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cHry=trany - VF slervay ax]

aﬂ X A2 12 3,
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awn: ve:ley, 6 5]
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in general :
- V2 isa a0 wmatrix
-V3E is simmmetric —» does not rmexver
<nt order of derivation
- 4ne derivatives 9% are saia GU® —> they are onthe diagonal T mixed 2™ derivatives
[
- the derivatives 30“:;% with KsS are said BWiNEH —> outside she — V/°f =

diagonad

pure 274 derivatives

-$:0SR"— R GEjeEctiGeIFunction
- MAX &(R) or ~mN £LX)

XER xefA T opEinmilationIpRBER : on the domain A of £

l

how +0 Solwe an optimitation prob\mw :

n=1
!‘
X' inkerior
A X' Boundary
Girgelordericondition (foc) = if :
N8 : X’ optimum point %" interior point of A at whith
—> VE(R)s0 & adewits V¢

X" iz & MAx (MIn) point then —) SEASIGNAFYIPOIAL) (necessary condition)
VéE(x)=o
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Second order condition (I test): it RS RT—pR s twice ditferentiable at the

£t RS RP— R, twice differentiable stokionary point X' (V£(%)20) which is interior
at  euery interior point of A «0 A then:
- &he Norsh-West principal minor of the hessian - it ath the NW printipal minors of V2£(%') are positive
natrix V3HLE') are involved — then X' is (at Wast) a loeal wmiinum
aza—> V3. 1‘.. Eey | —p | Haz e - it the NW principal minofs ore
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az3 — V26 afeh fy 2 Haz 6% ex.

Syn Fyy #Y2 | 7> J wazdee ux iy sk, axdeyt —5 Ve zlax ay] —> tx,y)=t0,0)

ex ¢ is 2 un #yy V%z[2 o
Hgzdex Vi °

a|Ux,y) ER¥ = H z2%0

Hazdet[2 o —> (0,0) mminimumm point
Remarie, : Zu>o

o 2
+i¢ the sign fules holds guerywhere then ti max/min

point is @loBaL
- it ok least one Sign IS wrong [x<c] then X 3 a Soddw) —_— ex:

9iAB) in nast cases 8(r,9,2)22-x-x2 oyt =2"  max/min? at Least eal

‘in case Sowe Huz0 (and no eminor has wrong Signs ) then * Look for Stationary point
nothing con be Said about the nature of X' % =22~2% 30 282X —PX 20
%:-Ig:o —>{ y=o —> (0,0,0) is the unique
—>ondermand : —>Sarrus rule for det A %“-a 0 2222 — 220 stationary point
Qqq) Q92 @ Qqq Qo3 2 o0 1
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o
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Hy=det V2 s -8 <0 point for & on RP
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G ) on La,b] tnen
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ex:
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Antiderivative of $: ASR >R on an

UR__nd NE_WOHE
interval I is & function Gt whichis —» it G is an antiderivative of

derivab\e on I with G'(x)efw) Uxel £on I then also CIEGIXIFE® —> <he set of all antidericatives

is an antiderivative of £on T is colled indefinite integraL

on denoted fﬂﬂ ax = G(xI+ ¢

‘el tary functions:

ceR
m»|w|x*|£-| |d‘| cosx
Juorael wx | Z5 | i | & || |
fddx | kex olea Lenixl mo. | -eosn simx

- decomnpositions f[d-ctu) +P-9hﬁ]¢u zsdJ flx1 dx + Pjstﬂdx —_— ex. fwm:-lt‘+:3 dx = -cosx -5€% 4+ XY .4

I_’HSI

- Substitution (change of variable): Ig[ﬂﬂ]- $'%) axx fglgl ay — ex.J axdxs je" dys Yeczee — fe‘“‘-s'm dx = FMae
¥

y=§n)  dy dy
ax Sw
" () PR TP FTY ex. JX%ea dx = tmlxtsal e = J T dx = tmlE00l + ¢
- fRmaark: fg[ﬂu)] £'tx) an :.F[ oly) dy —> ex. n[u‘ﬂ dx zLim 5] s lm2

£L0)z4 4J
*by parts: f £(x)-glx) dx =sm-f9m dx -f Ugm dx)-F'm dx €3 §'(x) Sinite factor

9 J 9 dx differential factor

L -ex.fx-lmk dx=lmx-fxdn-f(]xh)'édx -5‘%@‘-]&‘ Adx +c
I—)J_ -M 2 4e
- ex./x-*dx = a-jf‘d.u-.[( t‘du)-dldu 2 @ (x-alee

- lv..j(.mn ans Lm-jd 4*-]“4 da)- il‘. dx = xlim-a)+ec
Qwercises:

4
j:hud dx fﬂ dx ]m-qd.: mixl-lmixealsc

‘Jtgx dx = = lmleosx| +¢
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Qgimnann integral £ bounded —) unbounded intervals : - Ya (coo4®) 40
Y Stxrdn .f Flr) dx
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La,b] bounded t > x
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| | | | N
a b ™ a e Y e
PR D by Jewar]e Jowandom o
] sords 2 j Firdx o 4 © 9% Yo BlX1an 2 S &0 dn Sixddu s Joex sy £ix) dx
¥
ex. n+q if -asnco o -4 o
X1z { 4-x i€ O0&x<a .fﬂ\udnsjo du+f (xeadduz A
o o -4 2
o it xglaald } 3 %
-§ integrabie on [apleR x x
. . - J
- &he integral function of £ canvered ﬂlw x€ [q,b] — Atz J el dt = Fix)
ok Xg€ [q.b] I

Rg20 by



3
. /z 3 3
Fluhn‘t at =[‘,t ]‘ s%

domf=zR

fu
the graph of Flx)= A flt) at is

BN

?

Y

e

% x
note that is always Fix)s ‘I.ﬂtldt -)F(*eh[ﬂt)dt z0

|

Fisane of the antiderivative of £

if £is continuous then & admits

i¢ £ has antidervative Pon {q.b]

x
=—> &then the integral function Fix)s [P(u)],‘: Pl -Pixo) —>Lthe one that take 0 vesues ot %01

c

iF £is discontinuous then ¢

antiderivative ond is integrable koo  can't have antiderivative

ex.

Ya f‘ Y
Rz |- 1 ik %<0 % . 2 dk x<o -X X<0 F
ait x30 > Flx)s \[ Ele) db | ’. Flx):= % —> |z =30 x
I
2 4 dk  x=o
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* Money and time : Leave in bank or invest therm —» accormunation fase t tirme (year) * C= principal , is the initial
C—>M |
$uture date enoney (euros) avaiability of money
NB.:tis today l * Mz future vawe of C after

Lifetime £ to=0 —>t-to=2t

@xt.: C24.000.000 t35years —p Mz 4.4850.000 —) risk-$ret investement

€tn=o

t

Kt I
|
D=8S=M discount
I—
L+ asse

—> both £ and @ should depend on the lifetime & —> £2£(t) and 9= plt)

l

X -Ss \ valuR

-A=p & value or di t value

(t. SO)

XEMEC) interest on C for t years

t-tgst-o0zt years
L’ Mz2C+I additive
L’,}_l% accormulation
tactor atver & years
L’ MECP) rmultiplicative

lifetime of the accomulation

protess

ex.: C24.000.000 t:5years —p Mz 4.480.000 = | L= 450.000 on C after

S years
$2 4,48 aster 5 years

ex.:
taso 4 .
—j——p both actcormulation T =3000 =D
400.000 403.000  ond discount - fz4,03
= 4_-4
403

.dommain €and ¢ is (@2lo,T])

incmsins decreasing
Daetinition: the accomutation Sactor £ and
the discount factor p are said
conjugated it EIENFPLENSH t20 > sorme properties of Fle) -> lt):
- | Fle)=_ 2 $0)sq4 —p Qlt)za
for ala k20
Q(th%“ -flt)zo —> plt)20 foraut

- sirmple interest : the interest I are proporctional f
to Cand t - ITNCESIMECUCERCIITR) — (>0 is the simple
| I
£(&) annuel interest rate

ex.: C:200.a00 £=4,5 L=27 simple interest rate per year

> M=2200.000 {4+ 0,02-4,8)5208.000

-£161 7 = plt) Y
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fit)zaeit = plt)s 4:& ,tro A J
L {2 simpie (annuat) cate e ™ T T outre —> @x: S380.000 15 years :'._.':T’
of interest L2067 simp\e Ly?
. cormnpound interest: £ aost A< 80.000 - 440':00-5 ~ &1338,46
CEIEIEEN®, { 20 — compound annual 08 mneaning = capitalitation of interest also commpoundings 1
interest roke c€24,2,...,0 ytors (integer numnber of years ) how amany detimal
: >k .c=4_i,m‘=4oi.—rm‘-t4¢i\¢im4slou-i.)z places?:
—’mﬁsl-u-n""t monty 22 -fOXeSzU-6
ex.: C= 400.000 Cormpound (zw/ t=3,5 years i:4,08% 1
M=400.000-(4+0,00)%% ~, 444344,03 > better to invest at the interest simpla: 4+ 0,08¢ $:80.000 +:5 years
rote i257 cormpound or is57. Simple ? e | baker simnple it t<4  A=65.000 is?
: cormpound discount: L y I >t ssouo-%?_:
Pt s lasi, k20 L~s
{20 compound interest rate >t @x: Sz40.000 t=4,8 years
{267 compound —>0v? 7 Qs 0.000- 4,06 "%~ 9408,07
-» D= S-A=836,93
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%= time in years
iz annual interest rate > change tirme unit using periods twm= time in periods with
with annual 4requency M —> ex: m= 42 months annual frequency m > @D —» ex:t:z4,5years
TNz semesters th,.,_s 48 rmonths
-QIAMPIR: Flt) = 4+it = 4+ ipy- bt 2 flta) Ut Lem® period interest rate
> izlipm-m C—D- equivalent to i et {432 monthiy
exs {z42 7 sirmple = i..,,=_:=£=-oz simple l interest rate
Ly = 4,47 (3 amonths period) simple interest rate —>i = 4,47 = 16,47 simple per year means: $t)s(t,0) = £ltam,im) = Fltgm)
. compound: (4+¢)% = (44 i,..,)"“t—b«i.-hu'm\"" — period —» annual for every t and EyEim®
E annual — period
exs {2427 cormnpound —» L,p=14,42 -1 A, 0,0883 —» 5,837.<6 conmpound
{42 =17 compound => iz 4.04“-4 ~ 0,1268 —» 42,807 compound
- cormpound (m - convertible) : AamunalianaualiracellTAND
el Where (o iS the compound
period rate
ax: L4947 cormpound b iz42,68
I:J'..gz-n.uvl.:azx T Jom<i always
/N
nominal (TAN) estective (TAE,TAEG,TEG)
- cormpound : forcEiorlinterestld > in general: \et £ : Ry —>R, a derivable
—mt-nun*:e“ vt 20 - EED accommulation factor —p the force of interest for £ is

—>ex: Gz asit > £ (121 O —> Slk)e L

ar®

N.B.:if £'(¢) is continuous then
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Tavastment liketirme TEEFD —» C= 4, consider the 2 strategies : |_f_fi'.'r or ?_':_&T —» an accomulation factor & is Said
4
- SEEEEDEEE® s the unique £E) which se) SE1+F(2)  decommposable if CIEREISEEINEIED
\/ \‘,]&:u 7
is decomposabie for all t,220
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(ay P00 €4 ta ta years | years | o &4 &5 ta ex: © a2 years 0 o5 4 48 2 years
— 3 0—0—0—) t t u 4 $ >
Qo Qq4 O2 an euros Iﬂmusld.a. Q3 On -So00 T l eurog 40000 =50 -800 -3¢0 -408® euros
00¢0 a0 ay>0 Limutm Lw

L °|_|_|_,t" b Ct»o Rp>o0 L °|_|_|_,t‘ biu
- Ry Ra s

in general given an accomulation factor §

and & discount factor p, we call value of — VFIEIEERERIESERIE S aRplEE=E)

o cashélow (R) at the date ¢ test ot

-if t=o0 -»-mum of (R)
.ie nt,-»-nmlum at ¢ of (R)

(287 Sirmple interest rate

e..g
’-
->
p-

~

3
3
o
e

= |flt)e 440,08t Violz-200004+ 80 ___ ., S0  _ 24000 ,-.949,94
440,084 4+0,05:2 440,054

k)= _ A > v(t:=u)z-2000(440,05-4) + 80(4+0,08-3) + 9301 +0,05:2) + 24000 s -
wl TToast " 800 ¥ P 08 ~ -4090

V(2)2-20000 (440,05°2) + 80 (4+0,05-4) + 900 + ﬂ%r\, -44¢9,09
N.B. usually FlE)= 441 and it)=la4it

compound interest : Vit)zEay 440" + Za, (PP

B e T T PR

Vio)

The v.co)='§¢.(4ul"" depeads onthe commpound interest rate x

=> the DFC of (A) is tne function G:(-4,4+0)=> R defined as = typical cases: Ga
|
Gond antann®® oo o &8 B Gl o e ER s
“C Rq4 Rn
| L accounting
|
def: : \x‘mhﬂt?ﬂ»oﬁﬁ(n’ % salance
|
-net present value (NPv) at the compound x—>+00 entails
NPV — — =
interest rate i isthe value of G ot x=i === ="= Glxl=pagz-C
* internal rate of (A) is the Cormpound G decreasing and
interest rate x* such that Gix*)=o A
loans o ¢4 tn
S R4 R
-investement —> x* s internal rate of return (IRR) | St-—-=-===

+ loan =» X°z tasso annuo @kFQWivo TAEG | /_—

'x* unique 3ero of Gilx)

|
di finanziamento (TRE) — Tea | /
|
f_t‘_t‘_:"_, R0 —> periodic : i -ty-4 = P constant -Dms+ — t install ts: ResR, Kz4,...0
Ra Ra Rn
P=4 lannuat) annuity
« ordinary if the installment Ry of K-ty pariod has maturity - due if m
Re

ot the end of tne period ._t|"'_|_,



23 Gebbraio 202% - Leniont 44

i = cormpound interest rate viTI=M
-GFdinary: tyzkc, kz4,..n 53 1 T vierza: R, R,
a R R R aat st

-+ GAREEED) - s

ex: R=42000 nz40 iz57. comnpound -»a-nco-*é:gzi“snm.n < 420000 —) you poy the discount
°|

VITzalzMz R U4+ T+ R 1441 240 R

Lo viremtemef- tasit” > He R tasit®oa
)

vio)
e : Vin)z M =92660,82 - 4,08~ 45093%,74 > 42000 — you get interest

'-l? 1 :l' ﬂ;-. ': 2

—t——F— A=R.aq-l4si) => G5 za due, figured n at late

R R R R

£inal value

)
ex: R=42000 nz40 i=87 = nsm.d-_:ﬁﬁ.a,u n99293,86 —> Mz R- G [4+1)" 2 RS - Lasid = R La2i) =

.? " f ? » there isonty the present value A —>a—77i = :'-:";’“’"-'“
R R R

o 4 2 n . Atasi)® . .

o —t—t} } > am;=dz‘+.|«-n»agﬁ 34(«-;):.

R R R R ¢

—> what if the installments are periodic mm times x year?

same formulas with TRREIEEIIYENEE and (NERIAD —> number of installwments

MW‘J per year
of years
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S>0 :amount of the loan  pay back bothe the initial dest S>o

T>0: duratin of the (0an > and the accured interest gradually 7

i) . (440) =97203,86- 4,05"n 488484,446
i

-

—» @x: R 342000 i=57. cormpound Eﬁs%:m

A 2240000 4 42000 = 252.000

—> @X: Mz42 R=42000 nz40 iz857%

, 4,
N =420 instalirments t..,:-o.os/“ _}ﬁ=ll.-a7|.'_,m

=40
—>Az =408 _ n, 94765,59 ordinary
4087124

-> ﬂ:z'lm;m"d +iom)

4ty ¢, yeas

vT O

l =
oM quantities involved depend on the

financial low f and ¢ contractually

estoblished

L outstanding lor residual) debt : Dy the outstanding (i.e. unpaid)
debt ot ti; after the paymnent

Ry3CrvIy
closure condition:

‘elementary Cy>o0 with -t—) Dazo
einaacial given £16) and yit) > intial: SIRMGIEATES)

——t —p Rpzamortizotion installments
“R4 -R; -Rn emonay

b RusCev Iy
¥
annuity 1 l—' interest quota
principal quota

the amortization is

—
over whenever Dpz0 — > J D,2S - -at timne
"

ou' o;-.. -C

LD recursively

—p Fromm Einancial closure condition

T

—if £1€6)304+0t and @)= (44007F then Do=S

= D e

2 =5 P L R (4410725 e T RA441T S (aaitT-T Die = Dy g [ 4842
uniforrm ammortization : Cy =C —» c:% I—m tkzkz4,..n then:
ex: $2200000 A=W e | Re | Co | T | D Do=S _,_ anmortization plan
o - - - ‘200000
1267 cormpound - 62000 5000 4200 | 48coo0 Dz Dy g (4+i)=Rye
2 90 Sc000 S0 460000
trzkz4,..% 3 Seo00 s o Sa000
L] 83000 Scoco 3a00 )



cotctation of Ty EE By AR AAD — it tn - EEDEED

Lﬁnhfut acerued on Dy. 4 = progressive amortization:

in the tinme period Lty .2l Ry=R forall K with te=k annual installament

-.m....ma.xwm...m,.e:_-.-

R-a;
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Risk-Free financiol operation: ? fi

> iol goal =rmore amoney —» Wo = initial wealth of the decision maker (OM)

o 1w

®
Pt
?"’

T=timne hocizon for the bM

Wy = WrlR) = final wealth at T if the DM undervakes A

= cnoice eriterium: [: profitability index = max the index
non - profitability index = mmin the index I 1

|

internal rate critesium: def: A choice criteriumm is m:w. WelR)
- colaulate X} Such thet OECHEIGRLERIED

$or euary (A) under choick

cokiona\ i¢ Gads to choose

A" such that WRIASIZIWFIA) — N.B. the DM can always do “nothing,,
* (A} is an investmment = X intemal rate of retuce (IRR) forall A

label (N) such a “operation,,
*(R) is a loan = x5 efFective rate of the loan

l

considering investrments (R) the IRR if (R) (s not an investment (or a loan) than:
° 4 2
criterium is: +emaybe (R} has more than one x* —> @x.

X% =427 X3:2387
=S® 4200 -6
*{A) is better than (B) it KABXY > - ‘maybe (A) has no internal rate

— in general (also in case of
- (A)is equisalent b (8 iF QXY dots grist 0 unique . ex.i_f_?_, A <" sueh that Gix*) z0 investrment) the IRR is not
4000 =600
1 -even if 3! x5 youdon't Know if it is

rational
NPV crit@rium: better a greater or a smaller rate...

e REAGT i

*(A) is better then (B) it NPURISNPUGII) — -the DM own capital W are subficient

* (R) is equivalent to (8) iF GPURLINENPUGLD to undertake euery A under choice
l *¢ht DM own capital Wy is employed ot
rmaaning of NPVyli) and its rakionality : &he compound interest rate i in [o,T]
‘commpare (A) with (N): Lio"ortuﬁitg-wst of cagito\ Lequity)
-WeiN) ° - H T of seié-Financing
Wo = WriN) = Wola+i)

S -’
—p WqalTi= \ul.luilr-bz‘q.‘l«ir ¢
| “'l“‘ o *4 'tnsT

T r" I"—
(N.-blg“d#i;r ¢..¢4¢i;r""
= (A} is “profitable, i WrlA)> Wyim that is
20T & LasilT-NPUQLD ,%F
Lvo |—) @xtra profit : net profit

> NPULli) >0 -p— —» present valueof the

axtra profit : net present value

5 margo 2024 ~letione 14

- Internal rate xp what if Wa is not enough

. b 4 4
- NPVq Li) %o undertake A ? o @ ? h ‘ >  but Wz ucm
400000 48000 <4480CO
opportunity cost C
o
of copital (F) } ? ‘:' » T=407 —) 3zi :thet DM may, invest mnonty ok {387
©0000 -Go00 -6&ao

L

financing at y= 407 #i



—> ex. (continued): 13 => in general: —> calwlate the NPV on aquity
=T e T T
+
Qo G4 O3 6g
aPv (570 = -m-r.%...%:udml.ﬂﬁ adjusted present value of A+F
0 -,
t, t &
) pph gt " ak ¥he opportunity cost of capitol i — APUII) profitability
fo #4 & #a .
remMarks : index
o . [] t.| tg tn
+ APV clid 2 APUQLYY + APULL) (ReF) net Hows
agthy ageF,y Ogvfy anefy
‘whet it T=i? = AP, lil=APYGLD + O
-to colculate the APY is not necessary toknow 3
ex: (=407 Tzayeors
Al ?_?_"'_, Xp = SO _ 4 c 487 —) NPVQ(0,4) = - 4000000 + 445000 \, USUS,S
~ 400000 445000 aansd R
= Wy, (RIC Wy, (8)
w : Xg = m"‘ 4 2 437 —) NPVg(0,4) & - 4000000 + 4 5528,93
. g s -( ) - 8'o, -i;*m 5

l

IRR A better than B
review exercises:

* how ¢o calwilate the internal rove x" ?

o t, t ta

() consider OcFof A —> particular case:

Qo 04 G 69

° 3
and solve Gix)zo —t—p Gz-C+M_ o
-C m

(4+x)
wae(gf-e

® 5 Glalzage 0. 0L
-C Ra !‘ i (qog){

for ®>-4

usz 44x = agu? +ua,+ay =0 —) KNIUT=H
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