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Differential calculus

function of several variables : Re

A B

R : codomain · 7(x1
, 72 ....

=n)

X -f(x) ↑

A C R . (1
, 72 ....

=n) = X

n = 1 + + ER
:

-2-

.
1

R

n = 2 - X = ( =
1 ,

= 2)ER2

-1 , 2
are the independent variables

1 + 1

z = f(x) is the luniquel dependent variable

- : A C RU ~ R

- -

n = 3 - + = ( =
1 ,

+
2 ,

+3) +

3-

.domain codomain

Iex :

· B . M .I. f(x1
,
= 2) - 1

-

weight height
-

· f(K
,
L) = production function -

· f(x
, y) = 2x + 3y (A = domf = R2

a

· f(x
, y) = (n(xy)yx . yo

-

↑

· graph of f(x
, y) : is a surface in 3D f(x

, y) = +
2

+ y2

-

/
&

·

contour lines of level K : #(x
, y) = K fixed level

~ all points at which f

has the same samue ( 271k)= [1x, y) E A CR2 : +(x
, y) =K) level set s line in the plane

ex :

y4

f(x, y) = +
2

+ y2 =kk = 1 + x
2

+ y2 = 1 if I choose K = it's impossible
k = 1

~A

· f(x) = +
2

+ 3+ -f'(x) = 2x + 3

· f(x
, y) = +

2
+ y2 f'x = 2x (y2 is like a number so f' is of

~ f'y = 2y (x2 is like a number so f' is of
S

partial derivative

-

~
f'xw . fxz... fin
=

n

~ gradient rector : A function flX,
X... Fal has I may havel n partial dericatives

f =[f'x
...

f
+n]

-

nabla
-

+ = [2+ 2y]
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Second order partial derivatives

· n = 1 ( f(x)
,
f(x)

,
f"(x)

· n +(e)
,

f(x)? - n = 2 : 7(x
, y) - f(x

, y) = [fx(x, y) +y(x,y)
-Gat

or fit

eX -
-x fy

· f(x
,y) = +2 + y2 - f = [20 Ey]

-af=auf
or fie

-22f =2
,

27
2227 = 0 , 22

%
= 0

, 22e = 2

2x .by by

-27y =22f
or fie

hessian matrix : simmetric
-

ob

1..( = 2 . 2 matric

inmostcases <

aty =

cuf
or fie

-

schwartz system



· f(x
,y) = ex + 2x .

y - f = Le+zy2x]

-22f = 2
<

-227
= 222+

2
= 0

,

22
= 2

E+2 '2x.by by

-

e

ki
· n = 3 : f =fx

1 . +x 2 . fx3)

autatest
e
+

-2x .
f(X

, y ,
z) = +

2
+ y2 + 372

I
2 f = f = 22+ 2y67]

22f 22f

2+12x2 22 22 2+26x3

2

.

- If a

22f 22f af

- I
O -6
I

2+1.8438x32xyax

in general :

· If is a n.n matrix

· f is simmetric does not matter

the order of derivation

· the derivatives 22f
are said pure (they are on the diagonal

↑
mixed and derivatives

a+%

· the derivatives 227 with =S are said mixed outside the 27 =

2xk. 2x
S

diagonal

↑ pureged derivatives

Inconstrained optimization

· f : ACRU R objective function

. MAX f(x) or MIN f) x (

4 E A - E A optimization problemi on the domain A off

-

how to sove an optimization problem :

34
n = 1

N
X X

I-
-

/
1

Local maximum
I

global maximum i we have to consider interior
d
...

+

4 interior

point point points of domain A
A -'boundary

↑

first order condition (fo) = if :

NB : X optimum point · x interior point of A at which

-f(x) = a fadmits f

·> is a max(min) point then Stationary point (necessary condition)

f(x) = 0

&



· febbraio 2024 - Lezione 3

max and min continued

F : ACRU -R diferentiable

ex(FOC) :

· +(x
, y) = x

2
+ y2 damf = R the first order derivatives are :

2f
= 2x = 0 X = a

2x

S S85 = 2y = 0

-

3 = 0 (x , 1 = 0,ol is the unique

Stationary point

↑ if there is an max min point of f on R2

it is the origin

·
if no stationary point for

- : RU R differentiable -no optima for f : RU - R theoremi

Second order condition (Il test) : if - : ACR" R is twice differentiable at the

· f : ACR R twice differentiable Stationary point ( f(x) = o) which is interior

at every interior point of A to A then :

· the North-West principal minor of the hessian if all the NW principal minors of 2f(X) are positive

Matrix 2f(X) are involved : > then X is lat least) a local minum

n = 2 - 27 = fx fxy - 11 = f+x if the NW principal minors are

I 1 Ef'y= f'yy H2 = det 2f H
1

<0
, H2 0

, Hz<0 ... then X is lat least)

Local maximum point

11 = f"+x 2X.= 3 - 37 -

st figtie -
H2 = det f"+x f"xy f(x

, y) = x
2

+ y2 - f =(2x 2y] -(x ,y) = (0
,
0)I I E · a =

920
-" 2x f'zy f"zz f'yx f"yy

H3 = det 2 -2 f(x
,y)ER -H1 = 2) 0

H2 = det

/
2 ·

I
~ (0,0) minimum point

Remark : 02
= 470

· if the sign rules holds everywhere then the max min

point is global

· if at least one sign is wrong [0] then X is a saddle -ex :

point in most cases f(x,y ,
2) = 2 . x - =

2
- y2 -22 max min ? at least Local

in case some HK= o land no minor has wrong signs) then · Look for stationary point

nothing can be said about the nature of1
2f

= 2 - 2x =0 z = 2A 1x = 0

2x

If
- - 2y = 0 -y =0 - 10

,
0

,
01 is the unique

by

Son demand : Sarrus rule for det z3 E27= + - 22 = 0

E
2 = 22 - 2 = 0 Stationary point

2 O

ardi as auas
deta=orangee see .. I

-

2f

I
-2 0 f(x

,y ,
2)eR3 - H1 = -2

931932933431932 1- 2 #2 = det-2 -E

I 1
O -2 T ↳ ~ 10

.
0

,
0) is the global max

H3 = det 2 f = - 640 point for f on 123
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Definite integral

f(x) a f(x) &

K
n = (f(x)ax

- ~ definite integral of f on [a
,
b]

- -
- -

b
a

: +(ck), ....,-

a b ab

aproximate A with the plurirectangular

-
A = (b - a) . K f : R R positive and bounded on [x , b] area : Sn- flat ... flCn)

=i

n - + 04

-Sn -a=
=x)dx



which functions are Remann integrable

on [a
,
b)

,
that is (f(x) dx does exist! ~ necessary condition

b

· 7 ( +1dx -f is bounded on [a
,
3] how to compute (f(+ ) d)

· f continuous on [a
,
3] - =( x d theorem : if f : R R is Remann

· monozone on [a
,
b] -7+(x integrable on [a

,
b] and therefore

,
to compute Fax, you must .

admits an antiderivative ↑ compute antiderivative G off does not

G(X) on [a
,
b] then matter which one

b

(f(x)dx= G(b) - G(x) =G(x) ·

compute Glb) and Gla

ex :
N

· compute the difference Glb)-Gla

· ++ = +266+2ax =
23]
.

= I
-

O 2
↑

Properties :

additivity with respect to the integration ↑

&interval <for every c E [a,
b] it is

-.

a

2 e
a = ax + 3a+ =

3
b

(f(xax + 5
,

+(x1dx
-

& -[3=12 = g

Pi dx = o does not matter if you add eliminatee

3

·
Fede - esingepanztos

se

·↳d Linearwithrespecti a Se stat

for every integrable fig

-

nomogeneous : (a . +x1dx =aFil de for everye

andeserisegrabled=fax +Bsax-
+ 2
+

S-ax
=
(

=
3

+ +
2

+ 3+78 = 8
+ 4 + 6 =

B

monotone increasing : oc f(x) g(x) for all + e [a
,
b)

b

SaraChate in

- f(x)20-+ e(n
,

b)))
+(x)a + 20 -a =

fix) ax

31

sinxdx = 0

I 2π

s

I
sink

S
2I

total area : A =

o
Sinxdx = 20

↳ gi

2X.

31

· f(x) = 1 + + 0

- =
- = ax = Line?=

e ax = [e= = e- ~
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computing and antiderivative

Antiderivative of f : ACR /R on an

interval I is a function G which is ↑ if G is an antiderivative of

derivable on I with G'(x) = f(x) EXCE fon I then also P(x) = GIX C the set of all antiderivatives

is an antiderivative of f on I is called indefinite integral

on denoted (f(x)dx = G(x) + C

-

·

elementary functions : CER

1

f(x) Kr -R
-

ex a simX casX

-
2+1

a
(f(x)dx kX 2+ 1 ↳m A ex Lma-casx simX

· decomposition :
([a

. +(x + B .g(x)ax =
af(x)ax

+ p)g(x1a+ -ex .

(semx
- 5e7 + +3ax = - cosx - 5ex +

Tu

· substitution (change of variable) : [92+(x)
. + dxgiglas - ex .

)e seS Y

dy = e + c = e+
-Sef(x

. f(x)dx = ef(x)+c

-

y = f(x) di ~ dy

1 -(1) = 2 ex.
(x

+ nax = (m +2 + 1 +
-fax

= um f(x) + c

S 24

· remark :Sfix) -E' artsBldy-ex.
+

2
+1ax = 2 my3e n

O

-

f(0) =1) y

.

by parts :
(f(x1

. g(x)dx = f(x)(g(x)ax - ((g(x) del . f'(x) dx f = f'lx finite factor

· g = Jgdx differential factor

-ex
.

(x
. (mxdx =

(mx)
+ ax -

S((xax.

jax =
-mx -(

+
-

. 5
ax + c

2

-
+

2
=

+2 . (m+ - + C

ex(x
.e ax =

+(exax- (e ax)
. 1ax = ex(x- 1) + c

4 2 4

-

ex .

(m
= ax =

(m)nax
-
(((nax)

.

=dx = +(m -1 + c

exercises :

=
++nax

= (Baxfx
1ax

=

(mx - (m ++ 1 + c

(tg+ dx = (mcosx + C
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Generalized improper integrals

Reimann integral of bounded I unbounded intersols :
Ya + do y yx(- 00 ,

+b) +a

an [a
,

+C ( f(x)dx (-0
, b] f(x)dx f(x)dx

-
-C

ag

[a
,
b] bounded

m
6 ja

--

!

a Te
& Te

- area may

* y be finite
I N

trivial cases :

I
I I I I I

> -X - X

& b C b a b

tas b +o +af b b

S S exia+= ma+
( (

af(x)ax
= (
+(x)dx + odx I -

as g

f(x)dx
=

0dx + af(x

eX - 1+1if - 14 + <0

!f(x) = E 1- + i= 04X4

-

..

fax
=

ar + ( + + da
n

o if + el- 1
,
1)

Integral function

· f integrable on La
,
b] ER

n

· the integral function off centered
-

=(=
f(t)dt

,
+ c2a

,
b) -a(x= (f(tat = F(x)

at xoc[c,
b]

Fo=0
4

-



Era =(+
3

:e
domf = R

yn

-
. -A

the graph of
Fle) -fi

at is

X
Xo=0

4

3 N

if f has antiderivative Pon [a
,
b)

-X
~ then the integral function F(x)-[P(x)]. = P(x)-P(X0) - (the one that take o values at xo]-

-

F is one of the antiderivative off C

-

note that is always Fix) - (Flat -F(xd)= (t) at = if f is continuous then admits if f is discontinuous then f

antiderivative and is integrable too

I

can't have antidericative

eX . Y 1 Y 1

f(x) = - 1if X (d ③

E
- 8 - - + & #

E -i+ +0 -f(x)=fix)dt

·

n

.

See E
-A

-
+ +0

-
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Financial calculus

tr= E t
·

Money and time : Leave in bank or invest them > accomunation : stime (year) C = principal ,
is the initial

C - M

future date money leuros avaiability of money
-

-

↓.B
.
:t is t · M = future value of C afteroday

-

Lifetime if to =0 st-to- t I = M-C interest on (fortyears t-to = t-o = t years

ex.. C = 1 . 000
.000 t = 5 years > M = 1

.
150 . 000 risk free investement - M = 2 +I additive ↑ lifetime of the accomulation

- f =
M accomulation process

C
tn= 0 t

· Discount :
↑

· S = nominal value factor after + years-

Al S

60. do 900 . 000 · A- present value or discount value -M = C .f multiplicative

(to = 0 ex.. C=1
. 000

.000 t = 5 years > M = 1
.
150 . 000 - I = 150 . 000 on after

D = S - A discount 5 years

-

-A = S - D
E- = 1

.
15 after 5 years

·

y =

5 discount factor

-A = 5.e

~ both f and I should depend on the lifetime + <f = f(t) and 4= y(t) exi

tn= 0 1

~ both accomulation # = 3000 = D
-

- -

increasing decreasing 100 .000 103 .00 and discount -

E
- = 1

.03

e =

a.03

= 3
Definition : the accomulation factorf and

the discount factor y are said

conjugated if f(t) . y(t) = 1 to some properties of f(t) (y(t) :

1 f(t) =
1

· f(0) = 1)4(t)= 1 ·domain f and y is I = [0
,
T]

e(t)

E f(t)

for all t > &

y(t) = 1
· flt > 0 yltK0 forant f(t)

"

4(t)s

· simple interest : the interest I are proportional ->s i = 8 ..

tolandt-I-i . C .t -MeCitsCherit) - iso is the simple

f(t) annual interest rate

·

-t

ex .. C-28 . 000 t = 1
,
5 ( = 2 . simple interest rate per year

- M = 200 . 000 (1 + 0
.
02 . 1

,
5) = 206 . Co
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Simple (also rational) interest

f(t) = 1 + it y(t) =

if
,
to &

1

1
· S

I-i = simple (annual) rate I 8 .. 5 .

18057" 1 + 0.087

for all to ex : 5 = 80
.
000 + = 5 years

A 84.
Cod

-

of interest
-t

i = 6 :. simple ?

compound interest :
fx

1
,
ost

A = 80 .000 .

1 + 0,6 .5
~

61538
,
46

t
flt) = (1 + il

,
i so compound annual 1

,
08 meaning-capitalization of interest also compounding :

-

interest rate ·E = 1
,
2, ...,

n years (integer number of years ( how many decimal

②

~ t
. C = 1 m1 = 1 + ! mz = (1 + ( + imm = (1 + 1) places?:

-mon-be + il
-t

· money = 2 rates = 4-6

ex.. ( = 100 .000 compound i = 4 . + = 3
,
5 years

N compound : 1
,
057 -

M = 100 . 000. (1 + 0
,
04)3 1

5
~ 114714

,
07

-
better to invest at the interest simple : 1 + 0

.
05t S = 80

.
000 + = 5 years

1
,
05-

es

rote i = 5. compound or i = 5. simple?

18 I
better simple if t A = 65

.
000 i=?

compound discount :
1 ② -t

65
.
000 =

80
.
000

Lexist
= In + ist

,
to I

1 + i .5

y(t) =
1

1
1
og

-t
in5 ..

io compound interest rate
-t ex : S = 10

. 000 t = 1
,
5 years

-1
,
08

-t

= 6
:

compound <Pr ? -A = 10 .
00 . 1

,
051 N 9163

,
07

-D = S - A = 836 ,
93
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Equivalent interest rates

t-time in years

is annual interest rate change time unit using periods
↑
tr-time in periods with

with annual frequency m -ex : m = 12 months annual frequency m mit <exit = 1
,
5 years

m = 2 semesters ~t
12

= 18 months

· simple : Alt = +it = 1 + immt = fltm) #t
~

imperiod interest rate

-i = im . m > ) im =
i equivalent to i -

ex : (12= monthly
m

ex : i = 12 . simple (nz
=

. simple
-

interest rate

14 = 4
,
1 . 13 months period) simple interest rate =H . 4, 1 . = 16

,
4 simple per year means : #(t) =flt

,
il = Altm

,
iml = fltm)

· compound : (1 + t)
+

- (1+ im)
mt

-eti = Letiml i =II period annual for every tand tr = m .t

-im= 11 xi I annual period

ex : [112: compound (2-1,
12 - 1 ~ 0

,
0583 (5

,
83. 6 compound

in = 1 compound is 1, 1 In 0
,
1268 12

,
86. compound

. compound/m-convertible) : nominal annual rate (TAN)

Sm = m . im where im is the compound

period rate

ex : (12-1
.

compound > i = 12
,
68

-[12= 12 . 1 . = 12 ..

~
Im > i always

c
d

nominal (TAN) effective (TAE
,
TAEG

,
TEG)

· compound : force of interest f ~ in general : Let f : R
+

R a derivable

= Imbetilanna Seris-et 8760 sizet-1 accomulation factor :the force of interest forf is

6(t) =

# =
d(m s

dt

Sex : flt-drit -f'It = ift Sit) =

, it

1
.B.: if f'lt) is continuous then <

! ls) as

f(t)=



Decomposability
& t t+z= 1 E ↓ t+z =T

Investment Lifetime T= t+z C = 1
,
consider the 2 strategi ~ an accomulation factor f is saidies -

or

-flt - (+ il -eft is the unique flt) which

1
-

fit)

1
& ↑

f(t) + f(z) decomposable if f(t+ z) = f(t) . f(z)

f f
f(t) f

is decomposable for all t
,
z > 0
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Cash flows

Cal
to: te t2

In
years

↑ years 10 te t
i

e
ex:

1 2

-

years O 0.5 11 . 5 2

I

years

&o an 92 an euros -5008 3000 3008 euros 10830 -58 -58 -56 - 1850 euros

-

aoso 1, 0 aa
~ investment ~ Loan

O tr tr O tr tr

↑ -
>0 Rn > O

I -

-C R1 Ri S - R1 - Ri

in general given an accomulation factorf

and a discount factor y ,
we call value of >(t) =[ak . f(t-tk) + [xk. y(tk-t

y te +2 t tn-1 tr
a cashflow (A) at the date t tk t t -

do Q1 Qz I ap- 1 &R

·take-Presentaneofi
of in

Es

O 1 2 3 ↳
ex i i= 5.. simple interest rate

-20000 800 Sof 210d

- f(t) = 1 + 0
.05 t Vol = -2000 + 820 ·

n - 919
.
51

1 +0
,
05 . 1 1 +0

.
05 . 4E

1 + 0.05 t

+9005.
e

p(t) = 1 - (t =4) = - 2000 (1 + 0
,
05 . 4) + 80(1 + 0

,
05 . 3) + 50(1 + 0

,
05 .2) + 21000 n - 1090

-(21 = - 2000 (1 + 0
,
05 . 2) + 800(1 + 0

,
05 . 1) + 56 +

21000 n
- 1165.

N
. B. usually flt) = (1 + il and Glt = (1 + if

=

compound interest : I =&altilt-tK+ [ap (+ if
(tkt

oklerist Letil kletitt THE d. Intil present alue No) is the Ring,

-

/10)

Discounted cash flow (DCF)

The Vald=Ak1+-T*

depends on the compound interest rate

~ the DFC of (A) is the function G : (1
,
+col &R defined as ~ typical cases : Gr

G(x) = · investment
t1 tr

- G(0) = Enk= C + ERk

~ accounting

def :

k=
-k(1+x)

-+K
+ 1 - 1

-C R1 RR I ②

d

A
*

unique zero of G(x)
yx balance

·

i

· net present value (PV) at the compound
NPy
- - > + Co entails

interest rate i is the value of Gat x = i
-C G(x) -no = - C

· internal rate of (A) is the compound G decreasing and

interest rate * such that GIX
*

) = o
1

- te tr
I loans -

- s -R1 Rn

· investment >
*

- internal rate of return (IRR)
5

· Loan >X
*

- tasso annuo effettiva TAEG

I
-

· uniquezero of G(x)

di finanziamento (TAE) TEG

Annuity

o to ta tr

~ Rko periodic : ti -tk-1-Pconstant sms

p

↑ constant installments : RK= R
,

K= 1, . ..

Re R2 Ro

p = 1 (annuall annuity

tk-1 tk
ordinary if the installment RK of K-EK period has maturity · due if

-

at the end of the period
[k-1 ↓K

-

RK

RK
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Annuities with constant

i = compound interest rate

-+

2 t
= M

-
· ordinary : [k = K

,
K , ...

-1 2 n- 1 P

-
0 = A =

R
&

exitti in

101 = A = R. 1 -

1
+

n i
= a figured n at late i

A R R R

ex : R= 12000 n = 10 i = 5. compound (A-1290. 1-1 ,
0540

- 92660
.
82 < 120000 you pay the discount

0
,
05

VIT = n) = M = R (1 + :(N
- 1

+ R(1 + i)
: 2

...
R

-VITENEMEA. Li MERI
L

Tol

ex : /(n) = M = 92660
,
82 . 1

,
051~ 150934

,
71 12000 ( you get interest

· dur :

O 1 2 n- 1 R

~ AREpj Stil Janiadue, figured n at late i

R R R R
~ final value

ex : R = 12000 - 10 (15. As 12000. 1-1 .05
18

·
2

.
05197293

,
86 - M = R. ni(1+ il = R . S

n i ( + il = R .
(1

+
il 1

. (n + il = 97293
,
86 . 1

,
051N 258484

,
446

4
,05

Perpetuities

.

012 R

s there is only the presentvalue A a
n is

1

I
ti

-900i =
1

i

R R R

>
ex : R = 12000 i= 5

.

compound (A = 12000 = 240

- 12 R

R R R R

säniz
l

.
Letil

52di-4
Intil =

172
~ A = 240000 + 1200 = 252008

~ what if the installements are periodic m times x year
?

same formulas with im = (1+m
- and Non . m number of installements ex . m 12 RE 100 n = 10 I =5

number per yeor 1-120 installments inz=1
,
05 12 -A= R .

a
> im

of years -A =
1 - 1 .

05
-

194765
,
59 ordinary

1.05 12
-1

-A-R.a, im
(1 + im
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Amortization of a loan

S > 0 : amount of the loan payback bothe the initial debt o

TO : duratin of the loan and the accured interest gradually
↑

O te 2 In years
RK-amortization installments

-

5> 0 -

R1-Rz-Rn money
-RK = Ck + Ik

-

-

all quantities involved depend on the annuity ~ interest quota

financial lawf and y contractually principalquota

established

~ outstanding (or residual debt : Dk the outstanding (i
. e. unpaial the amortization is

debt at th after the payment doverwhenever Dn => Do = S DK
.

at time t- ↳
d =K+1

Rk = Ck + Ik
E

Dk = Dk- 1
- Ck

=

M

C -

closure condition : · recursively
M

·

elementary (> 0 with k-pk=5 Dn = d

M

· financial given flt) and ylt s initial :

p.

RiGIR)

~
from financial closure condition

· final: Rifltm-tn) = 5 .+In we get :

M

-if flt-letilt and Gl = (etil
*

then Do = S R

Pi-Dialutilistin

PR
Sit

Stel

CK-S RELATISERS RIFERISLIFER E
· (1 +

if tk = K = 1
.
... then :

ex : 5 = 200000 n = 4
-K DK · (1+ i)

200800

i = 6 .. compound · 620 1298 1500 E Pk= Pk- 1(1 +i - RK

PKjk+1

5-1

iforen amortization :

con : ste oo

Do =S

M

R amortization plan

88

2 10008

tk = K = 1.... 4

3 500

↳ G



calculation of Ik : Fk=Dk [lexitEK
- 1] if ERK : FKPK

~ interest accrued on DK-1
↑

progressive amortization :

in the time period [tk-1 ,tk] RK= R for all K with tk= K annual installment

· from initial condition we get : "Ritil-S -

R-S
= Si tis

-

R . A
n i

4 marzo 2824 - Lezione 13

Financial choices

Risk-free financial operation :

8 12n

>
financial goal =more money >Wos initial wealth of the decision maker (DM)

Qo Q Q2 Qn

T-time horizon for the DM

Schoice criterium : profitability indexs max the index Wi = Wi (Al = final wealth at T if the DM undertakesi

(non-profitability index smin the index

-
- -

internal rate criterium : def : A choice criterium is max Wi(A)
A

· calculate * such that DFCA = GA(x)= O rational if leads to choose

for every (A) under choice ** such that Wi(A
*/ Wi(A) N

.
B

.
the DM can always do "nothing ,

Ial is an investment -I internal rate of return (IRR) for all A Label (1) such a "operation
,

·(A) is a loon =I effective rate of the Loan

-

considering investments (A) the IRR if (A) is not an investment lor a local than :

O 1 2

criterium is : · maybe (A) has more than one x
*

- ex
. - ** = 42 .. * = 238 ..

-500 1200 - 600

· IAI is better than (B)if
-

· maybe (A) has no internal rate
↓

in general (also in case of

O 1 2

·(a) is equivalent to (B) if ** = * does exist a unique -ex
. -F

*

such that G(x
*

) =0 investment) the IRR is not

N
600 1000-600

·

even if 7. A you don't know if it is rational

-

VDV criterium : better a greater or a smaller rate
...

·

calculate the
SPOAlil&OkLe +i assumption :

· IA) is better than (B) if NP lik NPVBli ↑ the DM own capital Wo are sufficient

·

(a) is equivalent to (B) if NPil = NPVBlil toundertake every A under choice

· the DM own capital Wo is employed at

-

weaning of NPV- il and its rationality : the compound interest rate i in [o
,
T]

·

compare (A) with (6) : ~ opportunity-cost of capital lequityl

Will
& T

~ of self-financing-

i
o WildifWoberist

↓ Wall-Woletil,Eklei
E

O

Willi
that

-

Wotdo &1 an
& Woletil+ Woletil

. Elezij

Wordoldetil ~ apletiste

↓ IAI is "profitable
,

if WilAk Wild) that is

Woletil devil.NPValik Woletilt

- O ~ extra profit : net profit

-NP Aliso [NPValis =
Wi (A)-Wild) present value of the

(1 + i) T

extra profit : net present value
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Adjusted present value (APN)

· Internal rate x what if We is not enough

- - y 1 2
· NPVa(il to undertake A ? ex (A)

-
but Wo = 4000I

-100000 15000 115000

~ opportunity cost C

O 1 2

of capital (F) -J = 10 : (5= 1 : the DM may invest money at i= 5.

60800 -6000-6600

~ financing at J = 10 . = i



& 1 2

↑ ex .
(continued) :

-
~ in general : ↑ calculate the NDO on equity

-40000 900 4994

(a)
0 te tz tr

- t SPAtlillaktFilltie
a

o an az an

Ap 15. 1 = -40000 +

990 19000 ~ 130158e adjusted present value of A+ F
t

(t)

0 te ta to

- =
at the opportunity cost of capital i APP il profitability

fo te +2 fr
remarks : index

· APPA+flil = APNali) + APPflic (A+710 te ta to

-
net flows

notto E
1
+71 Cy++2 an +fn

·what if J = i ? - APPAtflil = APPeli) + &

· to calculate the Aps is not necessary to know j

ex : I = 10. T= 2 years

(A1
& 1 2

-11 = - 1 = 15. -ND-y(0 ,
1) = - 1000000 +

115000m4545,
4

888100
-100000 11590

-Wi
=y(A)Wi=y(B)

IB)

- 1 2

↑ -B = (2,90Y2- 1 = 13. -(P-B10 ,
1) = - 1000000 +

127690 ~5523

-100000 127690

-
-

IRR A better than B ↓Dv B better than A

review exercises :

how to calculate the internal rate x*?

(A)
0 te ta tr

~
consider DCF of A ~ particular case :

a
o an &2 an

& t

and salve G(x) =0 -G(x) = - C +
M

- C M |++|
t

=0

for X -1

- +=(3) t - 1

IB)
O 1 2

~
G(x) =

dot + 0  0
-C Re R2

u= 1 + x (9042 + ua
,

+ az = 0 (x
+

= u
F
- 1
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