statistics 
Whether a coefficient estimated through a regression is significant or not is determined based on the t-
test 
 
CONFIDENCE INTERVALS 
Because we have a random sample, it is very unlikely that the parameter estimated is going to be 
exactly equal to the true parameter 
Can compute the CONFIDENCE INTERVALS 

The interval of values that with a given confidence (e.g. 95%) contains the true population mean  
Can determine with a confidence interval where the true value of the parameter will fall: it will fall 
between the lower bound, equal to 1.86, and an upper bound that is equal to 2.13 
 

 
 
 
Have a random sample, estimate a number for the parameter  
Since it is a random sample, there is a 95% probability that this value, the true parameter, will fall in an 
interval between 1.86 and 2.13 
Need to make assumption about the distribution of the parameters and the likelihood  that the 
parameter is in the confidence interval calculated  
To calculate the confidence interval:  
Take the mean: the lower value of the confidence level is the mean minus the critical value multiplied 
by the Standard error  
For the upper bound it is the mean plus the critical value multiplied by the standard error 
 
Example  
Is the mean level of trust in political parties in Italy equal to the mean level of trust in the Netherlands? 
Null hypothesis: the difference in the means is equal to 0 
Test statistic: Average in Italy minus the average in the Netherlands minus the hypothesis (which is now 
0) and divided by the standard error of the difference in the means 
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Alternative hypothesis: the difference in the means is not 0 
 
Command on STATA: ttest trstprt, by (cntry) 
 

 
STATA also gives the combined difference between the two values and the t-test associated with both  
t-statistic is 37.4, which is larger than 1.96 
Can reject the null hypothesis that the difference in the level of trust in political parties is significant 
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RECAP STATISTICS 3: REGRESSION 

ANALYSIS 
 
WHAT IS A LINEAR REGRESSION? 
A linear approximation of a relationship between one dependent variable (outcome) and two or more 
independent variables (regression) 
Regression allows to estimate parameters of linear functions 
Useful method for two tasks: making inferences, particularly causal inferences that refer to a statistical 
method that tells how two variables move together  
What happens to the dependent variable when the independent changes? 
Regressions also used to make predictions 
 Knowing the values of the variables that enter the regression function, can predict the value of 
an outcome  
 Dependent variable is a function of something else  
 
Dependent variable: the variable we want to explain (also called regress and or lefthand-side variable) 
Independent variable: the variable used to explain the dependent variable (also called regressor or 
righthand-side variable)  
Regression analysis is used to:  
Ø Explain the impact of changes of an independent variable on the dependent variable  
Ø Predict the value of a dependent variable based on the value of at least one independent 

variable 
 
While a regression might look like correlation, the two are not the same  
Correlation is part of the regression 
 
Correlation 

Measures, using a standardized value, the extent to which two variables are interrelated  
Does not capture cause and effect – it is not able to model a function 
 Just a measure of how two variables are linked  
Same correlation coefficient if you swap x with y  
Does not fit a line  
Does not quantify the change in one variable associated with the change in the other: it doesn’t tell 
what happens when there is a one-unit change in the independent variable – this is done in a 
regression 
 
Regression 

Relationship is evaluated through a causal model  
Captures cause and effect  
The regression of y on x is not the same as that of x on y  
Fits a line through the data 
The impact of one variable on the other is quantified. 
Regression fits a line on the data 
It estimates a parameter with peculiar characteristics  
 
The relationship between X (Independent variable, e.g. education) and Y (outcome, wages) is 
described by a linear function  
Know that somehow education and wages are correlated: but don’t know what happens when change 
the education variable by 1 year, this the correlation doesn’t tell 
Changes in Y are assumed to be influenced by changes in X 
Linear regression population equation model: 
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Want to model Y as a linear function of education, modelled as years of schooling 
Model Y as a linear function of X means to fit a line on the data 

#! $ R& 9 R$+! 9 S!  #!= dependent variable  
R&= population Y intercept  
T$ is the slope or population coefficient of the line  
+!= independent variable  
S!= error term 
T$ is the slope, so the derivative: changing X by one unit, Y will change by T$ 
Error term is anything of Y that this function is not able to explain: it is the residual  
 
e.g. Wages are correlated and determined by the degree of education – but there are also other factors 
that can explain the variance of the wages observed in the: if these are not taken into account, they will 
end up in S 
Key parameters to estimate are R& and  R$ – knowing the two parameters, will know how the 
relationship moves: know the starting point and the slope of the line 
Another parameter to estimate S!- how much of the relationship is not captured by the function i.e. how 
much relationship fails to explain all the variance of Y  
Problem is that usually don’t have all the population: need to rely on sample of data drawn from the 
population  
Make assumptions: if they hold, give interpretation to the parameter of interest 
When using a sample, do a sample regression: this provides an estimate of the true population 
regression line  
Don’t have all the population, just an estimate of the true values of R& and R$ 
 
Imagine to have 6 observations: combination of X and Y  

Running a regression means to find 
a line that best fits the data 
Line has an intercept which is the 
distant measured by the value of Y 
when X is 0 
This line has also a positive slope, 
given by R$  
The larger the R$, the steeper the line 
UV : estimated difference between the 
line and the actual value of that 
observation  
From the graph can see that the 
larger the distance between the line 
and the points, the larger the 
estimated residuals  
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If there is distance between the observation and the line, probably the line is not the best to fit the data  
Another relationship between Y and X might be: 
Y: the grades in the exam  
X: number of hours of study 
We suspect that Bocconi students scores are related to how many hours per week they spend studying  
Don’t have data on all students but can extract a subsample 
Data from an iid random sample (n=500) 

List some of the data: for each single student correlate the 
hours of study and the exam score  
Each observation is a combination of exam grades and hours 
of studying: is there a correlation?  
There is a positive, not too strong correlation 
No information on the hours of study: just have the 
distribution of exam grades 
Best thing that can be done with only one variable (exam 
score) and no other information, the best prediction for the 
student’s score is the mean exam score in the sample  
The mean is 20  
In that case, we would predict the student’s score to be 20: it 
is a good prediction based on the information available 

Mean is a constant, an intercept: a flat line 
Going back to the regression equation, when X is not available, end up with a straight line 
Dealing with just one variable, that might be a good prediction  
However, how can we measure a good a prediction is? 
There are some observations above and below the average line 
One way to evaluate the “goodness of fit” of the line would be to measure the distance between the 
points of the observation and the line: that is given by THE SUM OF RESIDUALS 
Suppose  to have 8 observations°: compute for each of them the distance from the mean 

Summing the deviations from the mean, 
however, get that their sum is equal to -16 
and +16, that is 0 
Make all the deviations positive and 
emphasize large deviations: square each of 
the residuals and then sum them up 
Larger deviations will have more weight  
7 becomes 49 
1 is still 1: emphasize strong deviations 
 
204 is the sum of squared residuals  
 
 
 

Sum up: estimate parameter, the most simple parameter to estimate is the average 
Compute deviations of each observations from the mean – square them to make them all positives 
 Doesn’t matter whether the deviation is positive or negative  
 They are equally distant to the parameter  
Then sum them up  
 
Sum of squared residuals when the parameter is the mean is the total sample variance: the deviation of 
each single observation from the mean, squared 
Formula for the variance: deviations of each single observations from the mean, squared 
When the estimator is the mean, the sum of squared residuals is the total sample variation, the variance 
of the sample 
 
Can do better when there is another variable explaining Y 
Can apply the ordinary least squares method – OLS: minimizes the sum of squared residuals (SSR) 
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A regression: draws a line that fits the data 
It reduces and minimizes the sum of squared residuals, i.e. it minimizes the distance of each 
observation from the line 
The regression line resulting from the OLS estimation literally “fits” the data best by minimizing the 
residuals  
The sample estimates of the population coefficients are those values which minimize the sum of the 
squared residuals 
 
REGRESSION 

Fit a line, because now also have information on X 
Regression output: The sum of squared residuals is estimated and given by 4.3 
204 is the total variance  
Regression output also produces two important estimates of R& and  R$ 
R& is the variable “_cons”: equal to 11 

 
X = 0.44 : the slope of the line 
X is hours of study per week, and Y which is a number between 0 and 31 
11 is the intercept of the regression line: it is the value of Y when X is 0 
 If study 0 hours, expect a grade of 11 
X: the coefficient – look first at the sign and then the magnitude 
The sign is positive: when X increases, Y should increase as well 
Increasing X by 1 hour, the grade will increase by 0.43 
 
Can give an interpretation to the intercept, but sometimes it doesn’t make sense 
Sometimes it doesn’t make sense to have an X that is equal to 0 
Suppose we want to estimate if class size has an influence on exam scores: in this case the intercept is 
not informative at all, it doesn’t exist a case in which the class size is 0 – cannot really interpret that data  
You can interpret the intercept as the predicted value of Y when X=0 – depends on the context if it 
makes sense to run the regression 
 
MEASURE OF MODEL FIT  

The ANOVA table or Analysis of the variance table estimates the variance observed in the data and in 
the outcome and it decomposes the variance in a part that is explained by the model and a part that 
cannot be explained (estimated by the residual)  
Model sum of squares: the part of the variance that our model can explain 
A part of the relation between hours of study and exam grades can be explained by the model (199), 
another 4.28 is due to additional variability not included in the model  
Combination of the two factors gives a parameter that is informative of the goodness of fit of the model 
– R-squared  
It is the ratio between the part of the variance that is explained by the model and the total variance  

W( $ 7LL
XLL 
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Squared deviations from the fit, from the regression line 
There is a way to standardize the goodness of fit – taking the ratio get rid of the unit and obtain a result 
that ranges from 0 to 1 
If the R-squared is close to 0, the model doesn’t explain anything  
If the R-squared is close to 1, the model can explain the total sample variance 
 
Graphical representation of the total sample variance: variance explained by the model and variance 
not explained by the model  
The distance of the observation from the sample 

mean is the total sample variance: this is 

decomposed in two parts 

Ø Sum of Squared residuals: the distance of 

each observation from the regression line 

Ø Model Sum of Squares: the difference 

between the total sample variation and 

the sum of squared residuals  

Can also refer to the ESS segment as the 

improvement that the model makes relative to the 

sample average  

There is a distance from the observation to the average – if don’t fit any regression line, that will be totally 

unexplained, and it will be the Sum Of Squared Residuals  

Can improve the goodness of fit by fitting a regression line – reduce the distance of the observation from 

the new parameter, the new regression line 

 

HYPOTHESIS TESTING  

Computing the parameters is not enough – the table also produces other numbers: 

Ø Standard error  

Ø A measure of the t-statistic  

Any standardized random variable has a distribution – this is true when the number of observation in the 

sample is big enough (n≥30)  

!! as the sample average is a random variable itself when n≥30 

What is done is to test whether the estimated parameter is different from 0 

 Hypothesis testing in a regression framework  

Test the null hypothesis that !! " # against the alternative hypothesis that !! $ # 

T statistic will give us the significance threshold: t is equal to the estimated !! minus the null hypothesis (0 

here), divided by the SE   

% "
!! & #

'()!!*
 

Trust in political parties: is it determined by years of education? 

When increase the years 

of education, also 

increase the level of trust 

in the parties  

Take the 47,797 

observations and fit a 

linear regression line 

 Trust in political 

parties is regressed on 

years of education  

  

Estimate two parameters: !", almost equal to 2.9 

When people have 0 education, their level of trust in political parties is very low, about 3 

Then have the second coefficient !! which is positive and almost equal to 0.04 in magnitude  
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One variable is expressed in values that go from 0 to 10 and the other is years of education 

By increasing education by 1 year, increase the score that measures trust in political parties by 0.04 points 

 

What’s the sign? 

What’s the magnitude? 

Is this coefficient statistically significant? Is it equal to 0?  

Have to look at the t-test and p-value  

t is equal to 19.14 – that is larger than the 1.96 critical value – so can reject the null hypothesis at 5% 

significance level that the value of the coefficient is equal to 0 

 The coefficient !! is different from 0  

 

EXAMPLE 

What happens to people’s attitudes towards foreigners when there is a change in the visibility of immigrant 

communities? 

Try to understand if the level of political extremism is driven by immigrants presence and in particular 

immigrant’s visibility  

Focus on Muslim communities in Germany: use a shock to Muslim visibility, given by the occurrence of the 

Ramadan festivity  

 Germany has one of the largest share of Muslim immigrants of Europe 

 This share has been growing for the last 50 years  

At night, during the Ramadan, experience of festivals – very visible  

Want to see whether the occurrence o Ramadan affects Muslim visibility  

European Social Survey: has interview dates – so know whether a respondent was interviewed before or 

after Ramadan 

Based on the interview date, could estimate the distance of the interview from the last Ramadan – 

measured in months  

Want to see whether a change in the distance also changes the attitudes of respondents towards Muslims, 

immigrants and if this affects political preferences 

 

Look at Panel 4 

Fit a regression line on 2800 individuals – sample changes depending on the number of respondents to the 

questions  

The closer to Ramadan: how does this distance affects the attitudes towards Muslims? 

Dependent variable Y: have negative attitude towards Muslims  

Ramadan is a measure of proximity to Ramadan measured in months  

Coefficient positive: the closer to Ramadan, the more negative attitude towards migrants  

Proximity to Ramadan increases the probability that a respondent has negative attitudes towards Muslims  

1 month closer to Ramadan increases the probability that the respondent has negative attitudes towards 

Muslims by 0.04 points (4%) 

Is this coefficient equal to 0? Need to do hypothesis testing  

t-test is bigger than 2, so can reject the null hypothesis 
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Coefficient  

(Standard errors)  

 

Look at Panel B: 

Proximity to the last Ramadan in months: dependent variable is right-wing extremism i.e. whether the 

respondent says that he his right wing  

Sign is positive: proximity to Ramadan seems to increase the probability that a respondent is right wing  

Ratio between the coefficient and the SE is 2.68, which is greater than 1.96 and than the critical value of 

the test significant at 1%  

 

Another way to do hypothesis testing is to compute the p-value  

p-value is a measure derived from the t-statistics, also called as significance probability  

It is the probability that by random sampling, we pick a test statistic that is as adverse to the null hypothesis 

as the one estimated  

Probability of picking a t that in absolute value is larger than the one estimated and so that goes even more 

in the direction of rejecting the null hypothesis  

Computed by computing the CDF of a standard normal distribution at the value actually estimated and 

multiply it by 2 

t-statistic is estimated by a standard normal distribution  

When the p-value is large we cannot reject the null hypothesis: 

because the probability of picking a t that is larger than the one 

computed   

 Picking a larger number by random sampling, it means we 

cannot be confident that the value produced is actually reliable, 

because picking randomly another value of t that is larger than 

the one estimated, the t can also be something completely due 

to the random sampling process  

The p-value is essentially the CDF of the test-statistic at a given 

value (the one actually estimated)  

p-value is an easy way to test the significance of the coefficient: 

when setting the significance level fo the test to be 5%, reject the null hypothesis only if the p-value is 

smaller than 0.05 
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Graphically:  

The distribution of t has a standard normal distribution and is equal to -1 

p-value tells the size of the density of the area right at -1 

Multiply by 2 because we are doing a 2-sided test  

 

p-value easy and gives the significance level of the test  

STATA output: t is 19 and p-value is 0 

 
Significance level very close to 0 – never mistakenly reject the null hypothesis  

p-value is a useful true because tells straight away what the level of significance of the test is  

 

Regression output: several ways to do hypothesis testing  

Look at the t or at the p-value: they provide the exact same information  

 

Example of p-value applied to difference in means  

Is the mean level of trust in political parties in Italy equal to the mean level of trust in the Netherlands? 

Computed averages, got an estimate of the mean equal to -36 

p-value is defined as the probability of picking a T in absolute values greater than the one actually 

computed  

Reject the null hypothesis, at all significance level  

 

p-value also allows to do one-side hypothesis testing  

Can check whether we can test the null hypothesis against the probability that the difference in means is 

lower than 0  

Given the t=-36, check the probability that t is less than -36 and compute that, taking the CDF of the t, 

assuming it is distributed following a standard normal distribution  

p-value = 0 
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Can be different from 0, greater than 0,  

Test the null hypothesis against the probability that the difference in means is lower than 0 

 

 

Regression output also gives a measure of confidence interval  

The range of values that with a given confidence (at 95%) contains the true coefficient  

 
Estimate is equal to 0.47 

STATA estimates the range of values in which the true parameter lies given the confidence of 95% 

With 95% confidence we can say that the parameter lies between 0.042 and 0.052 

Compute that because we can get very close to the true population parameter but we cannot be sure of 

having estimated it precisely – give a range of values that allows to be more precise  
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RECAP STATISTICS 4 
What happens when we have more information that we can exploit? 
In particular, what happens if we have a variable that we think can be a good regressor of our outcome 
and we want to put that into the regression? 
Suppose to have two variables +$ and +(: the latter is an additional variable that we think might be 
relevant to explain relationship e.g. age  
Can rewrite the linear model adding the variable +(, term that is going to be multiplied by a coefficient 
R(: it gives us the effect of X on Y, what happens to Y when X changes  

 
When looking at the regression table, still have to ask what is the sign, the magnitude and the statistical 
significance of each coefficient 
What changes is the interpretation of R$: it is no longer the effect of education on political parties, but it 
becomes the effect of education on political parties controlling for age, the new variable included in 
the model  
Standard regression table: trust in political parties is the dependent variable 
Two regressors: age and education  
The first coefficient, R$: one additional year of education increases trust in political parties by 0.04 
points when age is kept constant, controlling for age  

Graphically, when including an 
additional information, we are feeding 
the model with additional data  
In a graph, add another dimension to 
the model: the line becomes a plane 
 To compute the goodness of fit 
take the distance of each observation 
from the new fit  
 
The model becomes 

#! $ R& 9 R$+$! 9 R(+(! 9 S!  
 
 
 
 

 
DUMMY VARIABLES  

Binary variable that only takes value 0 or 1  
Can include them in the regression as an extra regressor  
Female variable: takes two values – either you are a female or you are not  
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Want to include this into the regression  
STATA output: replacing age with the female dummy, the coefficient of education slightly changes  

 
Before R$ was equal to 0.039, while now it is equal to 0.047 
That occurs because depending on the variables included in the regression, the interpretation of R$ 
changes 
Coefficient for R( and the female variable is negative: in general, women report a lower trust in political 
parties  
To check if the coefficient R( is significant, need to look at the t-test and the p-value: p-value tells us the 
level of significance – 0.029 which is lower than the 5% significance level, meaning that the null 
hypothesis that the value of the coefficient is equal to 0 can be rejected and as a consequence that the 
coefficient is significant  
 Indeed, the t-statistic has a value of 2.18 in absolute value, which is large than 1.96 
Since a dummy variable can only take two values 0 and 1, we can predict the variable Y in two cases 

Ø When +( $ %, the model reduces to #-Y $ R&Z9R$Z+$!  (the predicted value of Y can be estimated 
by looking at the predicted value of the two coefficients) 

Ø When +( $ &, the model instead will be #-Y $ R&Z9R$Z+$! 9 R(Z (the predicted value of Y changes, 
because the intercept of the regression line changed) 

Solid line is the first case, when +( $ % 
(male group)  
Intercept is equal to R& $ QNP, a slope 
that is equal to R$ $ %NMO 
When looking at female respondents, 
the only thing that changes is the 
intercept – the slope doesn’t change  
There is a shift downwards of the 
intercept of the line 
The coefficient estimated for the 
female dummy is negative 

The line is going to start at R&Z9R(Z, 

except that R(Z is negative, so it shifts 
down 
When including another regressor, 
what changes is the effect of 
education on trust of political parties, 

keeping constant the gender of respondents  
It is possible that R$ changes – because it is now conditional on a characteristic of the respondent 
group  
In practice create two regression line for when the female dummy takes value 0 or 1  
 Direction of the shift of the regression line for the male only depends on the value of the 
coefficient for the female variable  
Expect trust to be lower in the group of female respondents rather than the group of male respondents  
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This regression line (the solid one, for male group) is #-Y $ R&Z9R$Z+$!  – it is likely to be different from a 
regression line in which just include +$ as a regressor 
Difference in the two lines is the difference between male and females 
If we did not control for gender however, we could have a line that is different both in terms of intercept 
AND slope  
 
Not controlling for gender is likely to produce a regression output in which intercept and slope are 
different  
But once control for gender, get the same returns of education on trust for political parties for both 
male and female groups 
Model is just taking an average of the slope for male and female – model doesn’t allow so far a 
difference between the two slopes 
 

DUMMY TRAP  

Suppose you want to evaluate whether the level of trust in Pol. Parties is different in these three 
countries, holding years of education constant 
In the regression, as additional control, add the country in which the respondents live: political 
spectrum in Italy and the Netherlands might be different and this might lead to different results  
Cannot include where people live as a continuous variable  
Variable is categorical, basically a string  
 
In order to include this variable in a regression you have to transform the variable cntry in a “set” of 
dummy variables (one per country)  
gen france=(cntry=="FR") – variable is equal to 1 when the respondent lives in France 
gen netherlands=(cntry=="NL")  
gen italy=(cntry=="IT") 
Then you should include the dummies in the regression, however you cannot put them all (dummy 
trap) 
Cannot estimate all the three dummy variables simultaneously, but you need to choose one reference 
country and exclude its dummy from the regression. 
Variables are mutually exclusive: the sum of these three variables is always equal to 1- only have people 
that either live in France, The Netherlands or Italy  
Cannot produce coefficients for the three variables  
Coefficients should be interpreted as the change in political trust between Italy and the category that is 
left out  
e.g. choose France to be left out: this becomes the benchmark, the reference group  
Include only dummies for Italy and the Netherlands 

#! $ R& 9 R$+$! 9 R./+./! 9 R*0+*0! 9 S!  
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 R./  is the change in trust in political parties when people live to Italy, with respect to the benchmark  
So it is the difference in trust in political parties between Italy and France 
R*0 is the difference of trust in political parties between Netherlands and France 
R$ is the effect of education on trust in political parties controlling for the country of residence 
 
The constant now represents the average level of trust in political parties in France, holding years of 
education constant is 2.3 out of 10 – the country that we left out, the baseline  
Coefficient for Italy and the Netherlands represent the change in trust in political parties with respect to 
the category left out of the regression  
R$ is positive and still significant  
Italy has a level of trust, holding education constant, that is not statistically different from France  
The Netherlands have a level of trust, holding education constant that is 2.2 points higher then France 
and is statistically significant – it measures the difference in baseline trust between the two countries 
 It is a positive coefficient, it is statistically significant  
 The average level of trust in Netherlands is higher than in France  
 Considerable shift in the regression line 
 
When include all the 3 dummies in the regression, STATA automatically drops one 

 
STATA automatically picks one of the variables as reference points  
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Italy is not excluded from the regression: it is going to be the baseline model and it is going to fall on 
the constant  
 
INTERACTIONS BETWEEN INDEPENDENT VARIABLES 
Allow the model to create two different slopes for the different categories that we have in our dataset 
(e.g. male/female; different countries) 

#! $ R& 9 R$+$! 9 R(+(! 9 R1+$!+(! 9 S!  
Outcome variable is still trust in political parties, but +$!  is the age In years  
A second variable is whether the respondent has ever been an employed for more than 3 months 
R$ is multiplying a continuous variable, R( is multiplying a dummy variable – the interaction between 
the two is captured by R1 – tells how the slope changes when looking at different groups  
The slope of the regression line is R$: how much trust in political parties change with age  
This regression might have a different intercept when we consider people that are unemployed and 
people that are not  
Might also think that the slope of the regression line changes when we consider people that are 
unemployed and people that are not: do that by adding an interaction coefficient 
 It tells how much the slope changes when considering the unemployed category  
When including the interaction term, it is also important to have the two main terms (+$!  and +(!- 
separately  
Regression line might change the intercept when we include a control for whether the individual is 
unemployed or not: when doing that just shift the line up or down  
R1 is useful to understand what happens to trust in political parties when considering the interaction 
between age and unemployment: it is the differential effect of trust on political parties depending on 
the occupational status 
When one of the two interacted variables is a dummy, we can interpret estimates by distinguishing two 
cases 

When the variable +(! $ %, the model reduces to #-Y $ R&Z9R$Z+$!  
When the variable +(! $ &, the model becomes #-Y $ R&Z9R$Z+$! 9 R(Z9R1Z+$!  
 #-Y $ [R&Z9R(Z\ 9 *R$Z9R1Z-+$!  
 
Tell STATA to estimate the model 

#-Y $ R&Z9R$Z]^U! 9 R(Z_BU`'! 9 R1Z]^U! a _BU`'!  
 

 
When we consider _BU`'! $ %, the estimated line becomes #-Y $ QNbQ 9 %N%%c]^U!  
When instead _BU`'! $ &, there are two things that change: the intercept and the slope of the 
regression line 
There is a shift in the intercept (constant + estimate of R() upwards of the regression line 
If there wasn’t the interaction term, the model would be just that  
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STATA however also produces a negative coefficient for R1, which is statistically significant (p-value 0 
and t way above 1.96) 
The slope moves from 0.006 to 0.006 minus the R1 just estimated: the slope becomes negative  
The estimate of the line becomes #-Y $ *QNbQ 9 %NOc- 9 *%N%%c > %N%%P-]^U!  
That is to say #-Y $ JNJO > %N%J]^U!  

 
Graphically, the solid line represents the 
case in which _BU`'! $ %, 
When _BU`'! $ &, there is a shift of the 

curve, which is the sum of [R&Z9R(Z\ 

There is also a change in slope, which is 
the result of the interaction coefficient 

*R$Z9R1Z- 
Since R1Z is negative and larger thanR$Z, 
we now have a negative slope 
 
For the employed, trust in political parties 
increases with age  

If we just had R(Z, there is a shift in the regression line which would mean that unemployed trust political 
parties more than the employed at the baseline 
If unemployed at age 18, trust political parties more than if employed at 80 
The change in slope means that for unemployed, when age increases, trust in political parties go down  
 If unemployed at 60, might have lower trust in political parties then when 18 and unemployed 
The level of trust converge when age increases regardless of being employed or unemployed 
 
Unemployed on average trust political parties more but they have negative age gradient/slope than 
employed workers  
Employed have instead a positive slope 
Old unemployed and old employed workers have similar level of trust, but young unemployed and 
young employed have substantially different trust 
 
Interaction might be important to understand the effect of a policy that might change depending on 
the group one belongs to 
 
NON LINEAR FUNCTIONS OF INDEPENDENT VARIABLES  

All regressors seen so far entered linearly in the model but this may not be the case  
Can also tell the model to account for non-linearity, by including polynomials into the regression  
e.g. we think age does not have a linear relationship with trust, but suspect it enters in a second-degree 
polynomial  
Add to the main model Age squared  
Can also include higher polynomials, like cubic 

 
Graphically:  
Instead of modelling trust as a linear function of age, 
we model it as a quadratic function of age 
Do that by including the square of age into the 
regression line 
The regression line will not be linear anymore but U-
shaped 
 
 
 
 
 
 

STATA output when we allow age to enter quadratically into the regression line 
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It estimates two coefficients: R$Z and R(Z which is the coefficient of ]^U!( 
Relate the results to the linear case is R$ 
In the case of a quadratic case, the model reduces to  

#-Y $ R$Z9 QR(Z]^U!  
In case of a linear regression, the marginal change in Y due to a marginal change in age is given by R$, 
which is nothing but the derivative of the equation  

d#-Y
d+$ $ R$ 

The marginal change in Y due to a marginal change in age in the case of a quadratic model is given by 
the derivative of the regression equation 
But now the regression equation is no longer linear, so the  marginal change will be 

R$ 9 dR(Z]^U!(
d]^U $ R$ 9 QR(]^U 

R( coefficient just tells us the shape of the coefficient  
 
INTERACTION BETWEEN TWO CONTINUOUS VARIABLES 

Might have interaction between two continuous variables  
e.g. +$ is age and +( is years of education: both expressed in years and both continuous  
 

 
The baseline is 4.43, there is a regression line with a negative slope, given by the age coefficient (-
0.027) 
Including education years into the regression there is a shift in the intercept: when including 
interaction, allow the slope to change based on the number of years of education 
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Regression line depicting the relationship between trust and age can change depending on the years 
of education 
What changes now is that when we want to compute the marginal increase in Y caused by a marginal 
change in X, need to evaluate the effect at a specific age  
Taking the derivative o f Y with respect to age, we get R$ 
But now, given that there is the interaction term, we also have a R175ef6KghB 
 

d#-Y
d]^U $ R$ 9 R175ef6KghB 

 
In order to know the value of #-Y , knowing the value of R$ and R1 provided in the 
regression, we also need to compute the specific value at specific years of 
education  
Based on pre-determined years of education, it is possible to measure the 
change in #-Y  
 
Interpretation: Trust in political parties deteriorates with age and becomes 

lower with years of education  
The interpretation of the interaction: interaction answers the question “Does the level of political trust 
change when you become older and get more years of education?” 
Is there a differential effect of age when you become more and more educated? 
The coefficient of the interaction has a positive effect: it means that if you become older but also more 
educated, the level of trust becomes higher  
Need to be able to interpret the interaction between the continuous variable: otherwise, can take 
education and transform it in a dummy  
Interaction coefficient positive again: it now means that the relationship observed between age and 
trust in political parties turns out to be positive when individuals have higher education  
Dummies are more intuitive and easier to use  
Can always change the education or even the age variable in a dummy – any discrete variable can be 
transformed in a set of dummy variables  
But sometimes there are continuous variables that cannot be transformed: too many values, so cannot 
have many sets of dummies in the regression because too hard to interpret  
 
HOMOSCEDASTICITY VS. HETEROSCEDASTICITY 
Homoscedasticity: the error term has constant variance across observations 

;6<*e!@+!- $ =(.ig 
Variance of the standard error is the same across all possible values of a variable  
Homoscedasticity implies that the model uncertainty is identical across observations and does not 
depend on certain values of X 
Independently of the values of X, the variance of Y is of the same size 
 
Heteroscedasticity: the variance of the error term is not constant across observations, but depends on 
the values of X 

;6<*e!@+!- $ =(. 
More variance in Y depending on certain values of X e.g. more variance when people are young 
Main consequence: usual standard error formula is no longer valid and inference is incorrect 
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There is a solution  
Correct the standard errors! In STATA, add the option ‘robust’ to the regression command  
reg y x , robust 

 
 
 
 
LINEAR PROBABILITY MODEL (LPM) 
Any discrete variable can be recoded in a dummy variable  
e.g. trust in political parties can be recoded in a dummy variable: values of trust of political parties lower 
than 3 means distrust, the rest means trust  
There are several ways to treat this binary dependent variable  
The most standard case is the Linear Probability Model: linear regression, applying the OLS model 
 There might be a problem 
 The OLS is not bounded  
When we have a dummy dependent variable it means there is a probability that goes from 0 to 1 
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The fact that the linear probability model doesn’t give any upper or lower value means that the 
predicted value of Y may be larger than 1 – but if the variable can only take values 0 and 1, doesn’t 
make sense 
A potential solution for that is to use two non-linear models: the PROBIT MODEL and the LOGIT MODEL  
They force the predicted dependent variable to be between 0 and 1 
First, they estimate the regression, getting the estimate of the key parameters: for each of these values, 
they compute a CDF, that must fall between 0 and 1  

()*# $ &@6^U? gBf? 4U`6jU- $ kl/*R& 9 R$6^U! 9 R(gBf! 9 R14U`6jU!  
Intuition: cumulative distribution function (CDF) by construction produces probabilities between 0 and 
1 
Probit uses CDF of standard normal distribution to model ().*# $ &@+- 
Logit uses the logistic CDF 
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CORRELATION IS NOT CAUSATION  
Social scientists interested in understanding what is the causal effect of a given variable X (treatment) 
on a given outcome Y 
Different ways to model the relationship between X and Y  
Start with a linear regression model – assume that the relationship between Y and X can be described 
by means of a line  

#! $ m 9 R+! 9 S!  
Linearity assumption: the two variables are related by means of a line 
Taking the model to the data, can apply the standard OLS, minimising the sum of squared residuals 
and obtaining the Ordinary Least Squared estimated of coefficients α and β  
β coefficient is the slope of the regression line 
The slope can be rewritten as the ratio between the covariance between Y and X over the variance of X 

Rn $ ko;*+? #-
;*+-  

Formula that the minimization of squared residuals spits out 
Given two variables, try to draw a line across the cloud of points describing the relationship between 
the two data  

Try to understand what type of information the Rn  coefficient is carrying  

Might be tempted to give to the Rn  coefficient a causal interpretation: increasing the variable X by a 

given quantity that will generate on average a change in Y equal to p#Z $ Rnp+ 
A more careful interpretation would be: an increase in X by ΔX is associated with a change in Y equal to 

p#Z $ Rnp+ 
R is simply describing an association between the two variables  

Does the OLS-estimated coefficient Rn  capture the causal effect? In most of the cases no 
 
EXAMPLE: EDUCATION AND EARNINGS 
Fictional data on daily wages in Euros and on the number of years of education these individuals 
accumulated  
Causal effect of education on earnings is an important question for economics, social sciences and 
policy: schooling is one of the largest areas in which policy makers can intervene and invest  
Trying to understand whether increasing access or quality of education can actually increase the 
earnings abilities of individuals, hence the amount they are able to contribute, is generally important  
Want to understand whether an increase in education causes an increase in earnings 

 
Start by trying to look at the correlation between the two 
variables  
Scatterplot that shows what the association between the 
two variables is  
The graph is also reporting a fitted line: that is describing 
the linear regression fit on the data when running a 
regression in STATA 
Want to estimate the effect of additional years of 
education on earnings 
 
 

 
Regression output in STATA: regress wages (Y variable) on education (X variable, plotted on the 
horizontal axis) 
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Constant value is the point at which the 
line crosses the vertical axis: equal to 
31 
R coefficient of education, i.e. the slope 
is equal to 4.4 
The slope of the line tells what is the 
average increase in the daily wage 
associated with a one unit increase in 
education  
Education is being measured in years: 
on average, 1 additional year of 

education is associated with an increase in the daily wage of 4.4 euros 
The constant is the point at which the fitted line crosses the vertical axis – when X=0 
It tells what is the average wage for an individual that has 0 years of education – not an element that 
has a lot of meaning in this context  
In the set of data we are working with, all individuals have education that ranges from 7 to 20 years 
No one in the data has 0 years of education  
Make an extrapolation: take the relationship observed between daily wages and education within the 
range for which we have data and extrapolate that out of the sample, for individuals that have years of 
education that we don’t actually observe in the data  
 
How to interpret the slope: 4.4 is the average increase in the daily wage associated with a unit increase 
(1 extra year) in education  
Did not attach any particular causal interpretation to that coefficient 
Various reasons for why need to be careful in interpreting the coefficient 
When there is an association, do not imply there is no causal effect whatsoever  
Just say that what we are seeing there could be or is likely going to be in part a causal effect and in part 
something else, just a mere association  
There might be instances in which see a very strong association between two variables and absolutely 
no causal effect between them 
The lack of knowledge ex ante for us of whether that coefficient of 4.4 is due to a causal effect or not 
requires to be cautious in interpreting it 
 
Association between education and earnings 
There are at least two competing ways in which it is possible to explain that result 

1. Causal effect of schooling on labour earnings – imply that schooling increases earning ability of 
individuals and this has important policy implications 

2. Omitted factors and/or selection: Other types of explanations for the positive association 
observed 
When look at the relationship between education and earnings do not consider that there 
could be other factors omitted from equation that may influence both educational attainment 
and increase in earnings (e.g. family background, motivation, intelligence) 

 

OMITTED FACTOR 
A plausible omitted factor (not considered when looking at that relation) is the ability of individuals  
Consider a specific type of ability that lead people to be successful both in schooling and the labour 
market 
When comparing people that have relatively high vs relatively low education, this on average 
corresponds to an earning differential  
But do not consider the fact that individuals that have higher earnings might also have higher earnings 
ability irrespective of their education level: they are smarter and their skills are priced at a higher level in 
the labour market 
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When comparing people with high VS low 
education, we are also implicitly comparing 
people with high earnings ability and 
people with low earnings ability and so it 
could be that part of the positive 
association (or all of it) is explained by the 
fact that they are smarter rather than more 
educated 
In the data we observe a distribution of 
education that is the combination of both 
the blue and the red distribution  
This graph is the empirical distribution of 
years of education in the sample used  
Imagine to have an indicator for whether an 
individual is more or less smart: this is an 
indicator which is difficult to obtain both 

because intelligence is multidimensional and because it is difficult to measure it  
Splitting the sample between individuals that are smart or less smart according to the new indicator, 
see that there is a strong correlation between being smart and having a high education level  
 
In the previously shown linear correlation, we are fitting a line through education in the cloud that 
shows the correlation between earnings and education, ignoring the fact that we actually have two 
groups 
 
Taking into account the fact that there are two different groups and we modify the model, the fitted line 
changes  
Slope of the R coefficient is much lower than before: account for the fact that part of that positive 
association was not at all accounted by education, rather it was explained by ability  
 

 

 
Assume that the relationship between education and earnings is the same irrespective of whether you 
are smart or not 
There are TWO parallel lines plotted: they have the same slope  
One extra year of education is associated with the same increase in earnings for both low and high 
ability individuals (slope is the same for the two groups)  
Allow for a different intercept between the groups: also include in the regression the indicator for being 
smart 
Constant term = 100: average daily wage for individuals with 0 year of education and who are not smart  
 No one in our sample that has 0 years of education 
The coefficient on smart (dummy variable): shift the location of the slope line 
The coefficient on smart = 20: being smart is associated with a wage premium of approximately 20 
euros  
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 Level effect assumed to be identical across the entire education distribution 
Someone who is smart but has 0 years of education would earn 120 euros per day 
Coefficient associated with education: still interpreted as the association between one extra year of 
education and wage – one extra year of education is now associated with approximately 1 euro 
increase in wage on average  
Slope much flatter than before: the reason for that is that we are now accounting for the fact that we 
were fitting the line across two groups  
 
Original objective is to try to understand what is the effect of education (X) on schooling (Y)  
Can think of omitted factors as third factors that are not accounted for when running the SHORT 
REGRESSION i.e. when we think the entire story is described by the initial simple regression  
 
Why when running the first regression we get a coefficient of 4.4 and when including the control we 
get a coefficient that is much lower (decreases by about ¾)?  
When running the short regression we were loading onto the education variable not just the effect of 
education, but also on top of that the effect of being smarter  
If there were not other effects apart from smart, by ignoring smart variable we were loading on 
education not just the true causal effect of education but also on top of that the effect of ability  
Would have incorrectly concluded that having one more year of education would lead individuals to 
have an increase in the daily wage than what they would in reality get  
 
Omitted variables one reason for why the R coefficient might not be accurate in describing the 
relationship between the dependent and the independent variable – being smart has to be correlated 
both with higher education and increased earnings: need a third factor that needs to be correlated with 
both 
If there is a third factor that is only associated with X but not with Y, that is not an omitted factor  
Variable can be considered an Omitted factor only if it influences both the dependent and independent 
variable  
 

SELECTION 
Interested in the effect of hospitalization on health 
Does hospitalization improve health? (Angrist & Pischke, 2009)  
Data from the National Health Interview Survey  
Ø Question 1: “During the past 12 months, was the respondent a patient in a hospital overnight?”  
Ø Question 2: “Would you say your health in general is excellent (5), very good (4), good (3), fair 

(2), poor (1)?” 
 

 
 

Might be tempted to just compare the health status of individuals that have been hospitalized and that 
have not been hospitalized 
Hospitalization seems to reduce the quality of health of these individuals: taking the difference 
between the two see that those that have been hospitalized have a lower health status  
 
Issue here is selection based on the outcome  
Type of relationship here is trying to understand the effect of hospitalization on health  
Regress the outcome of interest health against an indicator for whether the individual has been 
hospitalized or not 

H! $ m 9 RHhD'! 9 S!  



 
 
 
 
 
 

 

43 
 

 

Estimate of R would be -0.71 
Do not interpret it causally because of selection  

Can think about distribution of health for the 
people that have been hospitalized as a 
normal distribution (solid line), while another 
normal distribution describes the density of 
health for people not-hospitalized 
Pre-treatment situation: People that end up 
being hospitalized have an ex-ante status of 
health that is lower than those that end up 
being hospitalized 

Even if being hospitalized had a causal effect on health (represented through a rightward shift of the 
distribution of health for the people that have been hospitalized, i.e. when you get to the hospital, 
health is going to improve), we are still comparing in a regression two groups that are selected on the 
outcome to start with  
Those that go to the hospital are those that have poorer health to begin with  
Even if hospitalization was able to improve their health status, we would still not be able to capture it 
through a simple OLS regression 
Instead, we would get a negative coefficient as in the previous example  
Selection here is with respect to the outcome: people select into treatment precisely based on the 
outcome (the health status): this is the difference with the omitted variable problem   
 Omitted variable led to selection on a third element, something that was neither Y nor X 
 

REVERSE CAUSALITY 
Looking at the standard OLS regression: inclined to think that X is causing Y but it is in fact only a 
statistical relationship  
It could as well be that Y has an effect on X 
Observed relationship between Y and X reflect (in part or in total) the effect of Y on X, rather than the 
effect of X on Y 
 

When looking at the causal relationship between two variables there are 3 problems that can arise 
Ø Omitted variables 

Ø Selection: third factor is ex-ante or underlying the outcome – both correlated to being 
hospitalized and the ex post  level of health that one would have 

Both are related to the idea that there is a third factor that is correlated with both treatment and 
outcome 
Ø Reverse causality: Y itself might be influencing X 

 
Example: Relationship between violent 
crimes and police forces 
Try to understand what is the effect of 
increased police forces on violence and 
crimes 
In general, would expect a negative 
relationship: can think of different causal 
channels 
Positive relationship that can be mainly 
explained by reverse causality: where 
violent crimes are more prevalent, local 
administrations are going to increase the 
number of police forces that are deployed in 
that area 
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BIAS AND IDENTIFICATION PROBLEM 
It is possible to formalize statistically/algebraically the issues so far analysed: helpful because it allows 
to think about factors that could be driving the relationship we are observing, but will also help say 
something about by how much we are making a mistake when running a regression  
Types of derivation useful for: 
Signing the bias: understand whether we are overestimating or underestimating the causal effect 
Quantify the bias 
Whenever we run a regression thinking that the true causal relationship of interest is captured by the 

short model, an OLS coefficient R203q that tends to the true causal effect of interest plus an asymptotic 
bias 

R203q rR9 6D"`'KhKgf.2g6D 
The fact that the bias is asymptotic means that it doesn’t vanish as we let the number of observations 
increase, G r s 
Situation in which we cannot solve the problem by simply resorting to bigger samples 
Deeper type of problem 
The ‘identification problem’ is concerned with understanding which part of the relationship between Y 

and X (i.e., coefficient R203q in the OLS regression) can be attributed to the causal effect of X on Y as 
opposed to omitted factors, selection, and reverse causality 
We are interested in identifying the causal effect of X on Y and if we get something that is different than 
that causal effect, we end up having an identification problem  
 
OMITTED VARIABLE BIAS (OVB) 

Interested in understanding the effect of education on earnings  
Short regression: .

#! $ m 9 R+! 9 S!  
In fact, reality is described by a more complex model in which earnings are not just influenced by 
education but also by ability  
Long model: the true model describing reality  

#! $ m 9 R+! 9 tL! 9 e!  
Different letter for the error term, because S! C e!  
Inside the S!  term in fact is tL! 9 e!  
This implies that we need to distinguish the coefficients in the short and the long model: in the actual 
results, when running the short and the long regression get different estimated values for the constant 
term and the slope coefficient 
Therefore, rewrite the short regression as  

#! $ m3 9 R3+! 9 S!  
Estimate the Rn3 coefficient for the short model 

Rn$ $ khu*#! ? +!-
;6<*+!-  

However, now know that the #!  is not described properly by the short model, but by the long model 
instead  
Substitute in for #!  using the long model 

Rn3 $ khu*m 9 R+! 9 tL! 9 e! ? +!-
;6<*+!-  

Covariance has a linear property: it goes through linear functions 
We can split the covariance into all its linear terms: can rewrite it as the sum of the covariances between 
m and +! , plus the covariance between R+!  and +!  and the covariance between all the other terms and X 

$ khu*mv +!-
;6<*+!- 9 khu*R+!v +!-

;6<*+!- 9 khu*tL!v +!-
;6<*+!- 9 khu*e!v +!-

;6<*+!-  

 

Covariance between a constant and something fixed doesn’t co-vary: 
456(8;:!)

<'=(:!)
$ % 

Because of the linearity property, can take out the R coefficient  
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Therefore the second term is actually equal to R 456(:!;:!)

<'=(:!)
 

Covariance of a variable with itself is the variance 
456(:!;:!)

<'=(:!)
$ <'=(:!)

<'=(:!)
$ & 

For the third term t 456(3!;:!)

<'=(:!)
 

Third assumption of the OLS: error term is independent of the Xs – covariance is assumed to be 0 
 

Rn3 $ % 9 R ;6<*+!-;6<*+!- 9 t khu*L!v +!-;6<*+!- 9 % 

 

Rn3 $ R 9 t khu*L!v +!-;6<*+!-  

β is the coefficient of education in the long regression 
γ is the coefficient of ability in the long regression 
456(3!;:!)

<'=(:!)
  is the coefficient of a regression of ability (S) on education (X) 

khu*L!v +!-
;6<*+!- $ w$ 

Coefficient of the regression  
L! $ w& 9 w$+! 9 e!  

 

By running the short regression, the Rn3 estimated through the short regression is actually equal to the 
true β (the true causal effect) plus the product of γ (the effect of the omitted – ability, S – on the 
outcome) times w$ (the correlation between the variable omitted L!  and the variable included +!  in the 
short regression) 

Rn3 $ R 9 t khu*L!v +!-;6<*+!-  

Rn3 $ R 9 tw$ 
 
When ignoring the effect of the omitted factor, we are getting  
Ø the true effect (β) + 
Ø γ: the effect of the omitted on the outcome 
Ø w$: the association between the omitted (S) and the included (X) 

Tells more about why we are getting something different from the actual causal effect 
It also allows to understand whether we are underestimating or overestimating the true causal effect 
e.g. ability not available or not well measured  
When we lack the ability to measure one of the factors, by using the omitted variable bias formula we 
can understand whether by omitting that factor we are in fact overestimating or underestimating the 
true effect  
Ø Overestimate whenever the product tw$ is positive, which happens whenever t.6B5.w$ have 

the same sign 
Ø Underestimate whenever the product tw$ is negative, which happens when t.6B5.w$ have 

opposite sign 
 

β is the true causal effect of education on earnings  

When running the short regression, obtained Rn3 $ MNM, while when running the long regression, Rn0 $
%NP 
γ is the true causal effect of ability on earnings: expect the sign of γ to be positive  
w$ is the association between education and ability: expect the sign to be positive as well 
When running the short regression, we are overestimating the true causal effect of education on 
earnings  

Rn3 x R 
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Rn3 too large even in a world in which we cannot measure ability because we make assumptions on γ 
and w$ 
 

There will be bias only If both γ and w$ are different from 0 – if one of the two is equal to 0, then there is 
no omitted variable bias problem 
When thinking about omitted factors they qualify as such only if they are both correlated with the 
outcome (γ ≠ 0) and they are correlated with the treatment (w$ C %) 
If any of the two is 0, then there is not an omitted variable bias problem  
 
Flip side of the coin is that whenever we want to assess what is the plausible sign of the bias we are 
running into when running a short regression, always need to be explicit about both γ and w$ 
To understand that there is an omitted variable bias problem, also need to tell what is the sign of γ and 
whether it is 0 or not 0 
 
In the example, all the coefficients are all plausibly positive – easy to make the computations 
When it comes to cases in which that the main effect is negative, but it is overestimated and so it 
becomes negative or vice versa, need to be more careful  
 
There is a simple visual tool to think about the omitted variable bias problem  
We are interested in the effect of X on Y (education on earnings), but we are also worried about the 
effect of an omitted variable L!   
Expect the true relationship to be positive 
For the L!  variable, it has to be associated with both Y and Xi 
Ø The association with Y is given by t 
Ø The association with +!  is given by w$ 

 
 

 
 
The omitted variable bias formula strictly applies only to OVB and to think about selection 
Reverse causality not included: need to write a system of two equations in two variables to solve the 
bias 
OVB is the difference between the short β and the long one 

When running the short regression, we are loading into the Rn3 coefficient not just the effect of 
education but also the effect of ability on earnings  
Need that both the two relations are there. When running the short regression load onto X also the 
effect that being smart has on earnings and load it into the X through the correlation between X and S  
If there is no correlation, it cannot be loaded  
 
Possible solutions of the Omitted Variable Bias problem exists 
  

y. +! .
+ 

L! .
  

+ + 

w$.t.
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OMITTED VARIABLE BIAS (OVB)  
Omitted variable bias is the difference between the Rn3 estimate of the regression that does not account 
for the omitted factor minus the true parameter R 

The OVB tells how far we are from the true causal effect when estimating the true Rn  
How far we are can be inferred by the product of two elements: 
Ø γ coefficient: the effect of the omitted variable on the outcome – what we would get if we were 

able to run the long regression  

Ø 
42<(3,:)

<'=(:)
$ w$: the coefficient of the regression of the omitted on the included  

Cannot attach any causal meaning to this ratio: it is correlation between the omitted and the included 
(the treatment variable included in the short regression) 
Even when not able to measure the omitted factor we can still learn something about the type of 
mistake we are committing: whether we are overestimating or underestimating the effect of interest 
Need to make assumptions about the sign of t and w$: take the product of the sign of the two as the 
sign of the bias  
Need both t and w$ to be different from 0 for any OVB to arise: an omitted variable qualifies as such 
only if it correlates with both the outcome and the treatment  
 
SIGNING THE BIAS  
Easiest case: β coefficient positive and the OVB positive as well  
 
Example 1: understand the effect of education on earnings  

Expect the causal effect  
We expect education to have a positive 
effect on earnings (Y) 
When regressing, we are forgetting an 
important factor i.e. ability (S) 
Both positively correlated with earnings 
and education  
Even absent schooling, those with 
higher ability are going to have higher 
earnings in the labour market (t effect) 
In addition, ability has a positive effect 
on education 

o;z $ Rn > R $ tw$ x % 
 
Both are positive, so the OVB is going to 
be positive as well  
Running the short regression, we get a 

coefficient that is larger than the true causal effect:  

Rn  overestimates R 
Ignoring ability in the regression, load into education variable not just the effect of education but also 
the fact that those to happen to have higher years of education are also the ones with higher ability  
Add to education the effect of ability on earnings 
Can load the effect by the extent to which ability and education are correlated (w$) 
Informally we can say that by omitting ability, education is going to compound two effect 
Ø A direct effect of education on earnings  
Ø An indirect effect of ability, captured by γ – how much of that γ we will be able to load onto 

education depends on the correlation between the two: if ability and education are not too 
much correlated, education will not be able to carry the effect of ability  

Variation in education will be less informative about the variation in ability  
 

 

y. +! .
+ 

L! .
  

+ + 

w$.t.
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Example 2: Social insurance programs 
e.g. unemployment insurance	: want to provide consumption smoothing to individuals that become 
unemployed due to the lack of a private insurance market or the lack of ability of self-ensuring 
themselves 
When people become unemployed, typically they face a strong shock in their consumption 
Crucial role of the government in providing unemployment insurance 
Might also think that another reason to provide unemployment insurance is because it gives more time 
to find a better job to the unemployed: the better the outcome in the end 
Want to understand whether it is true that the longer the unemployment period the better the 
employment outcome  

  

 

Expect the sign of the non-employment duration on the re-employment duration to be Positive 
That is because the more you stay out of the market, the more the skills depreciates, the lower the 
wage 
Already think about a confounding factor: there is selection into those that remain for a longer time 
unemployed  
However, we are thinking only about a chain of causal effects – don’t think about confounding factors 
Can think that the longer we have to search, the better the future employment outcome 
For simplicity, we assume that the effect between the two is positive so that the R coefficient is positive  
There might be other causal channels determining a negative association between the two 
When running a regression of re-employment wage on the time the individual has been out of the 
labour market, do not get to the true causal effect  
Examples of omitted factors can be: education 
 A proxy for the employability of an individual  
The more educated you are, the higher will be the re-employment wage regardless of the non-
employment duration  
Similarly, the more educated an individual is, the more we can expect him to have a lower period of 
non-employment 

o;z $ Rn > R $ tw$ { % 
When running the short regression we are underestimating the true effect of interest  
The non-employment duration coefficient not only captures the effect of longer non-employment 
duration but also the fact that there is selection in the people that are unemployed, which are likely to 
be those with lower education and hence lower employability  
The longer the non-employment duration so the longer will have to search and might get a better re-
employment wage 
In addition, will tend to be a person that has fewer employment opportunities  
The true effect will be attenuated by the fact that those who stay longer unemployed are also the ones 
that have lower employability opportunities  
Underestimation: the coefficient captured is lower than the true causal effect  

Re-employment wage 
Non employment 

duration 

+ 

Education 

[Employability] 

- 

w$.
+ 

t.
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Example 3: effect of higher marginal taxation on labour supply  
Focus on people that are in-work: they can choose how many hours to work 

Ideally there will be data for a representative number of the population that will tell what marginal tax 
rate the individuals face and how many hours they work over a year  
Run the regression: expect a negative effect – the higher tax rate implies that the marginal return from 
an extra hour of work decreases, as the marginal wage decreases: less worthwhile to work an extra 
hour 
One problem that might be present might be that we are ignoring the effect of Wealth: people that face 
different marginal tax rate also implicitly have different levels of income  
Expect higher incomes to be associated with higher marginal tax rate:.w$ x %.
Could also think that there is an income effect: people that have higher wealth will decide to work less 
hours and enjoy more leisure regardless of the marginal tax rate they face: t { % 
 

o;z $ Rn > R $ tw$ { % 

Rn .expected to be negative 
But the fact that we are underestimating the effect of interest means that we are getting something that 
is more negative than the true causal effect  
The true effect is likely to be negative: will get an underestimation  
Load into the coefficient of the marginal tax rate also the fact that in progressive tax systems, the MTR 
will be associated with higher incomes, which through income effect will reduce the number of hours 
worked 
Not only the substitution effect (direct effect of tax) but also the income effect  
There is also a reverse causality issue here: choice of hours for a given wage is going to determine the 
tax rate that we face, because that determines the total income and the tax bracket in which we are 
going to fall 
There might also be other potential omitted variables e.g. the disutility of working (how costly it is to 
work) 
May expect that people with higher disutility of work there is going to be a lower marginal tax rate 
(because work less): :.w$ { %.
Also, people that have a higher disutility of work might simply want to work less hours t { % 
There could be an other omitted variable that generates a different type of OVB, now positive  

Hours worked Marginal Tax rate  

- 

Wealth  

(Income) 

+ 

w$.
- 

t.

REVERSE CAUSALITY 



 

    50 

Omitting the effect of income/wealth we are underestimating the causal effect, but on top of that, 
omitting the disutility of work, we are overestimating the true causal effect  
 

Possible solutions 
Ø Including all the potential omitted factors in the OLS regression: directly control for that factors 

in the regression hence try to estimate the long model directly rather than the short one– 
solution not particularly satisfactory  

Ø Experiments 
Ø Quasi-experiments: try to replicate experiments in the real world, without the researcher being 

able to manipulate the events – use the events in the world to mimic experiments 
o Instrumental variables  
o Regression discontinuity  
o Difference-in-differences 

 

Including additional covariates 
Estimate the long model rather than the short model  
We would be separately controlling for the omitted factor in the regression 

#! $ m 9 R+! 9 tL! 9 e!  
Main coefficient of interest (the one of the treatment variable) is no longer going to load the additional 
effect of the omitted factor 
Including the S variable it would be like accounting for the direct effect of the omitted variable on the 
outcome: relieving X from having to carry out that extra variation  
Running the long regression, Coefficient β would be only reflect the association between Y on X 
 Able to isolate in X only the variation that is not correlated with S 
By directly including S, the coefficient β will capture just the relationship between the variation in X and 
Y  
 Variation in X is the part that is not associated with S  
 Variation in education net of the amount of that variation that is due to differences in ability  
When running the short regression, fit the line through the cloud of data 
But the variation of education is not just due to the fact that people have different levels of education 
but also due to the fact that people have different levels of ability  
β coefficient will no longer have to capture variation in Y due to both variation in education and ability, 
but in the regression, the β coefficient will just capture the association between Y and education for 
given levels of ability  
 
This is in principle a solution but there are two problems: 
Ø Typically many potentially omitted factors  - some of which we might not even think about  
Ø Some omitted factors may be unobserved (e.g., ability) – will not be able to measure the S to 

include in the regression 
Moreover when we try to include many omitted factors in the regression, we might even do worse than 
what we were doing by not controlling for anything  
Typical case is when we include in the regression BAD CONTROLS  

Not omitted variables – they are factors that we can call as mediating factors 
 Factors that pertain more to the mechanism that goes from the treatment to the outcome  
 
Example: understand effect of education on earnings 

One potential omitted factor might be the occupation of the individual  
Occupation correlated with education: different years and different education choices will correspond 
to different roles 
Occupation will also be one of the channels that determines the different earnings: different levels in 
the job ladder 

#! $ m 9 R+! 9 |}! 9 e!  }!  is a dummy variable that dichotomises whether an individual has a blue collar job or not 
In fact, this is a mistake: get further away from the true effect of education on earnings 
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We are not controlling for an omitted factor: it is true that it is a variable correlated with both earnings 
and education, but this is also the mechanism through which education can have an effect on earnings 
}!  is a mechanism à BAD CONTROL  
By including the occupation in the model we are adding extra-selection in the regression 
Including a covariate, keep fixed that characteristic – we were comparing people with different level of 
education within a certain level of ability  
Here fix the level of occupation: essentially, compare individuals that have a white collar job and look 
within the group at individuals that have different levels of education, while trying to understand how 
different levels of education correlate with different levels of earnings 
By doing this, we are introducing selection: look at two individuals that were both able to achieve a 
white collar job, but one had just a high-school degree and the other has a master’s degree  
 Why could that be? It means that those two individuals are not similar for our purposes 
 People that have different occupation are likely to be very different  
Load onto the β coefficient not just the effect of education, but also the fact that people that achieve 
different level of education conditional on having achieved the same occupation are very likely to have 
different levels of ability 
Cannot disentangle the two effects: W is the channel that goes causally from education to earnings 
By including ability  

#! $ m 9 R+! 9 tL! 9 e!  
Kept ability fixed: compare people with the same level of ability but that have different levels of 
education: extract from the β coefficient the effect that ability can have on earnings through its 
correlation with education 
Keep fixed the key element that was jointly determining both wages and education 
 
There is one case in which the use of the regression formulation can be useful to account for omitted 
factors: exploit the panel dimensions of the data  
Can describe datasets in three categories 
Ø Cross-sectional data: 1 observation for each unit in the sample (workers, firms, countries, etc.) 

e.g. Would have the student ID and for each individual information on the grades for policy 
evaluation exam, year of birth, ecc. 
Multiple unit of observations and for each of them different data 

Ø Time-series data: 1 unit of observation for each point in time (US GDP, price of stock, etc.)  
e.g. information about one country: GDP of Italy and then we have a time dimension – have an 
entry of GDP for each year 

1 variable belonging to just one entity for which we have information over time 
Ø Panel data: for each unit, repeated observations over time  

Combines both the cross-sectional and time-series data  
Have both a set of countries and follow the information for each country overtime  
e.g. ID, time dimension, earnings  
e.g. Individual 1 followed for several years, every time follow its earnings  
Repeat the process for individual 2, 3 and so on  
Can have balanced panels or unbalanced panels (different time dimension for every unit) 
Can balance the panels: reduce the dimensionality so reduce the panel data to cross sectional 
data 
Fixed-effects models rely on panel data 
Panel data can be useful when we want to account for specific type of omitted/confounding 
factors that are fixed over time – i.e. they are a fixed characteristic of the unit of observation 

 

Panel data of i=1,2,…,N units observed over t=1,2,…,T periods  
When writing down the regression of interest will have to index the observation not just by g but also by 
K – the time of the observation of that specific outcome 
If the omitted variable is constant over time, then with panel data we can get rid of that variable through 
a transformation 
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We are interested in the effect of X on Y  
Short regression is: 

#!? $ m 9 R+! 9 S!? 
But there is an omitted factor so ideally, would want to be able to run the long regression: 

#!? $ m 9 R+!? 9 tL! 9 e!? 
We can safely assume that the factor doesn’t vary overtime for given individuals 
 
Can make a within transformation 
First step: take within individual averages – rewrite the long regression so as to take individual means 

#-~ $1#!?
?

 

 
#-~  is the time average of Y for individual g overtime 
Type of available data is earnings and tax rate  
#-~  is the average within an individual of their earnings over time 
 For individual 1: earns 300, 310, 320 in the three periods  
So the average is going to be � #$?1? $ J&% 
Can rewrite the regression as  

#-~ $ m 9 R+-~ 9 tL! 9 e-~  
 
Second step: apply the within transformation 
Subtract the model-in averages from the initial ones 

#!? > #-~ $ *m > m- 9 R*+!? > +-~ - 9 *tL! > tL!- 9 *e!? > e-~- #!? > #-~ $ % 9 R*+!? > +-~ - 9 % 9 *e!? > e-~- 
Impossibility of controlling for S is eliminated  
Solved the OVB problem exploiting the panel dimension of the data and applying the within 
transformation 
 
No longer run a regression of #!? on +!? but run a regression of #!? > #-~  on +!? > +-~  
Implicitly construct two new variables equal to the value for each individual in every period minus the 
average for each individual and the same for X 
Then regress the deviations of Y from the individual means on the deviations of X from the individual 
means 

#!? > #-~ $ R*+!? > +-~ - 9 *e!? > e-~ - 
There is no longer the OVB problem: but only because we are assuming that the omitted variable is 
constant over time 
Intuition: if something is constant over time, it cannot be causally responsible for changes over time  
When we consider the relationship between changes in Y and changes in X (deviations)  cannot be 
attributed to a constant trait of the individual  
Just focus on the changes within the individual: if the confounding factor is fixed overtime it cannot be 
responsible for changes between the individuals 
 
Instead of doing within transformation we can do a First difference transformation 
Rather than take deviation from the average behaviour of the individual look to how year by year 
changes in X affect year by year changes in Y  

#!? $ m 9 R+!? 9 tL! 9 e!? 
 

#!(?@$) $ m 9 R+!(?@$) 9 tL! 9 e!(?@$) 
And then take the difference between the two 

#!? > #!(?@$) $ m 9 R+!? 9 tL! 9 e!? 

Do not compare an individual to the average behaviour that we are observing but just take the 
difference between the behaviour at time t and t-1 and try to correlate that with a change in the 
treatment over the time period  
This allows again to get rid of the constant omitted factor 
Less suboptimal: lose one data point 
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We are left with one observation for individual at the end 
Third possibility is to use the fixed effect method 
Even if do not observe it, still want to estimate γ  
Don’t need to have an exact quantification of S, but know that it is a fixed characteristic of all individuals 
Just use a dummy variable, indicator for each individual that allows to estimate γ  
Whilst γ is not going to be exactly a quantification, the relative magnitude of γ for each individual will 
be still useful  
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